1082 il £,01-04FEHAAR E FEff S 5T 4 R e
L (17%) —{E)\EMH EAE 400 NI AR EE, 75 9:00 F 10 AFHEHE, 78 12:00 F 100 NFER|HE. 2 y(t) &
9:00 &5 t /INFLA 7 A HEIE )\ EMH 2 B NBEL B B )\ EMEIE (038 R B (1 - y) RIEEE.
(a) (10%) BT y(t) W2 M 7 R0 R A .
(b) (3%) fE 15:00 2 FHEA %> A5 5?2
(c) (4%) RTE 15:00, y" [ME. FEILERE )\ S 0% 0 AT 3 i 2 i 4% 2

Solution:

(a) Let ¢ be t hours after 9 : 00.

10 1
"(t) = ay(1 -y), f tant 0. (2pt 0)=—=—. (Ipt
y'(t) = ay(1 - y), for some constant a > 0. (2pts) y(0) 100 - 10 (1pt)
y y |
If y#0, y+1, then =a=1In|——|=at+C (2pts)
(51/(1—.1/) -y
. yt at
O<y(t) <1 = ke™. (1pt)
) 1-y(t) |
Byy(O):ZO,weknowthatmzﬁ(lpt)
t) = ——. At12:00,{=12-9=3
y(t) 1+ 39e-at ’ ’
100 1 1 1
3) = —=— = ~In13ore® = (13)3.(1pt
y(3) 100~ 1130030 @7 zinidore® = (13)3.(1pt)
) = ——— (2pts
u(t) 1+39(13)°s (2pts)
1 13

13
= —. (2pts). 400 x - 325 (1pt) Ans: 325 A

b) At 15:00, ¢=15-9=6, y(6) = —
®) ’ 9O = 3532 T 16

(c) y" = Oé[y’(ll— y)-yy'l= ?é/’(lg 2y) =1a2y(1 -y)(1-2y) (2pts)
00 (1n13)2. (1pt A LA

— no_ 2 _
where y= —, ¢y =« XEXEX “16) = 3ix3
wy" <0 ..y is decreasing at 15:00. (1pt) Hence 3y’ is decreasing at 15 : 00.

16

x By b a® 31 4.

x o BEE, HR y” <0 HfEH o BIAR, WIS RAZEH) 1pt.

Page 1 of 7




2. (12%) Mo JiRE
ty*(t) - 3y*(t)

e t>0

y'(t) =
y(1) = -2.

Solution:

t-3
Write y'(t) = y2(t)t—3. (2%) Separating variables gives

f(;—g:ftt_—?):&dt. (4%)

1 1 3
-0 (3
) ctoE (3%)

On the other hand, y(1) = -2 implies that C =0. (2 %) So we have

Then we have

22
2t -3

y(t) = (1%)
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3. (12%) Mty JiRe
t2
(t+ 1)y (t) - 282+ )y(t) = —, t>-1

t+1’
y(0) =5.

Solution:

We write the equation in standard form

t2

v(0) = 20(0) = s (%)

Let u(t) = e/ ~2%4 = et (3 %) Then
2 g2 et2 2 -1
y(t)=e fe ‘mdtze (m‘l‘c)(?)%)
On the other hand, y(0) =5=5=-1+C=C=6. (2 %) So
et’
t+1

y(t) =6 — . (1%)
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4. (16%) % y(t) = ao + art + agt® + azt® + - P I FE

{CZ =yt

y(0) =2.

CAZR BT VE AR Z i o

(a) (6%) Kith ao, a1, az, as M1H.

(b) (4%) AR ZIARK ao + art + ast® + ast® R y(0.2) MITRUE, DURE TNFINEBEL R 5 =00,
(c) (6%) % (to,yo) = (0,2) M h=At=0.1. FEHBHRIERKE y1 M yo.

Solution:

(a) Write y(t) = [ao, a1, a2, a3, --]. By the differential equation, we have

[a172a273a374a4;"'] = [G/Oaal - 150'270’37'“]'

Therefore,
ay = aop,
a1 - 1 Qo — 1
T
as ao—l
s = — =
T
K]
ie.,

-1 -1
do t2+aoTt3+---. (2%)

y(t) = ap + agt +

Since y(0) = 2, we have ag = 2. Therefore,

1
ap = 2, a; = 2, a2 = —, asz= 6 (4%)

1
2
1 2 1 3
(b) 2+ 2(0.2) + 5(02)° + £(0.2)° » 2.421. (4%)
(¢) Let h=0.1 and f(t,y) =y—t. Then t; =to+h=0.1. (2 %) We have
y1 = f(to,yo)h+yo = £(0,2)-0.1+2=22 (2%)

and

Y2 = f(ti,y1)h+y1 = £(0.1,2.2) - 0.1+ 2.2
=2.1-0.1+2.2=241. (2%)
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5. (14%) fwe*zzdx:\/%, SRELF I AE S

7%[ z2e”
(7%) foo -t

Solution:

B TANTE] B IR 7)€ 8 ARG 5
(a)

/ 22e™® dr = [ xd(—fe v ) (2pts: f# [ integration by parts, RIE u, dv)

1 oo (1
. (_56“2) | - f (—ie’IZ) dz (3pts: integration by parts)

—o00

1 e 1 _ 2\
=3 e du = g (1pt: x(—56_12)| =0, Ipt: = [ e dy = %)
©  (a-1)? Let u:IT'l du:%d:c © 9
(b) f e 4 dx 3:t [ e u-, 2du = 2\/7_'['
—00 pts —00

(A45M5y:  1pt for R 5, 1pt for e_“2, 1pt for dx=2du, 1pt for answer)
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6. (17%)
(a) (T%) PEHE o 515
at_%e_t, t>0
0, t<0
(b) (10%) #HEFEHESEE X ~ fx, sARIIIEHE BE(X) MERE Var(X).

Solution:
(a) We should have

1= fowat‘l/%‘t dt  (2%)
—al(1/2) (2%)
=Vma. (3%)

1
Hence o = ﬁ
(b) We have

E(X) = %fowtl/ze_t it (1%)

_rG32)
N
-2 %)

(2%)

and

oy L %30
E(X)_ﬁfO Bt dt (1%)

_I(/2)
N

:% (2%).

3 1
77z (%)

Thus 1
Var(X) = BE(X?) -E(X)? = 3 (1%).
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1 _ (-

e 20
V2mo

- (12%) fx(t) =

X_
y-2"H

S0
(a) (3%) W P(Y <5) = P(X < u+0s)

,te RGEFEMEEE X IR E R

(b) (3%) EikFFEHIERIRE S 2t 2 [ Fo(y) dy =
() (6%) fEakmy LA ISR BEACE BE, SRHL fy (s).

Hop, o EE, o> 0. AFEHEESE

Solution:

(a) DA%

X -
I%Yggzp( Ee
ag

b) [ fr(y)dy-

wros _Gmw)?

5)zP(XSu+Us)

e a w [T wa
(c) ,
s ! u+os 1 t—p)? 1 82
fY(S):([OOfY(?/)dy) =( . = ¢ 5 dt) = 5=c T .=
SO k.

(a) B2 0 8L 3 4o

(b) 2 0 8 3 4.

(c) HNAE an a3 Y AR 7 JE A TE B4R 3 4, SR IETER 4G 3 7).
A BN B R AEE SR R AR S A 2 B 2 ).

EANE R H OGRS IR AR,

{E2 B RO R 2>
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