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(a) (5%) Show that [ e cscade diverges to infinity by the comparison test.
0

(b) (5%) Evaluate the limit th%ﬂ t /5 e” cscx du.
-0+ t

Solution:

(a) Since

- >l>0 VO<33§I,
sinx =« 2

e’ cscx = (3 points)

the comparison test for improper integrals implies
T, 71 )
f e’ cscxdr > f —dx = 0. (2 points)
0 0 x

(b) Note that

Bl % e cscx da
lim¢ [~ e”cscxdr = lim /ti (1 point)
t—0+ t t—0+ -1
[ee)
is an indeterminate form of type —. Applying L’Hospital’s rule gives
oo
/ 2 e cscxda —etesct
: t _ ... —ecscl .
t1_1)151+ e tl—l}(% s (2 points)

et p t .
= lim — = lim (¢te" — ] =0. (2 points)
t—-0+ sint  t—0+ sint
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2. Evaluate the following integrals.
(a) (7%) f z-tan™t /z dz.

23 -32% +4x -1

/2 1
(¢) (7%) fo 3+ (mo)? df. (Hint. Consider the substitution ¢ = tané.)

Solution:
(a) Solution 1:

t _1\/_d _5572 —1\/— &2 1 1 d 9
Z - tan vdz = tan x - 271+$2—2\/_ 7 (2 pts)
u=\/T 1 2
Ve - _Z 2
2udu=dx 2$ v f1+u2 ( ptS)
1
= 5% Ztan™! \/x - fu - 1+uzdu (1 pt)
1 1 3 1 1
= —z?tan r--ud+-u-=tan tu+c
2 6 2 2
15 1 1 1 1 1
=3¢ tan e x+§\/5—§tan VI +e (2 pts)

Solution 2:

fa: tan” 1\/_dxﬁ2fu tan™ udu (2 pts)
L f (2 pts)
*U an~ ’U/—* S
2 T2’ P
1 1
:§x2tan_1\/5—§fu —1+1+u2du (1 pt)
1, 1 1 1
=5 tan x—ga:\/i+§\/5—§tan VI +c (2 pts)
) ? -3 +4x-1 (z-1)(a?-22+2)+1  z-1 . 1
(22 -22+2)2 (22 - 22 +2)2 Ca2-2r+2  (22-2x+2)2

axr +b N crx+d
-2x+2 (22-2x+2)

(1 pt for correct form . 2 pts for correct constants.)

2? - 327 + 4z -1 z-1 1
_ :f + dx
(22 — 22 +2)2 -2x+2 (22-2x+2)2

u=x—1 u 1
+ du 1 pt for completing squares and making substitution
du=dx f w2 +1 (U2 + 1)2 ( b p g sq g )

1 9 1 U 1 9
ziln(z —2x+2)+fmdu (1 pt forfu2+1du:§ln(x -2z +2))

u=tanf,-Z<6<Z ] SeC2 0
=2 _In(z®-22+2) + [ ——df (1 pt for trigonometric substitution)
du=sec?0df 2 sect 6

1 1 520
= 5111(ZC2 -2x+2)+ f Jrc%d()

1 6 sin26
:iln(x2—2m+2)+f+sm

te
11( 2 +2)+1t e 1)+ _ +
n(z® -2z —tan" (z - —————+¢
2 2 2902 2z + 2
2 pts f f 9d9—7t -t 1 _—
(2 pts for [ cos an_ (x-1)+ 2x2 2x+2+c)
(¢) Solution 1:

Let t = tan@, dt = sec’>0df = (1 +t*)d0 i.e. df = iQ (1 pt)

1+t
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1 1
.2 2
f=1-cos®0=1- =1- 1 pt
- o 1+tan?6 1+t2( pt)
B 1 o 1 1
[ dt
0 3+(sinf)? 0 3+1—1t21+1f2

(1 pt for the upper and lower bound of the integrals.)

o 1
- —adt
fo A(1+2) -1

= fo - 4t271+3dt (1 pt for simplifying the integrand.)
"3 f 1+ ( Qt
%t
du:%dt 2\/_ 1+ U2 (2 pte)
t
2\/§ th:?o (ﬁ 1 +1u2 du) ) 4L\/§ (1 pt)

Solution 2:

3 1 z sec? 6
———df = f —————df
/(; 3+ (sinf)? 0 3sec2f+tan?0

™

3 sec”f
=) siqaag¥ 2 pt
ﬁ 3+4tan26 (2 pts)
t=tan @ o0 dt

2 pt

dt=sec? 0 /(; 3 +4t2 ( ps)
=3 == [ (2 pis)
3Jo 1+(Z)? 23 Jo 1+u?

T
= A 1pt
43 ( )
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3. Let F(x f
() = t\/z_f +1

(a) (2%) Compute F'(z).
11
(b) (8%) Determine whether the improper integral [ 7F (z) dz converges or not. Evaluate the integral if it is
0 VT

convergent. (Hint. Use integration by parts.)

(a) Given z € (0,1), since the integrand
1
tVi+1

Solution
], the fundamental theorem of calculus implies

(2 points)

is continuous on [z,
F’ =
() = x\/— T
Va F' (x)dx (2 points)

(b) Given €€ (0,1), integration by parts gives
f —= F (x)da - 2f F(2)dv/z = 2F (2)Va . —2[
1 1
- 2\/Ef di ‘ 2f VT
e Wi+, e a/r+1
1
Zf idz. (2 points)
€ :v\/E+1

Lo dt
=-2\/€ f +
\/_ € t\/g +1
To compute the second term, let’s use the substitution u = \/z to get
1 1 4 1 9
2[ idwz?[ Y oudu= —In(u’®+1) :fln( 3) (2 points)
/T +1 Veud+1 3 u=e 3 \l+ez
Therefore,
I F(2)d = li 2{] +2 ( 2 ) 1m2 (2 points)
im ) dr = lim —In =—In2.
0+ \/_ t\/f + 1 1+e2 3 P
That is, the improper integral converges and is equal to — In2
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4. (10%) A bowl is generated by rotating a plane region R about the y-axis, where R is bounded by lines 2 =0, y = 1,
and the curve y = (sin(z%))?, 0< z < \/g Find the volume of the bowl.

Solution:

(1) In the range 0 < x < \/7/2,0 <y < 1, the function y = (sinz?)? has the inverse z = Varesin/y (2 points).
The volume is given by

1 1
71'[ :chy:ﬂ'f sin_l\/ﬂdy (3 points)
0 0

1
:w[ osinttdt (y=1t?)
0

_ 2 ;-1 ! _ 1 ¢ | I
=q(t“sin” ¢ dt) (u=sin""t, 0" =2t)
o Jo

Vi-t2
1 1
:w(g +t\/1—t2|0— f VI-t2dt)
0

772

= W(g - %) =T (5 points)

(2) The volume equals
/2
277[ z(1 - (sinz?)?)dz. (5 points)
0

The integral equals
/2 1 /2
f xcos? 2 dx = 5[ (1 + cos 22%) dx
0 0

= 1(1x2 + lsin2x2)‘m
242 4 0

1
= gﬂ' (5 points).
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5. (03-053F) Let C be the curve y = Inz, 1 <2 < /3.
(a) (10%) Find the arc length of C.
(b) (10%) Rotate C about the y-axis. Find the area of the resulting surface.

Solution:
(a)
V3 d
L:/ v/ 1+ (P2 (2 pts)
1 dz
V3 /1 + 22
= f " e (1 pt)
1 x
r=tanf,-Z<0<Z S
S it 8 f s sech -sec? 0df (2 pts)
dz=sec? 0df z tand
% sec?f
= f ’ bec2 secftan @ do
T tan“f
u=sec 6 2 u2 d
_ 2 .
du=secftan b df fﬂ u?2 -1 Y ( ptb)
2 1( 1 1 . .
= [ 1+= (— - )du (1 pt for partial fraction)
V2 2\u-1 wu+1
=2-V2+ %(211&(\/54— 1)-1n3) (1 pt for integration)
(1 pt for final answer. Do not need to simplify the answer.
1 1 2-1
The answer is equivalent to 2 - /2 + = (ln ——1In V2 ))
2173 V2+1
(b)
V3 dy
S = / 2rxdS = 27Tf 2\ / 1+ (==)3dx (2 pts)
1 dx
V3 1+ 22
= 277[ A (1 pt)
1 x
V3 r=tanf,-5<0<% 3
=27 f V1t a2dy 2550 oy f * sec0.db (2 pts)
1 dz=sec? 0d0 z
= rr[secftan @ + In|secd + tan 9|]‘9=i (4 pts for integrating f sec® 0.df)
=%
_ 7_‘_[2\/§+ 111(2 + \/g) _ \/5_ 1n(\/§+ 1)](1 pt for final answer.)
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(01-023%) (12 pts) Solve the following differential equations.
(a) (4%) y" -2y +y=0.

X

(b) (8%) y" -2y +y= 1o

Solution:

(a) The characteristic polynomial
r2-2r+1=(r-1)> (2 points)

of the homogeneous equation has a double root equal to 1. Thus the general solution is

Yo = c1e” + coxe®. (2 points)

(b) Via the method of variation of parameters, a particular solution is of the form

Yp = ure” + ugze®

satisfying
uye” +usze” =0,
e* (3 points)
I x\/ ! x\/
uy(e”) +uq(xe®) =

e

One finds
/ € / 1
Uy = — U =
! 1+22” 2 1422

and one can take 1
up = - In(1+?), wug=arctanz. (3 points)

The general solution is then

1
y=¢e"(c1 - 5 In(1 +2?)) + ze®(cy + arctanz). (2 points)
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6. (a) (8%) Solve lel—y =v1+9% y(1)=1for z>0.
T

(b) (8%) Solve (1+ xQ)j—z +y= etan” * y(0)=0.

Solution:
(a)
dy dx dy dx

Ve e
ln|y+\/1+—y2|:ln(y+m):lnx+c
y+/1+y? = Az
r=1y=1..(1+V2)=A
y+\V1+y?=(1+V2)z

@ Yy 1 tan~! 2

+ - -
dr 1+z2 1+22
-1

dx
Integrating factor I = ef Tz cetan w

(tan71 zy)l _ 1 62 tan"
1+a2
-1 1 -1
~'~y:€ tan w{§e2tan T +C}

1 1
z=0,y=0,0=—-+c,c=—=
2 2

1 1 1

7etan7 T _ ~

2 2

—tan"'z

y:

(% Hh—fE452))

(B E24r, Hddr)

(A SH#, %529)

(2497)
(w ik, 249p)

(FEr SR, 247)
B e 1524
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7. Curve C) is defined by the equation y? = z?(1 — x?). Curve C; satisfies the polar equation r? = cos(26).
Y

(a) (3%) Derive a polar equation for C;. Determine which curve is the outer curve.
(b) (4%) Find tangent lines of C; and C5 at the origin.

(¢) (5%) Find the area of the region between two curves.

Solution:

(a) Setting = = rcosf and y = rsin@ in the equation y* = z%(1 - 2%) of C; and removing the factor %, one
reaches the equation
tan®6 =1 -2 cos® 6,

i. e., the polar equation
r? = cos 20/ cos* 0. (1)

Since 7% > 0, cos26 > 0, and hence 6 € [—g, %] For any 0 € [—g, %], it is clear that cos26/cos* 8 > cos 26,

and hence C is the outer curve.
(b) One can use the parametrization (z(0),y(6)) to compute (x'(%),y'(%)) and (x'(—%),y'(—%)). A more

reasonable way is to find all possible 6y such that r(6y) = 0 (which are T and -Z in the current case) and

note that the slope of the tangent at the origin associated to the angle 6 is exactly

r(6)sind -0

——— = lim tan@ = tan(63
egg% r(0)cosd -0 eggg o an(%5),

™ 0
where + depends on the question; for example, in our question the answer will be tan( 1 )" =1and tan(—z )t =
-1.

(¢) Let r1(0)? = cos 20/ cos* @ and r3(0)? = cos 20. By symmetry, the area between the curves is

™

11 11
4] fr2(9)2d0—4f S ()20
0o 2 0o 2
:2[2(00320—sin29) L
0

cost 6
:2[4(1—tan29)sec29d9—2[4cosQQdH
0 0

de—szcoszoda
0

1 T
:Qf (1-#2)dt - sin 26| = 1/3.
0
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1,  ift=0
8. (01-02F%) Note that the function f(t) =1 sint s 0 satisfies the inequality |f(¢)| < 1, and hence is of exponential
—, ift>

order c¢ for every ¢ > 0. In particular, you may freely use the properties of the Laplace transform of f introduced in
the lectures. Now consider the Laplace transform

F(s)= £/} = [ f(®)edt (s> 0).

(a) (4%) Show that lim F(s) =0. Do NOT quote directly the fact that if f is of exponential order then lim L{f(¢)}(s) =
§— 00 8§—00

0. (Hint. Note that |sint| < |t|. Make a comparison of F'(s) with a suitable integral, and then apply the squeeze
theorem.)

(b) (8%) Find lir(r)1+ F(s). (Hint. Compute F'(s) and use the fundamental theorem of calculus. You may use the
fact that L{tf(t)} = -F'(s).)

Solution:

(a) Since -1 < f <1, we have

1 . o 1
——=- f e *tdt < F(s) < f e Stdt ==,
0 0

S S

and hence lim F'(s) =0.

§—>00

(b) By the differentiation property of Laplace transformation, we have

F'(s) = fom(—t)f(t)e’“dt = - fooo sinte™*'dt = —L{sint}(s) = -

s2+1°

and hence
F(s)=-arctans+C (s>0).

By (1) we know that ‘111(1)1+ F(s)=C = lim arctan s = g
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