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1. (10%) Read the following statements. Answer ”True” if it is correct. Answer ”False” if it is incorrect.

(a) (2%) _True A is an n x m matrix. The dimension of A’s column space equals the dimension of A’s row space.
(b) (2%) _True A is an n x n matrix. If detA=0, then 0 is an eigenvalue of A.
(¢) (2%) _True A is an n x m matrix. The rank of A is less than or equal to n. The rank of A is less than or equal to
m.
1 1-1] |1
(d) (2%) _False Theset S=1{|2],| 3 |,|7]} is a basis for R3.
3| [-2] |4
(e) (2%) _False B is a k x n matrix. Suppose that there is a xg # 0, xg € R" such that Bxg = 0. Then B is not full
rank.
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2. (18%) Consider the quadratic form f(xz,y, z) = —222 + 2zy — 2y* - 52°.
(a) (3%) Express f in the form of

x
f(a,y,2) = (2,y,2) M ( y )
z
where M is a real-valued symmetric 3 x 3 matrix. Find M.
(b) (6%) Find the eigenvalues of M and their corresponding eigenvectors.
(c) (4%) Diagonalize M. That is, find a nonsingular matrix P and a diagonal matrix D such that P"*MP = D.

(d) (5%) Use Sylvester’s criterion to determine the definiteness of M, and thus f.

Solution:
-2 1 0
(a) M= 1 -2 0 | (3pts)
0 0 -5
(b)
-2-A 1 0
0 =det 1 -2-A 0 characteristic polynomial
0 0 -5-A
=(-5-N) ((-2-1)*-1) expand
=(-5-N) (AN +41+3) expand
=—(A+5)(A+1)(A+3) factor
A=-5,-1,-3 solve (3pts)
-2+5 1 T 0
(1) A\=-5 = 1 -2+5 y =] 0
0 0 5 z 0

0
0
-5+
x 0
— ecigenvectoris | y |=¢t| 0 | for any ¢t € R with ¢t #0. (1pt)

z 1

-2+3 1 0 x 0
(2) A= -3 — 1 —2+3 0 y |=] o0
0 0 -5+3 )\ 2 0

T 1
= eigenvector is ( Y ) =s ( -1 ) for any s € R with s #0. (1pt)
z 0

-2+1 1 0 T 0
3) \=-1 = 1 -2+1 0 y =10
0 0 -5+1 z 0

x 1
= eigenvector is ( y ) =r ( 1 ) for any r € R with » # 0. (1pt)
z 0

0 1 1 -5 0 0
() P=[ 0 -1 1 |(2pts) = P'MP=[ 0 -3 0 |=D.(2pts)
1 0 0 0 0 -1

(d) M is negative definite (2pts), and thus f, since (3pts)

-2 1

-2<0, det( 1 -9

):3>0, det M = -15<0.
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3. (20%) Find the maximum value of the function f(z,y) = 2% + 2y? subject to the constraints = +2y <9, 2% +y* > 16, 2 > 0
and y > 0.
(a) (2%) Could both constraints = + 2y <9 and 22 + y2 > 16 be binding?

(b) (2%) Check whether the Kuhn - Tucker version NDCQ is satisfied.
(¢) (2%) Write down the Kuhn - Tucker version Lagrangian function L.
(d

5%) Find solution(s) such that the constraint x + 2y < 9 is binding.

)
)
3%) Write down the Kuhn - Tucker version first order conditions.
)
)
2%)

) (

) (

) (
(e) (4%) Is there a solution such that the constraint x2 + y? > 16 is binding?
() (

) (

Find the maximum value.

Solution:

Let g1 (z,y) = x + 2y and go(z,y) = —22 — %. Suppose that (z*,y*) is the maximizer of the problem.

(a) We want to find (z,y) satisfies z + 2y =9 and 2 + y? = 16. Since x =9 -2y,

(9-2y)? +y? =16 = 65 - 36y + 5y> = 0 = it has no real solution becase 36> — 65 x 20 < 0.

(2 points).

(b) We have that Vg1 (z,y) = (1,2) and Vga(z,y) = (—22,-2y).
From (a), we know that g1 <9 and g, < 16 can not both binding,.
Suppose tht g1 (z*,3y*) =9. Since Vg1 (z,y) = (1,2), (891) (dgl) (6’571 a91) all have rank 1. (1 point).
Suppose that go(z*,y*) = 16, then (z*)% + (y*)* = 16 = z* and y* can not be both 0. If z* > 0 but y* =0, then
(% = (22%) has rank 1.
If * =0 but y* >0, then (ag"’ = (2y™) has rank 1.
If z* >0 and y* > 0, then (‘991 agl) has rank 1. (1 point) Therefore it satisfies Kuhn-Tucker version NDCQ.

(¢) L(z,y,l1,12) = 2%+ 2% =11 (z + 2y - 9) — lo(~22 — y? + 16). (2 points).

(d) At the maximizer (a*,y*), there exist I > 0,13 > 0 satisfy

% = 2% -1} +2x%15<0...(1)

5 o= AT =20+ 2975 <0..(2)

e Gr = 0=a* (20" -1 +22713)...(3)
v = 0=yt (dyt - 207 +29715)..(4)
S o= @2yt -9)20..(5)

e = @)+ (y)?-1620..(6)

BHE = 0=1f- (2" +2y" - 9) = 0...(7)
BIL = 0=13[(a*)?+ (y7)? - 16] = 0...(8)

If you write down one correct equation, you get 0.5 point. If you write down all correct equations, you get 3
points.

(e) If (z*)? + (y*)? = 16, then z* + 2y* # 9.
(7) = I = 0.
(2) = 2y*(2+13) <0. Since I3 >0 and y* >0, y* = 0. It implies that z* = 4.
(3) = I3 = -1. Tt is a contradiction. Therefore (z*)? + (y*)? > 16 can not be binding. If you get one of correct
x*,y*, 171,15, you get one point.

(f) If 2* +2y* = 9, then (z*)? + (y*)? > 16.
(8) =15 =0.(1 point)
x*(2z* -17) =0
.= a0
If z* = 0, then y* = 2 = [} = 9. It implies that (z*,y*,[5,13) = (0,2,9,0).(1 point)
If y* =0, then z* = 9 = [} = 18. Tt implies that ((z*,y*,17,15) =(9,0,18,0).(1 point)
If 2* > 0,y* > 0, then l; = 22* = 2y* = z* = y*. Thus 32" =9 = 2* =3 = [f = 6. Thus ((«*,y*,1},5) =
(3,3,6,0).(2 points)

(g) £(0,9/2)=5L, f(9,0) =81, f(3,3) = 27. The maximum value is 81. (2 points)
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4. (22%) Consider a C? utility function U(x1,22) such that g—gl > 0 and % > 0. We want to maximize U(x1,z2) under
constraints Pyx1 + Poxo < I, 1 20, and x4 >0, where P; >0, P> >0 are unit prices and I > 0 is the budget.

(a) (2%) Write down the usual version Lagrangian function.

Hessian matrix at (z7,x5). List the condition which guarantees that U(x7,z3) is a local maximum value.

(f) (6%) Now Py, P; and I are parameters. Then the maximum value of U depends on Py, P, and I, which is denoted

by U(Py, Py, I). Compute ggl, gg, and %l;. Determine the signs of these partial derivatives.

Solution:

(a) L(x1,x2,A1,A2,A3) = U(xhxz) M (Prxy + Poxg —I) + Aox1 + Azxo.
(R Nozy + Agwo 1790 Aomy + Agwo B —Aawy — Azze H1—77)

(b) Ift 91(931,932) = P_1\I1: P2x27 gQ(I’l,I’_Q\) i—Il, gg(xl,xg): —T2. IR R .
Vg1 =(P1,P)+ 0, Vga=(-1,0)# 0, Vg3 =(0,-1) # 0. (Ipt: HH Vg1, Vgo, Vg3)
At the maximizer at most two of the constraints are binding and any two of {?gl,ggg,ggg} are linearly
independent. Hence the NDCQ is satisfied. (1pt)

(c) First Order conditions : At the maximizer (x],z3) there are A\J, A3, Aj s.t

g;l—aﬁ AP+ A3 =0--(D
oL
L~ _\iPy+ N5 =0-Q)

A (Praf + Py - 1) =03
Asx} = 0D
Azzy =00
Piai + Poxs < I---©)
x7 20,25 >0,A] >0,A5 >0,\5 >0---(D)

Ipt: D+@
Ipt: @+@D+O
Ipt: ®+®
(d) If Pya}+Poxs < I, then @) = A7 =0. (1pt) Thus ) = g—z(xf,xg) +A5=0=> %(zf,xé) = -\3 <0 contradiciton!
(2pts)
Hence Pix7 + Poxs = 1.
0 Py Py
(e) Since only the constraint Pyx1+Pexo < I is binding at (x7,x3), the bordered Hessian matrixis H = | Pt Ly, 2, Lz
P2 szml ng;v
(1pt)
0 Py Py
Because Ly, 2, = Uzyoys Layas = Usyzas Laszy = Uzgas, the bordered Hessian matrix is | Pi Uz,oy Usyas | (1Y)
P2 ngxl Ua:gxg
There are 2 variables (z1,22) and one binding constraint.
0 P P
We need to check the last (2 - 1) leading principal minor which is det| Py Ugzyz, Uzya, |- (1D)
P2 ng:cl U:cg:cg
det H = _Pl(PlU.’L'gJ,Q P2U1211) + PQ(PlUngl - Qlewl)
= ~Pppp, + 2P PoUs, 0y — PiUs, o, (ot at)’ (2pts)
T1,T3
0 PP
Ifdet | P Uspywy, Uspyas = —~PU,,z, + 2P PoUy, 2, — P2Uy,», > 0, then U(z},23) is a local maximum
P2 Urgml Urgmg

value. (1pt)

(=1,23)

R
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(f) By the envelope theorem

oU oL
— = — =-)\jz7<0
oP; op, 11
oU oL
— = — =-)\z5;<0
or, ~ op, "
oU
— = A1>0
or !
(1pt for ngl = -Ajz7, 1pt for the sign< 0, 1pt for g—g = -Ajz5, 1pt for the sign< 0, 1pt for %—I; = \], 1pt for the

sign> 0.)

* (£) AR 20 B -May (AN, 22 = Mz (ZAM*), 92 =\ (A M) Fins
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5. (18%) Suppose that in the following week you have 12 hours each day to study for the final exams of Calculus 4 and

English. Let C be the number of hours per day spent studying for Calculsu 4 and E be the number of hours per day spent
studying for English. Let your grade point average from these two courses be GPA = f(C, F) = % (\/54— vV 2E).
(a) (6%) Solve the optimization problem : Maximize f(C,F) under the constraint C + E = 12.
Use the bordered Hessian matrix to verify that the solution is indeed a local maximum.
(b) (6%) To assure that you obtain certain grades for Calculus 4 and English individually, you impose inequality con-
straints C' > 5 and E > 4.
Solve the optimization problem : Maximize f(C, E) under constraints C + F =12, C > 5, and E > 4.
(¢) (6%) By the meaning of multipliers, estimate the maximum value of GPA when the constraints are C' + E = 12.5,
C>55and E>4.1.

Solution:

(a) Define L(x,y,p) = % (\/5+ \/ﬁ) -u(C+FE-12)

oL _ 1 1 _
oc =375 ~H=0 C= 1
OL _ 2 1 _ = 92
0B =T h0 = g b
9L - C+E-12=0 g
w
and C+E=12=pu=%, C=4, E=8.
0 1 1
(4pts for correct answersC=4,E=8,,u=%) The bordered Hessian matrix is H = | 1 %L MZJZ%L (1pt)
L 6ol aml

At (C,E) = (4,8)

0 1 1

2 1

H: 1 _R 01 .
1 0 56

det H = L s+ 15 > 0. (Ipt) Hence f(C, E) is a local maximum.

(b) Define L(C, E, u, A1, \2) = % (\/64— V 2E) —u(C+E-12) - A (-C +5) - X2(-E +4) (1pt) constraints are

hC,E) = C+E=12
gl(C7E) = -C<-5
92(C,E) = -E<-4

Vh=(1,1), Vg = (-1,0), Vgz = (0,-1). NDCQ is satisfied.

AN
B M+)\2:0...®
/\1( C+5)=0-@)
Xo(-E+4)=0-@
C+E=12-(B
A120,2220,C25FE>4.

(2pts)

We disscuss cases {A1 >0, 2 >0}, {A1 =0, 2>0}, {A1>0,A2 =0}, {\ =2 =0}
(BAN A1 cases $£34): jﬁtﬂﬂfﬁﬁ% 1E|m/xﬁ AT cases BIF0 1 247)

L. {1 >0,22>0} : @G contradiciton.
2 (M=02>00: @O = E=4,C =8
O = M = V
@ = 6 6\[ + X2 =0 = )y <0 contradiction.

8. (u>012-0): @ ==, E:7v®w=%ﬁ
®3A1 “3E T 1\@ E

L (C* B*, 1*, A, (5 7,3\/5,3\/; L, )
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4. {0 =0,2=0}: DO = C =4, E =8 contradiction to the constraint C' > 5.

Hence the maximum value is f(5,7) = %(\/5+ V14).
(¢) The maximum value for new constraints can be approximated by
FOB,T) +p* x (125 -12) + (=A]) x (5.5 =5) + (=)3) x (4.1 -4) (4pts)

= F(5,7) 4 0.5(1 — AT) = 0.1\ = §(¢5+ V) + % (2pts)
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6. (12%) Suppose that f(z,y,z) is a C? function and P = (1,2,-3) is a critical point of f which means that f, = f, = f. =0
at P. If at point P, foo =1, fyy =1, fo. = =3, foy = -1, fzz =3, and fy. = 3, determine whether f(1,2,-3) is a local
extreme value.

(a) (1%) Write down the Hessian matrix of f at P which is denoted by H.

(b) (3%) Is H positive definite, negative definite, or indefinite? Is f(1,2,-3) a local maximum, local minimum, or a
saddle point?

(c) (3%) Now we want to find the extreme value of f under the constraint #2+xy+z2z-3z = 9. Write down the Lagrangian
function £(z,y, z, ). Find p* such that 2L =2 £ = 2L =0 when (z,y,z 1) = (1,2, -3, u*).
ox oy Oz

(d) (5%) On the constraint set 2 + xy + 2z -3z =9, is f(1,2,-3) a local maximum, local minimum, or a saddle point?

Solution:
1 -1 3
(a) H=[-1 1 3 ](@pt)
3 3 -3
i 1 -1 3
(b) The leading principal minors of H are Hy =1, Hy = 1 ‘ =0,Hs;=(-1 1 3[=-36 (2pts)
3 3 -3

+Hy-Hs =-36<0..H is indefinite. f(P) is a saddle point. (1pt)

(¢) L(z,y,2, 1) = f(x,y,2) - u(z® + 2y + 22 -32-9) (1pt)

At (1,2,-3),

oL of _
%—%(1»27 3)—puxl=-p
oL Of

—=—(1,2,-3) - 1=-
8y 6y( » = 3) /‘LX /"L
OL _0f 1 o _ay_ 1 (-9) =
5_82(1’27 3) NX( 2)_2/1‘

when p =0, % = % = % =0. Hence p* =0. (2pts)
(d) S:g(z,y,2) =9 where g(z,y,2) = 2% + 2y + vz - 32, 39(1,2,—3) =(1,1,-2).
At (5573/727/0 = (1727_370)a Ly = f:rx =1, Lzy = fry = -1, Ly, = fmz = 3, Lyy = fyy =1, Lyz = fyz = 3,
L., =f..=-3. (1pt) The bordered Hessian is

0 1 1 -2
11 1 -1 3
H=1, 1 1 3| (20)

2 3 3 -3

011
Hy={1 1 -1|=-4<0 (1pt)
-1 1
0 1 1 -2
~ 111 -1 3
Hi=|| | | 3|=-36<0 (1pt)
-2 3 3 -3

Hs; and Hy both have the same sign as (-1)'. Thus H is positive definite on the constraint set. f(1,2,-3) is a
local minimum on S. (1pt)
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