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1. Compute the integrals.

(a) (6%) fx(sin2x+cosx)da:.

) (9%) [

8r -4

———dx.
x2(x% +4) v

Solution:

(a)
/ x (sin(2x) + cosx) dx

:/$sin(2x)dx+/x005$dx

=_71fxdcos(2x)+[xdsinx

=_71 (m cos(2x) - f cos(2x) dx)

+xsinx — fsinxdx

:_71 (:L‘ cos(2x) - % sin(2x) dac)

+zsinx+cosz +C

8x -4

2 (2?2 +4)
_A+Bx
T a2+4 g2
1-2x 1 2
T22+4 22z

/

¢ D

T

T

Sr -4

22 (22 +4) da

_/( 1 2 1
B x24+4 2244 22

2o (3)
=—tan " | =
2 2

partial fr

Solve =

+g) dx

X

—ln($2+4)+1+21nx+0

X

dcos(2x) = -2 sin(2x) dx (1pt)
dsinzx = cosxdr (1pt)

IBP (2pts)

/ cos(2x)dx = ; sin(2x) + C (0.5pt)
/ sinxdr = —cosx + C (0.5pt)

C (1pt)

actions

A=1,B=-2C=-1,D =2 (4dpts)

use (a)

4 integrals (4pts); C (1pt)
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2. (a) (3%) Evaluate and simplify di In (\/ 2+ 1+ x)
T

(b) (5%) Evaluate fsec:cdm.

1
(¢) (7%) Use (b) and trigonometric substitution to find f
0

1
2

dz.
vVt +1

1
(d) (7%) Use (a) and integration by parts to evaluate the integral f In (\/ 2+ 1+ x) dzx.
0

Solution:

(a)

X

a2+ 1)2 (22) + 1
iln( /—I2+1+x>=2(:c )2 (27)
d VaZ+l+x

Vii+l+ax

1
(Inz) = —
x

(1pt) and chain rule (1pt)

1

22 +1

(b)

(VA Lea) (VD)

multiply (22 +1)2 (1pt)

secxr +tanx

~ / d(secz + tan )

secx +tanx

=In|secx + tanzx| + C

1 1
/ dx
0 VaZz+1

/4
:/ 1 sec2 0 d6
o secH

/4
= f secf df
0

=In|sec + tan 6|

/4

0

=In|sec(w/4) + tan(w/4)|
=In(v/2+1)

secx (secx +tanx
fsecxdxzf ( )

dxr multiply (secx +tanz) (2pts)

—secz =secx tanx (Ipt), —tanz = sec? & (1pt)
dx dx

1
/ —dx =In|z|+C (1pt)
T

d d

x:=tanf = dx = sec’df (2pt)
r=1=60=n/4(0.5pt), x=0 = 0=0 (0.5pt)

simplify (1pt)

use (b) (1pt)

simplify (1pt)

sec(m/4) = /2 (0.5pt); tan(7/4) =1 (0.5pt)
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1
[ ln(\/x2+1+a:) dx
0
1 1
=z ln(\/x2+1+x)| —f xdln(\/x2+1+a;) IBP: u,:ln(\/:zz;2+1+:1;)7 v =1 (2pts)
o Jo
=In(vV2+1) - flx do evaluate bdy. term (1pt); use (a) (1pt)
0 Vaz+1l
1 xdz { i
=In(V2+1) - (22 +1)3 = (2 +1)7 (2pts
(Va+ 1) - @ ) @ 1)? (2t
=In(v2+1)-vV2+1 evaluate bdy. term (1pt)
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3. (a) (10%) Let R be the region bounded by y = cosx, y = sin2z and x = 0 in the first quadrant.

Rotate R about the z-axis. Find the volume of the resulting solid.
Y

Solution:
. . . . . ™
First, find intersection points of y = cosx and y = sin2x for 0 < x < 5
. . . 1 . T 0w
Yy =Cosx =sin2x =2sinxcosxr = sinx = 3 or cosr=01i.e x= 5 or 3

™

5 (2 pts for the range of x.)

Hence R is bounded by y = cosx and y = sin 2z, with 0 <z <
By the disc method, the volume is

V=m jg(cos x)? - (sin 27)2dx (2 pts for the formula.
0

1 pt for recognizing cosx > sin 2z for 0 <z < %)

51 2 1- 4
=T [ T 020 - C; S (2 pts for half angle formulas)
0

19 dp -2
. [sm TR x] ’ (2 pts for integrating cos 2z and cos4zx.)
2 2 4 =0
3V3
= T\é_ﬁ (1 pt for the final answer.)
If Students write V' = [g 2rx(cosx — sin2x)dx = ---, they get 2 pts for the range of x
0

(0<x< %) and 1 pt for recognizing cosx > sin2x for 0 < x < %

(b) (6%) (A) [0 'rrde. (B) [0 ratdr. (C) fo "ra?dz. (D) fo '2ds.

Match each solid with the integral that represents its volume.

b

Integrals | A | B | C| D
Solid 2111413
1.5 pts for each answers.
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4. (8%) Find the length of the curve

y:f(x)zfx\/m(it, 1<z <A
1

Solution:

By the fundamental theorem of calculus

fl(x)y=Vaz3-1. (2%)

length=f14\/1+f’(x)2da: (2%)

2/14333/26133 (2%)

_ 6—52 (2%).
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5. Let f(z) = xe®.

x for which the series equals the function.)
(a) (4%) Find the Taylor series for f(z) at x = 0.

(b) (7%) Calculate /xtet dt and find its Taylor series at x = 0.

1

(c) (4%) Find the sum Z TR

(When finding the following Taylor series, you don’t need to specify the range of

Solution:

(a)

T2 rn
f(x) = xe” —x(1+F+§+ +m+---) (2%)
22 3 |
ST et
2! n!

+ (2%).

/ﬁtet dtz/ztdet (2%)
0 0

=ze®-e"+1. (2%)

Use term-be-term integration for the Taylor expansion of te! in (a), we have

z $n+1
/ fet dt—/ tdt+[ —dt+f LT + Dbt (1%)
0 0 n:

xn+2

Ty T @

2+3-1!+ a0
(c¢) By (b), we have
o 22 o3 e
xrew —e +1:E+‘—1!+"'+m+"'. (1%)
Put . =1 (1%), we have

1 1 1 1

oo b hp——— e (2
SRR R s s R S
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6. (a) (6%) Find the Taylor series for f(x) =In(1-2?), g(z) = cosz -1, and h(z) =sin(2z*) at = = 0.
(You don’t need to specify the range of x for which the function equals its Taylor series.)
(cosx —1)In(1-22)

(b) (4%) Evaluate lir%

sin(2z4)
Solution:
2 P yn+l
In(l-y)=-y—-Z=— -2 —... — — for -1<y<1.
(@) (1= y) =y - T o1y
G p2+2

f(x)=1n(1—x2):—xz—?———m - for-1<z<1

3 n+1
(1 pt for knowing the Taylor series for In(1—-y). 1 pt for the Taylor series for f(x).)

2 4 6 —1)n 2n
Cosle_x_+x__w_+...+u+...’ for r € R
T (2n)!
IQ I4 JZG (_1)711,271
g(x):cosm—1=—§+z—g+---+w+m forx e R

(1 pt for knowing the Taylor series for cosx. 1 pt for the Taylor series for g(x).)

: vy D™ o
= y-—+< 4.4y — 7
AR TIMT 2n+1)”
231:12 (_1)n22n+1 Snd

h(z) = sin(2z?) = 22 -

4+ .-

3 T ) ¢
(1 pt for knowing the Taylor series for siny. 1 pt for the Taylor series for h(x).)

(b) Solution 1:

(cosz—1)In(1 - 2?) ) (—§+ﬁ—?—-~)(—x2—%4 — )
sin(2x*) 2 — §x12 4.
1.4 1 1 6
G
Co2rt - dal2 4 —>Zasx—>0

-1)In(1-22 1
Hence lim (cosw , ) In(1 - 27%) == (2 pts for final answers)
z—0 sin(2z4) 4

(2 pts for plugging in Taylor series)

Solution 2:

lim (cosz —1)In(1 - 2?) :g: - ~sina - In(1-22) + (cosz - 1) 2%
z—0 Sin(2$4) L’H -0 COS(21‘4) X 8512'3
= lim — Sinxln(1_$2) 1 . cos — 1 4
T 250 T 2 8COS(2:E4) 72 4(1 - xQ) COS(2$4)
1 1 1
= =4+ == —.
8 8 4

(2 pts for using L’Hospital’s Rule and obtaining correct first derivatives. 2 pts for final
answers. )
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(a) (6%) Compute lir%

f04$2 cos(\/1)dt
22

(b) (8%) Compute lim (1 +z)Y/™.

by L’Hospital’s Rule.

Solution:

4z

2
(a) Asz -0, [ cos(\V/t)dt - 0 and 22 — 0.
0

Hence we can apply L’Hospital’s rule.

422
tydt 3 .
-~ [y cos(\Vt) T cos(2Jz[) -8z _

z—0 1‘2 L’E z—0 2q

d 422
(1 pt for using L'H rule. 3 pts for . /(; cos(v/1)dt)
(2 pts for the final answer.)

4

1 1
In(1+z)mes = —-In(1+2)
Inx

(o=} 1
L oIn(l+z) S T
lim ———% = =
T—00 lnaj 'H z—o0 =
X
. T
= lim =1
z—oo | + 1

: -
Hence lim (1+z)ms =e' = ¢
Tr—>00

(2 pts)
(2 pts)

(2 pts)

(2 pts)
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