1082 fHL01-04FL IR 2% 5l Aot 7 AR v
L (17%) e — VR g s R B [ 3R 8 K=l E | BB HIE AR . 2 T(t) ZYTERE ¢ (iR
B, T(to) =To, =ilife H.
(a) (3%) ®F T(t) /e iiE.
(b) (8%) R T'(t) Hufik.
(

(c) (6%) FFAHE ~15°C B PRI SE I ARAE ML 25°C FRESR, A6 —/NRHIREZ & 5°C . AR R (0 BROB REAE 2 i
10°C AR ERZ A7

Solution:
(a) T'(t) = —a(T(t) - H) for some a > 0.

T') S Hl
TO-h" In|T(t) - H| = -at + C.

|T(t) - H| = Ke ", where K is a constant.
T(to) = To = |T(t) - H| = |Tp - H|e (%),

(b) Suppose T'(t) # H.

@ If Ty > H, then T(t) > H for all t and T(t) = H + (Ty - H)e (10,
@ If Ty < H, then T(t) < H for all t and T(t) = H + (Ty - H)e (1),
@) If Ty = H, then T(t) = H

(c) Given that Ty = T(0) = —15, H = 25, we know that T(t) = 25 + (=15 - 25)e™*" = 25 — 40e™**
1

T(1)=5=5=25-40e “' = ¢ = 3

1 t
Now H =10, T(t) =10 + (=15 - 10)e™*" = 10 - 25 (5)
1 /1y
T(t):5:>f:(—) =t =1logy 5

Ans: #F 1 55 /J\%%
. 7 log, Fo
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2. (12%) Mo JiRE

e s — e

! —
Yy (t) - t2 ’ t>0
y(1) =0.
Solution:
-1 _ y'(t) -1,
/ _ 2 _
y'(t) = ¢ Y= T separable ODE.
= dy= [ t- Zai
= e yzit +E+Csmcey(1):OwehaveC’:—l
= 2y=In(t*+2t7' -2)
1
= y= éln(t2 +2t71 - 2)
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3. (12%) Ry 7 FE ]
{(t? F 1)y () - (B + )y(t) = 7,
y(0) = 1.

Solution:

2+ 1)y (1) - (£ + Oy(t) =T

2

ez
= YO -tyt) = 57

S Ty -t T y(t) =
€ —te -
Y Y t2+1
_i2 1
2 £)) =
GO

t2 1
= e zy(t) = f o 1dt =tan"' t + C since y(0) = 1 we have C' =1

t2
= y(t)=e (tan" 't +1)
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4. (16%) % y(t) = ap + art + ast® + ast® + - R TTHE
d
di;/ = (t+1)y,
y(0) = 1.
AR TTIE TS Z M -
(a) (6%) Kt ao, a1, az, az HIE.

(b) (4%) (EAIIERMEZIAR ao + a1t + axt® + ast® Kih y(0.2) HELMME, DUFEFAENBEL R =47,
(c) (6%) % (to,yo) = (0,1) A1 h=At =0.1. FEHBHIERE y1 A .

Solution:
(a)
d d
dth :a1+2a2t+3a3t2+--- - dlz{ :a1+2a2t+3a3t2+~~~
(t+ 1)y =ag(t+1) +art(t+1)+apt*(t+1) + - (t+1)y =ag + (ag +ar)t + (a1 +az)t® + -

2
i.e the coefficient of t" is (n+1)ans1 =an-1 +a, foralln>1and a1 =ag=y(0) =1, =>az =1, a3 ==

2
() »(0.2)=1+1-0.2+1-0.2% + 3 -0.2%° =1+0.2+0.04 +0.0053 = 1.2453

(C> By Eular Method ypn+1 = yn = yl(tn)(tn+1 - tn)

Y1 —yo =y (to)(t1 —to)
= y1=yo+y (to)At
= y=1+1-01=11

and

y2 -y =y (t1)(t2 —t1)
= yr=y1+y (t1)At
= y2:1.1+(0.1+1)1.1-0.1:1.1+0.121:1.221
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5. (14%) B [ e du= VaL HEU TR
(a) (%) fo  Jzeda.

(b) (7%) fme%‘e‘fdx s —a?+22=—(z-1)"+1. )

—o0

Solution:
(a)

=) b \/5 2
f Vze *dr = lim f Vre dx = lim 2ue™ du
0 b—oo J1 ( u = \/57 )b—»oo 0

ue Vb
= lim u(—e_“2)| 7\/E+[ e du
b o0 u=0 0

\/B oo
= lim e du = f e du = VT
0

b—oo JO
(b) fooezxe_dex = fme_(“"l)QJ'ldx = efooe_(w_l)gdx
By change of variable u =z -1, / @D g - f

Hence, f e*Te ™ dx = e\/T.
— 00

e dg = NZ:
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6. (17%) fx(t)=CtTe™, t >0 = FEHESSEX Rk 5 R B
(a) (T%) =k C.
(b) (10%) KREHIEME E(X) MR Var(X).

Solution:
(a) . )
[ Ct'etdt=C / t*letdt =CT(8) =C -7 =1
0 0
1
ﬁ7
(b) E(X) Fs##E Var(X).

BTl C = Efx(t):%ﬂe‘t

o 1 1 o 8!
E(X):f t-—t7e‘tdt:—f et dt=— =8
0 7! 7 Jo 7!

o 1 1 [ 9!
E(XQ):[ tQ'ﬁt’?@_t dt:ﬁf t96—t dt=%=72
0 ! Jo !

fiTEA
Var(X)=E(X?)-E(X)?=72-64=8

AP R, B EREAL1L BRIEERES, WREAS. MigammalirE R, HEEA.
fEgammapf ¥, AT AR OB .
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7. (12%) fx(t) =

1 _¢-w)?
Voro -

X;“. FRHR FR 7 R Y BUBE R BRI fy (5)

(a) (3%) M P(Y <s)=P(X <pu+o0s)

(b) (3%) LbFFEENHES SRS [ fr(y) dy=

(c) (6%) M3 LMEFIRRA SEAEHE, K fy (s).

Y =

ot e R EFEMEE X MR EERE, Kb u o ZHE o> 0. LSRN

Solution:

(a) [A1%%
P(Y <5) - P(A—#

<s)=P(X<pu+os)

(b) [oo fy(y) dy =

ntos 1 (t-p)2 N ptos
e A [ Fxe(t)dt

—o0 2ro

()

s ! pros ] w? \ 1 .2 1 .2
s) = d ) = e 202 dt| = e 2 .0= e 2
fr(s) (-[oo Fr(y) dy ( —oo 2ro ) 2no \/ﬁ

sPorERE. BT 13 MRS RAE A €W, SRS T 8
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