
1082 ®Y01-04í�+� Ü�sãÊU���

1. (17%) G-�iÔ«¦������r«¦Ê¤««î�cÔ�c _øÍ�ä T (t) ºdi(B� t �«
¦�T (t0) = T0�¤«/ H�

(a) (3%) ë� T (t) ÿ³�®�¹���
(b) (8%) B T (t) �ã�
(c) (6%) ��� −15○C �·Í«ÿú�(¤« 25○C �ãÍ��N��Bv«¦º 5○C�ø��ãÍN�(¤«

10○C �¬)�»B�E�

Solution:

(a) T ′(t) = −α(T (t) −H) for some α > 0.

(b) Suppose T (t) ≠H.
T ′(t)

T (t) −H = −α⇒ ln ∣T (t) −H ∣ = −αt +C.

∣T (t) −H ∣ =Ke−αt, where K is a constant.

T (t0) = T0 ⇒ ∣T (t) −H ∣ = ∣T0 −H ∣e−α(t−t0).

1O If T0 >H, then T (t) >H for all t and T (t) =H + (T0 −H)e−α(t−t0).
2O If T0 <H, then T (t) <H for all t and T (t) =H + (T0 −H)e−α(t−t0).
3O If T0 =H, then T (t) =H

(c) Given that T0 = T (0) = −15, H = 25, we know that T (t) = 25 + (−15 − 25)e−αt = 25 − 40e−αt

T (1) = 5⇒ 5 = 25 − 40e−α⋅1 ⇒ e−α = 1

2
.

Now H = 10, T (t) = 10 + (−15 − 10)e−αt = 10 − 25(1

2
)
t

T (t) = 5⇒ 1

5
= (1

2
)
t

⇒ t = log2 5

Ans: � log2 5 �B�
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2. (12%) ã®�¹�
⎧⎪⎪⎪⎨⎪⎪⎪⎩

y′(t) = e
−2yt3 − e−2y

t2
, t > 0

y(1) = 0.

Solution:

y′(t) = t
3 − 1

t2
e−2y ⇒ y′(t)

e−2y
= t

3 − 1

t2
is separable ODE.

⇒ ∫ e2ydy = ∫ t − 1

t2
dt

⇒ 1

2
e2y = 1

2
t2 + 1

t
+C since y(1) = 0 we have C = −1

⇒ 2y = ln(t2 + 2t−1 − 2)

⇒ y = 1

2
ln(t2 + 2t−1 − 2)

Page 2 of 7



3. (12%) ã®�¹�
⎧⎪⎪⎨⎪⎪⎩

(t2 + 1)y′(t) − (t3 + t)y(t) = e t
2

2 ,

y(0) = 1.

Solution:

(t2 + 1)y′(t) − (t3 + t)y(t) = e t
2

2

⇒ y′(t) − ty(t) = e
t2

2

t2 + 1

⇒ e−
t2

2 y′(t) − te− t
2

2 y(t) = 1

t2 + 1

⇒ (e− t
2

2 y(t))′ = 1

t2 + 1

⇒ e−
t2

2 y(t) = ∫
1

t2 + 1
dt = tan−1 t +C since y(0) = 1 we have C = 1

⇒ y(t) = e t
2

2 (tan−1 t + 1)
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4. (16%) ä y(t) = a0 + a1t + a2t2 + a3t3 +⋯ /®�¹�

⎧⎪⎪⎪⎨⎪⎪⎪⎩

dy

dt
= (t + 1)y,

y(0) = 1.

åðÒ¹Õ@�Kã�

(a) (6%) Bú a0, a1, a2, a3 �<�

(b) (4%) �(dðÒ��� a0 + a1t + a2t2 + a3t3 Bú y(0.2) �Ñ<<�Ûh�e0�xÞ�,	M�
(c) (6%) ä (t0, y0) = (0,1) � h = ∆t = 0.1. �(PÉÕBú y1 � y2.

Solution:

(a)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

dy

dt
= a1 + 2a2t + 3a3t

2 +⋯
(t + 1)y = a0(t + 1) + a1t(t + 1) + a2t2(t + 1) +⋯

⇒
⎧⎪⎪⎪⎨⎪⎪⎪⎩

dy

dt
= a1 + 2a2t + 3a3t

2 +⋯
(t + 1)y = a0 + (a0 + a1)t + (a1 + a2)t2 +⋯

i.e the coefficient of tn is (n + 1)an+1 = an−1 + an for all n ≥ 1 and a1 = a0 = y(0) = 1, ⇒ a2 = 1, a3 =
2

3

(b) y(0.2) = 1 + 1 ⋅ 0.2 + 1 ⋅ 0.22 + 2

3
⋅ 0.23 = 1 + 0.2 + 0.04 + 0.0053 = 1.2453

(c) By Eular Method yn+1 − yn = y′(tn)(tn+1 − tn)

y1 − y0 = y′(t0)(t1 − t0)
⇒ y1 = y0 + y′(t0)∆t
⇒ y1 = 1 + 1 ⋅ 0.1 = 1.1

and

y2 − y1 = y′(t1)(t2 − t1)
⇒ y2 = y1 + y′(t1)∆t
⇒ y2 = 1.1 + (0.1 + 1)1.1 ⋅ 0.1 = 1.1 + 0.121 = 1.221

Page 4 of 7



5. (14%) òå ∫
∞

−∞

e−x
2

dx =
√
π���å��UM��

(a) (7%) ∫
∞

0

√
xe−xdx.

(b) (7%) ∫
∞

−∞

e2xe−x
2

dx �Ð:�−x2 + 2x = −(x − 1)2 + 1�	

Solution:

(a)

∫
∞

0

√
xe−xdx = lim

b→∞
∫

b

1

√
xe−xdx =

⎛

⎜
⎜
⎜

⎝

u =
√
x,

du = 1

2
√
x
dx

⎞

⎟
⎟
⎟

⎠

lim
b→∞
∫
√

b

0
2u2e−u

2

du

= lim
b→∞

u(−e−u
2

)∣u=
√

b

u=0
+ ∫

√

b

0
e−u

2

du

= lim
b→∞
∫
√

b

0
e−u

2

du = ∫
∞

0
e−u

2

du =
√
π

2

(b) ∫
∞

−∞

e2xe−x
2

dx = ∫
∞

−∞

e−(x−1)
2
+1dx = e∫

∞

−∞

e−(x−1)
2

dx

By change of variable u = x − 1, ∫
∞

−∞

e−(x−1)
2

dx = ∫
∞

−∞

e−u
2

dx =
√
π

Hence, ∫
∞

−∞

e2xe−x
2

dx = e
√
π.
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6. (17%) fX(t) = C t7e−t, t ≥ 0 /¨_�xX�_�Æ¦ýx�

(a) (7%) B C.

(b) (10%) Bv��< E(X) ��px Var(X).

Solution:

(a)

∫
∞

0
C t7e−tdt = C ∫

∞

0
t8−1e−tdt = CΓ(8) = C ⋅ 7! = 1

@å C = 1

7!
, � fX(t) =

1

7!
t7e−t

(b) E(X) ��px Var(X).

E(X) = ∫
∞

0
t ⋅ 1

7!
t7e−t dt = 1

7!
∫

∞

0
t8e−t dt = 8!

7!
= 8

E(X2) = ∫
∞

0
t2 ⋅ 1

7!
t7e−t dt = 1

7!
∫

∞

0
t9e−t dt = 9!

7!
= 72

@å

Var(X) = E(X2) −E(X)2 = 72 − 64 = 8

U�úp. �x��Múpº1 ∶ 1 ∶ 1. ý�Zëú�©�ïfú,��åSgammaM��©�fú,��1¼
/gammaýx�ïÐUM�6�'�
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7. (12%) fX(t) =
1√
2πσ

e−
(t−µ)2

2σ2 , t ∈ R /¨_�x X �_�Æ¦ýx�v- µ, σ /8x�σ > 0. ä¨_�x

Y = X − µ
σ

. �g�ð¹ÕBúY�_�Æ¦ýx fY (s)

(a) (3%) ª� P(Y ≤ s) = P(X ≤ µ + σs)

(b) (3%) 
ð@É�M�I�º ∫
s

−∞

fY (y) dy = .

(c) (6%) G-ïå�(®M�ú,���Bú fY (s).

Solution:

(a) àº

P(Y ≤ s) = P(X − µ
σ

≤ s) = P(X ≤ µ + σs)

(b) ∫
s

−∞

fY (y) dy =

∫
µ+σs

−∞

1√
2πσ

e−
(t−µ)2

2σ2 dt � ∫
µ+σs

−∞

fX(t)dt

(c)

fY (s) = (∫
s

−∞

fY (y) dy)
′

= (∫
µ+σs

−∞

1√
2πσ

e−
(t−µ)2

2σ2 dt)
′

= 1√
2πσ

e−
s2

2 ⋅ σ = 1√
2π
e−

s2

2

U�úp. �x��Múpº1 ∶ 1 ∶ 3. �(®M�ú,��	���x���cº�fi��x�
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