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1. (17%) ��kf�o( 400º�lø-³��( 9 ∶ 00 	 10 ºåS�o�( 12 ∶ 00 	 100 º}03��ä y(t) º
9 ∶ 00 �, t �Bløá}Nkf�o�ºxÔ��G-kf³­���� y(1 − y) �cÔ�
(a) (10%) ë� y(t) ÿ³�®�¹��&Bã�
(b) (3%) ( 15 ∶ 00 løá	��º�å�o�

(c) (4%) B( 15 ∶ 00�y′′ �<�(dBkf�³­�¦/� �/¨é�

Solution:

(a) Let t be t hours after 9 ∶ 00.

y′(t) = αy(1 − y), for some constant α > 0. (2pts) y(0) = 10

400
= 1

40
. (1pt)

If y ≠ 0, y ≠ 1, then
y′

y(1 − y) = α⇒ ln ∣ y

1 − y ∣ = αt +C (2pts)

∵0 < y(t) < 1 ∴ y(t)
1 − y(t) = κeαt. (1pt)

By y(0) = 1

40
, we know that κ = 1

39
(1pt)

y(t) = 1

1 + 39e−αt
. At 12 ∶ 00, t = 12 − 9 = 3,

y(3) = 100

400
= 1

1 + 39e−3α
⇒ α = 1

3
ln 13oreα = (13) 1

3 .(1pt)

y(t) = 1

1 + 39(13)− t3
(2pts)

(b) At 15 ∶ 00, t = 15 − 9 = 6, y(6) = 1

1 + 39(13)−2 = 13

16
. (2pts). 400 × 13

16
= 325 (1pt) Ans: 325º

(c) y′′ = α[y′(1 − y) − yy′] = αy′(1 − 2y) = α2y(1 − y)(1 − 2y) (2pts)

where y = 13

16
, y′′ = α2 × 13

16
× 3

16
× (−10

16
) = −5 × 13

211 × 3
(ln 13)2. (1pt 
Å�!)

∵ y′′ < 0 ∴ y′ is decreasing at 15:00. (1pt) Hence y′ is decreasing at 15 ∶ 00.

÷× � y′′ � α2 qc 1 ��

÷× y′′ �/�F/1 y′′ < 0 ¨ú y′ ¨é�ïå���è�� 1pt.
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2. (12%) ã®�¹�
⎧⎪⎪⎪⎨⎪⎪⎪⎩

y′(t) = ty
2(t) − 3y2(t)

t3
, t > 0

y(1) = −2.

Solution:

Write y′(t) = y2(t) t − 3

t3
. (2%) Separating variables gives

∫
dy

y2
= ∫

t − 3

t3
dt. (4%)

Then we have

−1

y
= −1

t
+ 3

2t2
+C. (3%)

On the other hand, y(1) = −2 implies that C = 0. (2 %) So we have

y(t) = 2t2

2t − 3
. (1%)
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3. (12%) ã®�¹�
⎧⎪⎪⎪⎨⎪⎪⎪⎩

(t + 1)y′(t) − 2(t2 + t)y(t) = et
2

t + 1
, t > −1

y(0) = 5.

Solution:

We write the equation in standard form

y′(t) − 2ty(t) = et
2

(t + 1)2 . (3%)

Let u(t) = e∫ −2tdt = e−t
2

. (3 %) Then

y(t) = et
2

∫ e−t
2

⋅ et
2

(t + 1)2 dt = e
t2 ( −1

t + 1
+C) . (3%)

On the other hand, y(0) = 5⇒ 5 = −1 +C ⇒ C = 6. (2 %) So

y(t) = 6et
2

− et
2

t + 1
. (1%)
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4. (16%) ä y(t) = a0 + a1t + a2t2 + a3t3 +⋯ /®�¹�

⎧⎪⎪⎪⎨⎪⎪⎪⎩

dy

dt
= y − t,

y(0) = 2.

åðÒ¹Õ@�Kã�

(a) (6%) Bú a0, a1, a2, a3 �<�

(b) (4%) �(dðÒ��� a0 + a1t + a2t2 + a3t3 Bú y(0.2) �Ñ<<�Ûh�e0�xÞ�,	M�
(c) (6%) ä (t0, y0) = (0,2) � h = ∆t = 0.1. �(PÉÕBú y1 � y2.

Solution:

(a) Write y(t) = [a0, a1, a2, a3,⋯]. By the differential equation, we have

[a1,2a2,3a3,4a4,⋯] = [a0, a1 − 1, a2, a3,⋯].

Therefore,

a1 = a0,

a2 =
a1 − 1

2
= a0 − 1

2!
,

a3 =
a2
3

= a0 − 1

3!
,

⋯,

i.e.,

y(t) = a0 + a0t +
a0 − 1

2
t2 + a0 − 1

3!
t3 +⋯. (2%)

Since y(0) = 2, we have a0 = 2. Therefore,

a0 = 2, a1 = 2, a2 =
1

2
, a3 =

1

6
. (4%)

(b) 2 + 2(0.2) + 1

2
(0.2)2 + 1

6
(0.2)3 ≈ 2.421. (4%)

(c) Let h = 0.1 and f(t, y) = y − t. Then t1 = t0 + h = 0.1. (2 %) We have

y1 = f(t0, y0)h + y0 = f(0,2) ⋅ 0.1 + 2 = 2.2 (2%)

and

y2 = f(t1, y1)h + y1 = f(0.1,2.2) ⋅ 0.1 + 2.2

= 2.1 ⋅ 0.1 + 2.2 = 2.41. (2%)
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5. (14%) òå ∫
∞

−∞
e−x

2

dx =
√
π�Bå��M��

(a) (7%) ∫
∞

−∞
x2e−x

2

dx.

(b) (7%) ∫
∞

−∞
e−

(x−1)2

4 dx.

Solution:

��L�
��
�(´<�UM��©����

(a)

∫
∞

−∞
x2e−x

2

dx = ∫
∞

−∞
xd(−1

2
e−x

2

) (2pts: �( integration by parts�z� u, dv)

= x ⋅ (−1

2
e−x

2

) ∣
∞

−∞
− ∫

∞

−∞
(−1

2
e−x

2

)dx (3pts: integration by parts)

= 1

2
∫

∞

−∞
e−x

2

dx =
√
π

2
(1pt: x(−1

2
e−x

2

) ∣
∞

−∞
= 0, 1pt:

1

2
∫

∞

−∞
e−x

2

dx =
√
π

2
)

(b) ∫
∞

−∞
e−

(x−1)2

4 dx
Let u= x−12 du= 1

2dxÔÔÔÔÔÔÔÔÔ
3pts

∫
∞

−∞
e−u

2

⋅ 2du = 2
√
π

(æ�4�� 1pt for 
�L�1pt for e−u
2

, 1pt for dx=2du, 1pt for answer)
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6. (17%)

(a) (7%) z�8x α ��

fX(t) =
⎧⎪⎪⎨⎪⎪⎩

αt−
1
2 e−t, t > 0

0, t ≤ 0
.

º�_�Æ¦ýx�

(b) (10%) 
d¨_�x X ∼ fX , fBv��< E(X) ��px Var(X).

Solution:

(a) We should have

1 = ∫
∞

0
αt−1/2e−t dt (2%)

= αΓ(1/2) (2%)
=
√
πα. (3%)

Hence α = 1√
π

.

(b) We have

E(X) = 1√
π
∫

∞

0
t1/2e−t dt (1%)

= Γ(3/2)√
π

(2%)

= 1

2
(2%)

and

E(X2) = 1√
π
∫

∞

0
t3/2e−t dt (1%)

= Γ(5/2)√
π

= 3

2
⋅ 1
2

(1%)

= 3

4
(2%).

Thus

Var(X) = E(X2) −E(X)2 = 1

2
(1%).
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7. (12%) fX(t) = 1√
2πσ

e−
(t−µ)2

2σ2 , t ∈ R /¨_�x X �_�Æ¦ýx�v- µ, σ /8x�σ > 0. ä¨_�x

Y = X − µ
σ

. �g�ð¹ÕBú Y�_�Æ¦ýxfY (s).

(a) (3%) ª� P(Y ≤ s) = P(X ≤ µ + σs)

(b) (3%) 
ð@
É�M�I�º ∫
s

−∞
fY (y) dy = .

(c) (6%) G-ïå�(®M�ú,���Bú fY (s).

Solution:

(a) àº

P(Y ≤ s) = P(X − µ
σ

≤ s) = P(X ≤ µ + σs)

(b) ∫
s

−∞
fY (y) dy =

∫
µ+σs

−∞
1√
2πσ

e−
(t−µ)2

2σ2 dt � ∫
µ+σs

−∞
fX(t)dt

(c)

fY (s) = (∫
s

−∞
fY (y)dy)

′
= (∫

µ+σs

−∞
1√
2πσ

e−
(t−µ)2

2σ2 dt)
′
= 1√

2πσ
e−

s2

2 ⋅ σ = 1√
2π
e−

s2

2

U�úp.
(a) 1/ 0 � 3 ��
(b) 1/ 0 � 3 ��
(c) åS�UK(®M�ú,��f 3 ���úcºTHf 3 ��å
�������â\�F/�Xð®M�
ú,���UW((�^®�OLfú,�x 2 ��
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