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1. (22%) B��uP�(
ý�( l’Hospital’s Rule)

(a) (4%) lim
x→−∞

e−x + 2

3ex − e−x
. (b) (6%) lim

x→∞

√
x2 − x − x + tan−1 x.

(c) (6%) lim
x→0

cosx − 1

x2
. (d) (6%) lim

x→1

lnx

x3 − 1
.

Solution:

(a)

lim
x→−∞

e−x + 2

3 ex − e−x
= lim
x→−∞

1 + 2 ex

3 e2x − 1
multiply ex (2pts)

= − 1 lim
x→−∞

ex = lim
x→−∞

e2x = 0 (2pts)

(b)

lim
x→∞

√
x2 − x − x + tan−1 x

= ( lim
x→∞

√
x2 − x − x) + ( lim

x→∞
tan−1 x) limit law (1pt)

= ( lim
x→∞

√
x2 − x − x) +

π

2
lim
x→∞

tan−1 x =
π

2
(1pts)

= lim
x→∞

(
√
x2 − x − x)(

√
x2 − x + x)

(
√
x2 − x + x)

+
π

2
multiply

√
x2 − x + x (1pt)

= lim
x→∞

−x
√
x2 − x + x

+
π

2
simplify using a2 − b2 = (a + b) (a − b) (1pt)

= lim
x→∞

−1
√

1 −
1

x
+ 1

+
π

2
divided by x (1pt)

= −
1

2
+
π

2
lim
x→∞

1

x
= 0 (1pt)

(c)

lim
x→0

cosx − 1

x2

= lim
x→0

(cosx − 1)(cosx + 1)

x2 (cosx + 1)
multiply (cosx + 1) (2pts)

= lim
x→0

− sin2 x

x2 (cosx + 1)
cos2 x − 1 = − sin2 x (1pt)

= −(lim
x→0

sin2 x

x2
)(lim

x→0

1

cosx + 1
) limit law (1pt)

= −1 ⋅
1

2
= −

1

2
lim
x→0

sinx

x
= 1 (2pts)

(d)

lim
x→1

lnx

x3 − 1

= lim
x→1

lnx

(x − 1) (x2 + x + 1)
x3 − 1 = (x − 1) (x2 + x + 1) (2pts)

= (lim
x→1

lnx

x − 1
)(lim

x→1

1

x2 + x + 1
) limit law (1pt)

= 1 ⋅
1

3
=

1

3
lim
x→1

lnx

x − 1
= 1 (3pts)
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2. (20%) (a) (6%) ä f(x) =
x

3x2 + 4
�B f ′(x).

(b) (7%) ä f(x) = tan−1(ex) + sin−1(cos(2x))�B f ′(x).

(c) (7%) ä f(x) = xsinx�B f ′(π).

Solution:

(a) f(x) = x
3x2+4

. Then

f ′(x) =
3x2 + 4 − x ⋅ 6x

(3x2 + 4)2
(4%)

=
−3x2 + 4

(3x2 + 4)2
(2%).

(b) f(x) = tan−1(ex) + sin−1(cos(2x)). Then

f ′(x) =
1

1 + e2x
ex +

1
√

1 − cos(2x)2
(− sin(2x) ⋅ 2)

=
ex

1 + e2x
−

2 sin(2x)

∣ sin(2x)∣
.

,��I_��Ûè��Ï�è�i��h
f��� ï
�!º,��I_�F/�!/c���

(c) f(x) = xsinx. Then
ln f(x) = sinx lnx. (2%)

We have
f ′(x)

f(x)
= cosx lnx +

sinx

x
. (3%)

Thus
f ′(π) = − lnπ. (2%)

��(æÕ)

f(x) = esinx lnx (2%).

Then

f ′(x) = xsinx (cosx ⋅ lnx +
sinx

x
) (3%).

Thus
f ′(π) = − lnπ. (2%)
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3. (10%) �n¹�� x3 + xy + y3

8
= 4 z��sbòÚ�

(a) (6%) B(Þ (1,2) � dy
dx
�

(b) (4%) òÚ(Þ (1,2) DÑïÏëº y = f(x)�(Ú'<Ñ0� f(1.01)�

Solution:

(a)

3x2 + y + x
dy

dx
+

3

8
y2
dy

dx
=0 implicit differentiation (3pts)

dy

dx
= −

24x2 + 8 y

8x + 3 y2
rearrange and find

dy

dx
(1pt)

dy

dx
∣
(x,y)=(1,2)

= −
24 + 16

8 + 12
put (x, y) = (1,2) (1pt)

dy

dx
∣
(x,y)=(1,2)

= − 2 simplify (1pt)

(b)

f(1.01) ≈f(1) + f ′(1) (1.01 − 1) f(x) ≈ f(a) + f ′(a) (x − a) (2pts)

with a = 1 and x = 1.01

=2 + (−2) (1.01 − 1) f(1) = 2 and f ′(1) = −2 (by (a)) (1pt)

=1.98. simplify (1pt)
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4. (16%) ä f(x) = tanx, x ∈ [0, π
2
).

(a) (6%) I�v x ∈ (0, π
2
), tanx > x.

(b) (4%) 1(a)ãË f ′(x) = 1 + f2(x) > 1 + x2�v- x ∈ (0, π
2
)�

(c) (6%) I�v x ∈ (0, π
2
), tanx > x + 1

3
x3�

Solution:

(a) By MVT,

tanx − tan 0

x − 0
= sec2(c), (3%)

> 1 since c ∈ (0, π/2) (2%)

Since x > 0 (1%), we have tanx > x.

��(æÕ)

Let f(x) = tanx − x. Then

f ′(x) = sec2 x − 1 (3%)

> 0 on (0, π/2). (2%)

For x ∈ (0, π/2), we have
f(x) > f(0) = 0⇒ tanx > x. (1%)

(b) f(x) = tanx.

f ′(x) = sec2 x (1%)

= 1 + tan2 x = 1 + f2(x) (2%)

> 1 + x2 by (a) (1%).

(c) Let G(x) = tanx − (x + x3/3). Then

G′
(x) = sec2 x − (1 + x2) (2%)

> 0 by (b) (2%).

For x ∈ (0, π/2), we have

G(x) > G(0) = 0⇒ tanx > x +
x3

3
. (2%).
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5. (20%) kýx f(x) = ln ∣x + 1∣ + 5x + x2 ��b�

(a) (2%) ëú f(x) ��©ß�B lim
x→−1−

f(x) � lim
x→−1+

f(x)�

(b) (7%) B f ′(x)�~ú f(x) ^��^��@�� f(x) �@èu<�

(c) (7%) B f ′′(x)�$· y = f(x) �ù'�&BÍòÞ�

(d) (4%) kýx�b y = f(x).

Solution:

(a) The domain of f(x) is R ∖ {−1} (1 pt)
because lim

x→−1−
ln ∣x + 1∣ = −∞ and lim

x→−1−
5x + x2 = −4

∴ lim
x→−1−

f(x) = lim
x→−1−

ln ∣x + 1∣ + 5x + x2 = −∞ (1 pt, Student can write down these limits directly without

reasoning.)
Similarly lim

x→−1+
f(x) = −∞

(b)

f ′(x) =
1

x + 1
+ 5 + 2x (2 pts)

=
(2x + 3)(x + 2)

(x + 1)
(1 pt for factorization)

f ′(x) > 0 for x ∈ (−2,− 3
2
) ∪ (−1,∞). Hence f(x) is increasing on (−2,− 3

2
) and (−1,∞). (1 pt)

f ′(x) < 0 for x ∈ (−∞,−2) ∪ (− 3
2
,−1). Hence f(x) is decreasing on (−∞,−2) and (− 3

2
,−1) (1 pt)

f(−2) is a local minimum. (1 pt)
f(− 3

2
) is a local maximum. (1 pt)

(c) f ′′(x) = −1
(x+1)2

+ 2 = 2
(x+1− 1√

2
)(x+1+ 1√

2
)

(x+1)2
(3 pts)

f ′′(x) > 0 for x ∈ (−∞,−1 − 1
√

2
) ∪ (−1 + 1

√

2
,∞).

Hence y = f(x) is concave upward on (−∞,−1 − 1
√

2
) and (−1 + 1

√

2
,∞). (1 pt)

(−1 − 1
√

2
, f(−1 − 1

√

2
)) and (−1 + 1

√

2
, f(−1 + 1

√

2
)) are inflection points (2 pts)

(d) f(−2) = −6 f(− 3
2
) = − ln 2 − 21

4

f(−1 − 1
√

2
) = − 1

2
ln 2 − 7

2
− 3
√

2
, f(−1 + 1

√

2
) = − 1

2
ln 2 − 7

2
− 3
√

2

(1 pt for the approximating values of f(−2), f(− 3
2
), f(−1 − 1

√

2
), f(−1 + 1

√

2
))

The graph of f(x) on (−∞,−2), (−2,−1 − 1
√

2
), (−1 − 1

√

2
,− 3

2
), (− 3

2
,−1), (−1,−1 + 1

√

2
), (−1 + 1

√

2
,∞) each

counts for 1
2

pt.
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6. (12%) �ÞÈ«�(�J�/ 2m ��L�Ãc
¹�BÈâLb�Ø¦ h����L�h
�g�¦ I �'�ò
å I = k sinα

s2
�v- k > 0 /8x�s /��w�α /IÚg0�h
�Ò¦�(��ª�Bú��u</�'<�)

s

2

h

α

Solution:

s =
√
h2 + 4. sinα = h

s
= h
√

h2+4
.

Hence I(h) = k sinα
s2

= k h
(h2+4)3/2 for h ∈ (0,∞) or h ∈ [0,∞)

(4 pts for correct function I(h). 1 pt for correct domain h ∈ (0,∞) or [0,∞).)

I ′(h) = k 4−2h2

(h2+4)5/2 (3 pts)

I ′(h) = 0 ⇒ h = ±
√

2 (1 pt)
∵ I ′(h) > 0 for h ∈ (0,

√
2) and I ′(h) < 0 for h ∈ (

√
2,∞)

∴ I(
√

2) is the absolute maximum of I(h) on (0,∞). (3 pts)

Another reasoning:
∵ I(0) = 0, lim

h→∞
I(h) = 0, and I(

√
2) = k

6
√

3

∴ I(2) > I(0), I(
√

2) > lim
h→∞

I(h).

And we can conclude that I(
√

2) is the absolute maximum of I(h) on (0,∞).
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