1091 f£,01-033t Hrh =5 fif & At o) R e
1. (22%) K NFUMRFR . (A BEfEH] IHospital’'s Rule)

(a) (4%) lim e +2 (b) (6%) lim Va2 -z -z +tan™ ' .

xr—>—00 Sem —e T ’ T

. coszx—1 . Inx
Solution:
(a)
“+2 1+2¢€” .
lim e re lim _rae multiply e* (2pts)
x—>—00 3T — % T——00 3€2m -1
=-1 lim e® = lim e** =0 (2pts)
(b)
lim Va2 -z -z +tan™' z
= ( lim Va2 -z - :C) + ( lim tan™! x) limit law (1pt)
xr—oo T—>00

= (lim Va2 -z - :r) + g lim tan™!z = (1pts)

- lim (Vz2-z-z)(V2? -z +2x) .7
AT (V-zva) 2

multiply Va2 -z +x (1pt)

- s

= lim ———+ — simplify using a® - b* = (a +b) (a —b) (1pt
-1
- lim ——— 4+ " divided by x (1pt)
€T —>00 1
\/1-—+1
T
1 = 1
=——+— lim — =0 (1pt
()
. cosz—1
lim
x—0 1;2
-1 +1
= lim (cosz = 1)(cosw + 1) multiply (cosz + 1) (2pts)
e=0 2 (cosz+1)
—sin®z .
=lim ———— cosz—1=-sin’z (1pt)

=0 22 (cosz + 1)

.2
1
=— (lim S JC) (1' 7) limit law (1pt)

im
>0 g2 x>0 cosx + 1
1
=-1-—=-= lim 2% = 1 (2pts)
2 x—0 L
(d)
Inz
ml_rg 3 -1
Inx .
=li 22 -1=(zx-1)(z®+z+1) (2pts
wlg%(x—l)(x2+x+l) ! (@-1) (" +a+1) (2pts)
1 1
= (lim ne )(lim ) limit law (1pt)
z>lgp—1/\a=1a2+2+1
1 1
=1 373 iiil]ll_ =1 (3pts)

Page 1 of 6



2. (20%) (a) (6%) % f(z)=——

— R (@),

(1) (7%) 4 f(x) =tan"(e®) +sin~(cos(2z)), R f'(x).
(c) (T%) % f(x)=a""", K f'(r).

Solution:
(a) f(z)= 35377+ Then

322 +4-z -6z

O el CO
322 +4
(b) f(z) =tan"'(e®) +sin ! (cos(2z)). Then
1

F@) = o V1-cos(ze)?

__e”  2sin(2z)
C1+e2z |sin(2x)|
WSROy, Wy, ARy, WML A TSR, (ER S5,
(c) f(x)=2"% Then

(—sin(2z) - 2)

Inf(z)=sinzlnz. (2%)

We have ,
ff((x)) =cosxInz + % (3%)

Thus

fi(m)y=-Inm. (2%)
B (51i%)

f(IE) _ esinzlnz (2%)
Then )

f/(z) = 25" (cosx ‘Inz + smaz) (3%).
x

Thus

fi(m)=-Inm. (2%)
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L (10%) HEITHER 28+ oy + L = 4 PRI FH AR
(a) (6%) RTEEE (1,2) () &,

(b) (4%) HhARAERS (1,2) MHEATRES 2 v = f(x). HARMEI R £(1.01).
Solution:
(a)
3x2+y+z dy + 3 > dy =0 implicit differentiation (3pts)
de 87 dx

@__24332+8y
de 8x+3y?

dy 24416
] PR 8+ 12
d

™
Tl@,y)=(1,2)

F(LO1) ~f(1) + f/(1) (1.01-1)

=2+ (-2)(1.01-1)
=1.98.

] d
rearrange and find ]—y (1pt)
dx

put (z,y) = (1,2) (1pt)

simplify (1pt)

F(@) = f(a) + f'(a) (- a) (2pts)
with a =1 and 2 =1.01

F(1) =2 and (1) = -2 (by (a)) (1pt)
simplify (1pt)
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4. (16%) % f(= )—tanx,xe[07g).

(a) (6%) #EHWIE x€(0,%), tanz > .

(b) (4%) H(a)fffE f'(2) =1+ f*(2) > 1+2 Hr2e(0,5)-
(c) (6%) R °

HE 2e(0,%), tanz >z + 32°,

Solution:
(a) By MVT,

tanz — tan0

0 =sec?(c), (3%)

>1 since ce (0,7/2) (2%)
Since z >0 (1%), we have tanz > x.

B# (53i%)
Let f(xz) =tanxz —xz. Then

f'(z) =sec?z -1 (3%)
>0 on (0,7/2). (2%)

For z € (0,7/2), we have
f(x)> f(0)=0=tanz>xz. (1%)
(b) f(x)=tanz.
f(z) =sec’z  (1%)
=l+tan’z =1+ f2(z) (2%)
>1+22 by (a) (1%).

(c) Let G(x) =tanz — (x + 23/3). Then
G'(z) =sec’z - (1+2%) (2%)
>0 by (b) (2%).

For z € (0,7/2), we have
3

G(z)>G(0) =0 = tanz >z + % (2%).
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5. (20%) BEREL f(z) =In|z + 1]+ 5z + 22 MEIE.
(a) (2%) ®i f(2) MEES. K lim f(z) M lim f(z).

)
(
(7%) R f'(x). R f(x) B EIRAEEFRT f(2) (FHBARAE .
(
(

(b) (7%)
(c) (T%) K f"(x). FIEFy=f(z) MMM, RS
(d) (4%) ERYEY y = f(2).
Solution:
(a) The domain of f(z) is R~ {-1} (1 pt)
because lirri_ In|z + 1| = —c0 and lin%_ S5r+2%=-4
lirr%i f(x) = hni, In|z + 1| + 52 + 2% = oo (1 pt, Student can write down these limits directly without
reasoning.)
Similarly lirri+ flz)=-o00
(b)
, 1
fi(x) = +5+2x (2 pts)
z+1
2z +3)(z+2)

S LA St 4 (1 pt for factorization)

f'(x) >0 for x € (-2, —%) U (-1,00). Hence f(z) is increasing on (-2, —%) and (-1,00). (1 pt)
f(z) <0 for z € (—o0,-2) U (-3,-1). Hence f() is decreasing on (-o0,-2) and (-2,-1) (1 pt)
f(=2) is a local minimum. (1 pt)

f(~32) is a local maximum. (1 pt)

(z+1- )(z+1+ )
(©) £"(2) = gy + 2= 2R (3 ps)

f”(;zc)>0f0rme(—oo,—l—%) (_1+f’ 00).
Hence y = f(z) is concave upward on (—oo, -1 — f) and (-1+ f’ o). (1 pt)
(-1- %,f( 1- —)) and (-1+ f,f( 1+ —)) are inflection points (2 pts)

(d) f(-2)=-6 f(-3)=-n2- 2
F(-1-J5)=-gn2-F- G, f(-1e ) =-bm2-F-

V2
(1 pt for the approximating values of f(-2), f(- 2) f(-1- —) f(-1+ %))
The graph of f(l') on (_007_2)7 (_27 \f) ( 1- 77_%)7 (_%v_l)v (_17_1 + %)7 (_1 + %7 oo) each

counts for % pt.
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6. (12%) — JBEHAME 1O 2m WEIEEOIE EJ7. SREBER K SE b EEEEEE ERRIEZ T &K B
B T=Eepe, Hoh k>0 REH, s RANSR, o RIGGIBBIEE LM, (R R A ARG R SR . )

S

Solution:
_ 2 : _h _ h
s=Vh?+4. sina = = e

s
Hence I(h) = ksine = /f(hzﬁ;)a/? for he (0,00) or he[0,00)
(4 pts for correct function I(h). 1 pt for correct domain h € (0, 00) or [0, 00).)

2
I'(h) = k% (3 pts)
I'(h) =0 = h=+V2 (1 pt)
.+ I'(h) > 0 for he (0,4/2) and I'(h) <0 for h e (v/2,00)
. 1(v/2) is the absolute maximum of I(h) on (0,00). (3 pts)

Another reasoning:
+1(0) =0, lim I(h) =0, and I(V2) =

S 1(2) > 1(0), I(\V/2) > Jim I(h).
And we can conclude that I(1/2) is the absolute maximum of I(h) on (0, o).

_k_
6V/3
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