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1. (18%) (a) (4%) Compute lim m, where [-] is the greatest integer function.

Tr—>00 :E

(b) (4%) Compute lim L, where k> 0 is a constant.

=07 /1 - cos kx
1
(c) (4%) Compute lir%(csca: - —1)
> el —

(d) (6%) Find constants a,b € R such that a # 0, b >0 and 1ir61+(cos z)H*" =3

Solution:
(a) Since z —1 < [z] < x, by Squeeze Theorem, the limit equals to 1 .
——

[ S —
(3%) (1%)

(b)
\/1 kx)
lim L i T " COS( z) \/_ lim —— = \/_ lim —

=0 /1 coske z—>0* |sin(kz)| —— 70" |sm(/{:x)| 20" —sin k‘x
(

0

(2%)
Remark. -1% for omitting the absolute value.

(c)

et —1-sinx

) =

lim(cscx — ——
z—0 et

1775 (sinz)(e® - 1)
0 5 €T _
CIET €r-cosT (2%)
z=0 (¥ — 1) cosx + e*sinx
[2]LH er +sinx
= lim - -
20 —(e* — 1) sinx + 2e* cosx + e* sinx
1
=5 (2%)
1
(d) We need to solve lim aln(cosz) =In3. (2%)

-0t I’b

Itisa g 9 form since b > 0. Apply L’'Hospital’s Rule to study

. a -—sinz a sinx
I 3 Ceosayar® = b o gt -3 (%)

Clearly b=2, a=-bIln3 =-21n3.
—— ——
(1%) (1%)
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2. (8%) Compute the following derivatives.

(a) (4%) (223” ).

(b) (4%) x(tan 1(§)+1n

r+a

), where a # 0 is a constant.
r—a

Solution:

(a)

By the chain rule
d

dx
Let f(z)=2%". In|f(x)|= 22 In|z|...(*)
L) = L& = oxma+ 2
(1 pt for trying to do logarithmic differentiation. e.g. compute In|f(z)|, and know that

@) =53
= f'(z) =2 (2zIn|z| + z) (1 pt)
(It is O.K. to write Inx instead of In|z|. Because the domain of f(z) is {z|z > 0}.)

— (2%) = (In2)%2"-2*" (2 pts)

% (ta’n_l (%)) = 1_,_(1%)2 X % = inULQ
(2 pts. )
Wrong ans: -+ (tan‘l (f)) = ﬁ = - =1 pt)

2 2
%) Té+a

Compute 4 o Iny/

sol 1: In\/%#2 is defined for |z| > |al.
For |z| > |a|, ln\/f_rg s(Injz +a| -In|z - af)

dx (ln \% ﬁ)

L (Info+ ol - Infe - al) = 3 (5 - 245) = 7% (2 pts)

sol 2:
da:(ln\/%): %%(Vﬁ):%ﬁﬁ:xzcﬂ (2ptS)
Hence dz (tan (%) +1In i_ir‘;) =a [121512 - 5021(12] = x;2—aa4
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. (10%) (a) (6%) Suppose that f(x) < g(z) < h(z) and f(x),h(x) are differentiable at a with
fla) =h(a), f'(a) = h'(a). Show that g(z) is differentiable at a and find ¢’(a).

(b) (4%) Give an example of functions f(z), g(z), and h(z) such that f(x) < g(x) < h(z),
f'(a) = h'(a) but g(x) is not differentiable at a.

Solution:

(a) (+1) First we show that g(a) = f(a) = h(a). Since f(x) < g(x) < h(z) with f(a) = h(a),
we have g(a) = f(a).

(Use squeeze lemma, but do not carefully distinguish the sign: (+3))
We compute lim,_, 4+ W. For x > a, we have
F(@) - f(a) _ g(x) - ga) _ h(x) - h(a)
rT-a S r-a xT-a

followed by f(z) < g(x) < h(z), f(a) = g(a) = h(a) and x —a > 0. Since the lim,_ 4+ of the
left and right terms in the above inequalities exist and equal f’(a) = h/(a), this forces that
% exists and equals f’(a) = h/(a).

hmx_)aJr

9(z)-9(a)

r—a

For lim,._, .- , one repeats the argument with the reversed inequalities

f@)= 1) | 9(2) = g(a) | W) - h(a)

Tr—a r—a Tr—a

We conclude that g(z) is differentiable at a and ¢'(a) = f'(a).

(b) For example,
f@)=z-1, g(x)=[z], h(z)=x
and a is any integer. Then f’(z) =1=h'(x) but g(x) is not differentiable at a since it is

not continuous at a.

(Sketch a graph without explanation: (+2); sketch a graph with correct explanations:
(+4).)
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4. (12%) An observer stands at point P which is one meter from a straight path. Let O be the point

on the path that is closest to P, and S be the point on the path that is one meter to the right of
O. Two runners A and B start at S and run away from O along the path. Let 6 be the observer’s
angle of sight between the runners.

(a) (6%) Suppose that when A and B start at S, 2 = 1 1 rad/sec. Find the relative velocity between

’dt

A and B at S.
(b) (6%) Suppose that A runs twice as fast as B. Find the maximum value of 6.
Y
P
1m
O 1m S B A

Solution:

(a) Suppose that at time t(sec), A is A(t) meters to the right of O and B is B(¢) meters to
the right of O. Then A(0) = B(0) = 1.
O(t) = tan~t A(t) - tan™! B(t).
(3 pts for assigning notations and the correct equation.)
do _ _A'(t) _ _ B'(t)
dt = T+(A®@D)?2 ~ 1T+(B())?
(2 pts for differentiation)
At=0, % -1~ KB B0 - 4 4(0) - B(0)
ie. A'(0) = B’(O) 2 m/s. (1 pt for plugging in ¢ = 0)
Ans: The relative Velomty between A and B at point S is 3 m/s.

(b) Sol 1:
When B is & meters to the right of S, A is 2z meters to the right of S.
O(x) =tan™1(2z + 1) —tan"}(x + 1) for z > 0.
(2 pts for as&gmng notations and deriving the correct equation with correct domain.)

o _ 2 _ _ —222+2

dr ~ 1+(2z+1)2 — 1+(az:+1)2 T (4x2+4z+2) (22+22+2) 0
39 0=2x==+1

X

(2 pts for computlng 1 pt for Solvmg =0.)
I>Ofor0<x<1andd—z<0fora:>1
Hence 6 obtains the absolute maximum when x = 1 i.e. when B is 1 meter and A is 2
meters to the right of S.
(1 pt for explaining that the critical number is the absolute maximum.)

Sol 2:

Suppose that the velocity of B is v m/s and the velocity of A is 2v m/s.

Then offer ¢ seconds B is 1+ vt meters to the right of O and A is 1+ 2vt meters to the right
of O.

O(t) = tan~1 (1 + 2vt) — tan™ (1 + vt) for ¢ > 0.

(2 pts for assigning notations and deriving the correct equation with correct domain.)

do 2v v —202¢242
E T Te(+200)2 ~ T+(1+o0)2 [(1+(1+21}t))2(1++(1+vt))2] (2 pts)

=0 = vt=x1 (1 pt)
>0for0<vt<1, Zﬁ <0 for vt > 1.
Hence f obtains the absolute maximum when vt = 1 i.e. when B is 2 meters to the right of

O and A is 3 meters to the right of O. (1 pt)

dt

Page 4 of 9



5. (14%) Consider the equation y® + 1.009y3 + y = 3.

(a) (
(b) (4%) Given y® +2y® +y =3, find 2 at (1,1).
(

(¢) (4%) Use a linear approximation to estimate the real root of y® + 1.009y3 + y = 3.

6%) Show that the equation has exactly one real solution.

Solution:

(a) Let g(y)=1v°+1.009y> +y — 3. Since
lim g (y) = o0, lim g(y) = —oo,
Yy—>00 Yy—>—00

the Intermediate Value Theorem implies that ¢ has real roots. (3 points)

Moreover, since
g (y) =5y +3.027y% + 1> 0,

g is strictly increasing. In particular, g has at most one real root. (3 points)

(b) By the argument in (a), y is implicitly defined as a function of = via the equation
Yoy +y=3
near (z,y) = (1,1). Differentiating both sides of the above equation with respect to x gives
(5y4 + 3xy? + 1) % +y°=0 (3 points).

Substituting (x,y) = (1,1) into the above equation gives

dy

1
o =3 (1 point)

(z,y)=(1,1)

(¢) Let’s denote y = f (x). Note that f (1) =1 and f’(1) = —5. (2 points) Then

1
F(1.009) » f (1) + f" (1) x0.009 =1 - 9% 0.009 =0.999 (2 points).
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6. (18%) Suppose that f is differentiable and one-to-one on (-1,1), f'(x) = 1+ f?(x), and }Eii%@

exists.

(a) (4%) Find f(0) and lim @),

(b) (4%) Show that f(z) is increasing on (-1,1) and determine the concavity of y = f(x) on
(-1,1).

(c) (6%) Prove that f(x)>x for x € (0,1). Then prove that f(z) >z + %5 for x € (0,1).

(d) (2%) Find L(f(x)).
(2%) Find f~'(x) and f(x).

Solution:
(a) Let L= hm . Since f is differentiable, it is continuous. Therefore,
g e L@
f(0) —}Cli%f(x) —LlEST-x—L-O—O,
and hence

i £ i F@) = £(O0)
z-0

z—0 x—0
- R f(0) = ORI 15155 .
- HREfiH zm‘fiﬁ%f'@hmf(x)ﬁf’%l T o

- SkthlimM = 1A #3145,
- e @Jhm PO sy I S OE F8 R E AR L HopitalZEHD 1I#314

= f(0) =1+ £(0)* = 1.

(b) Since f'(x) =1+ f(x)?2>1>0, f is (strictly) increasing. To determine the concavity of f,
we compute the 2nd derivative of f:

fr=(f) =@+ 2y =2ff"

f"(x) and f(z) have the same sign for every x € (-1,1) since f’(x) > 0. We have obtained
n (a) that f(0) =0. Therefore f(z) >0 resp. <0 if z € (0,1) resp. (-1,0), as shows that f
is concave upward resp. downward on (0, 1) resp. (-1,0).

- EHH >0 HEERE v 15247
- RS = 1+ fRRREEL 0 [ DL A B T ) 2R m 45140
- FUHET S ELA T R A e R A T AR

(c) Consider the function h(z) = f(z) —x. By (a) and (b) we have
h(0) = f(0)=0=0 and A'(z)=f"(z)-1=f(z)*>0,

and hence h is 1ncreasmg on [0,1) and f(z) -2z = h(x) > h(0) = 0 for x € (0,1). Now
consider g(x) = f(z) —x - %. We have

9(0)=f(0)-0=0 and g'(z) = f'(z) -1 -2 = f(z)* -2°> 0 (z € (0,1)),

where the last inequality holds by the first part of (c¢), as we just obtained. Therefore,
flx)-x- "”—; = g(x) > ¢(0) =0 for every x € (0,1).

Page 6 of 9



- BRI RS A3

(d) We have
1 1 1

P @) 1 f(fr@)? 1t
- HI () (2) = mﬁf 177,
RIS

(¢) From the result of (d) we see that f~! is a function whose derivative is -—. We know one
such function, namely, tan™! x, and hence the derivative of f~1(z)—tan™!x is 0. A function
on an interval with derivative 0 everywhere is a constant function by the mean value
theorem. Therefore, f~!(z) = tanz +C for some constant C'. Finally, C'= f~1(0)—tan™ 0=
0, and hence f~!(z) =tan™'z and f(x) = tanx.

- &2 f1(2) = tan P 1F155
- 75 EE SO T e ] A1)

(f ) () =
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7. (20%) Let f(z) =z(In|z|)2.
2%) Find the domain of f(z). Is f an odd function or even function?

)
a) (
(2%) Compute E—{% f(x).
(
(
(

X

4%

2%) Find local maximum and local minimum values of f(z).

) Compute f’(z). Find the interval(s) of increase and interval(s) of decrease of f(x).

[«

4%) Compute f”(x). Find the interval(s) on which f(z) is concave upward. Find the
interval(s) on which f(z) is concave downward.

(f) (2%) Find the point(s) of inflection of y = f(x).
(g) (1%) Find the asymptote(s) (vertical, horizontal, or slant) of y = f(z).
(h) (3%) Sketch the graph of f(x).

Solution:
(a) f is defined on R~ {0}. (1 point)
Since f (-x) =-f(x), f is an odd function. (1 point)

(b)

r—0+ x—0+

2 2
In 2
lim f(x) = hm (lnTx) = lim 4( \/_) = lim 4(1n_y) =0. (2 points)

NZ3 x

Since f is odd, we have

lg £(0) ==l 0) 0.
Thus, lim,_¢ f(z) =0.

(c)
f'(x) = (In]z))* + 2In|z| = In|z| (In]z| + 2) . (2 points)

So f is increasing on (—oo,-1)u (-e2,0) U (0,e72) U (1, 00) and decreasing on (-1,-e2)u
(e72,1). (2 points)

(d) By the First Derivative Test, f has local maxima
f(-1)=0, f(e?)=4e? (1 point)

and local minima

f (—6_2) =-4e?,  f(1)=0. (1 point)

(e)
£ (z) = %1n|x| . % - % (Infe[+1). (2 points)

So f is concave upward on (—e !, 0) U (e7!,00) and concave downward on (—oo,—e7!) U
(0,e71). (2 points)

(f) The inflection points of the graph of f are (—e~!,—e71), (0,0), and (e !,e!). (2 points)

(g) Obviously there is no vertical asymptotes. Since

lim f( )~ lim (In]xz])? = oo,

T—>+o00 x—>ioo

f has no horizontal or slant asymptotes. (1 point)
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(h)

(3 points)
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