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1. (15%) Determine whether the series is absolutely convergent, conditionally convergent, or divergent. Please state
the tests which you use.

(e}

(a) (5%) Y. (-1)"(Vn2+1-Vn2-1).

i
L

Solution:

2
a) Since lim (-1 n?2+1-vn2-1)|= lim =0 and
(@) Since Jim [(-D)(VaZ+ 1=V =) = lim et

Vn2Z+l+Vn2-1<y/(n+1)2+1+y/(n+1)2-1=>

2 2
\/n2+1+\/n2—1>\/(n+1)2+1+\/(n+1)2—1

by alternating series test, we have »_ (-1)"(Vn?+1-Vn2 - 1) converge.
n=1

2 2 ad 2
But (Vn2+1+Vn2-1)2<(n+1)+n = > by p-series —
( ) ( ) vVni+l+vn2-1 2n+1 7;2 +1

i (D)™ (Vn2+1-Vn2-1)|= > 2 also diverges. That is i(—l)"(\/n2+1—\/n2—1)

diverges, so

n=1 n=1 \/n2+1+\/n2—1

is conditionally convergent.

cos(n)
= = cos(n
(b) By p-series, Z —5 is convergent, then by comparison test, nln <1l= Z (n) is absolutely con-
n=1m2 5 Zonyn
vergnet.
A (n+ 1) 1/ 1\" e
(¢) By ratio test, lim |——7——|= lim |———| = lim 7(1+7) =251,
n—oo| i n—soco |2(n+ 1)n"| n-eo 2 n 2
n:
[es] n

n
So Z Sl is divergent.
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2. (14%) Find the interval of convergence of the power series and find the function represented by it.

oo

Solution:

1 [ee] [e o]
(a) Consider 1 = > (-x)" =Y (-1)"z" for |z| < 1. Then
-z

n=0 n=0
1 d e
= -H" -l<x<l1
(1-2)2 dm 1-xz n; )'na” e
2 d d
= 1=> (-1)"n(n-1)z" -l<x<1.

(1-2)  do (1 96)2 n=s

For x = 1, the series Z( 1)"n(n - 1) diverges since hm( 1)"n(n-1) 0.
n= 2

For « = -1, the series Z n(n —1) diverges since hm n(n—-1) #0.
n=2
Combining above results, we have

2 [ee]
— = =Y (-D"n(n-1)z"2% -l<z<1
i &
1 S
(b) Let a,, = ————=z". Since
(n+2)-n!
n n+1 2).n! )
hm|a +1|:lim| z .(n+ )n|:hm|(n;)”x|:0<1
n—oo ' @, noco (n+3)-(n+1)! xn nsco ' (n+1)(n+3)
kad 1
for each real number x, by ratio test, the interval of convergence of Z m z" is R.
n n
ad 1
Consider f(z) =) —————a". Then we have

d & 1
%[fﬂzf(x)] = Z

2o (n+2)-n!
2 f(z) = / teldt = ze” —e* + 1
0

1
—(ze” - +1) ifx =0,
22
f(z) = 1 .
2 if ¢ =0.

oo
1
_(n+2).xn+1 — z:ﬁm'rwlzmex
n=0 T

1 -
P.S. We also accept the answer f(z)=— (ze” -e” +1).
x
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3. (15%)
(a) (4%) Find the Maclaurin series for g(z) =z / et dt.
0

(b) (3%) Find ¢2°2(0).

tan™! x

f +0
(¢) (5%) Find the Maclaurin series for f(z) = z 0 T
1, for x =0
2 -
(d) (3%) Find lim 2L @) =9()
z—0 x6
Solution:
(a) .
s LT
e —T;)n! sltaws et T
co (_1\n 4 6
et = Z gt2nzl—t2+t——t—+
= n! 21 3l
o = (D" onn
= dt = )
9() xfo ‘ xnzzo(QnJrl)n!x
s " 2202 _ 2 Jé + a’ _ a®
=0 (2n+1)n! 3 5.21 7.3l

(b)
929 (0) = ca020 - (2020)!

Here cg020 is the coefficient of 22° in the Maclaurin series for g(z). Take 2n + 2 = 2020, 7 = 1009

(20200 (0) = ———— . (2020)!

97(0) = 3519 zo00y - (2020

(c) Start with the Maclaurin series for tan™' z
tan™' z = i ﬂx%ﬂ = Sy o’ - ZaT+

Zon+1 5
o (D" o 2 1_16

= =1- + —x’ +

1@ ,;02%1”3 3" T T

(@
o PI@) —g@) 111

x—0 I6 5 10 10

Grading scheme:

(a) (4%) 1 point to each process: (1) Starting function’s Maclaurin series. (2) Plug in t*. (3) Integrate. (4)
Multiply.

(b) (3%) 1 point to formula, 1 point to finding correct n (depends on their answer from (a)), 1 point for final

answer. [essentially, 1 point for each part of the answer]
(¢) (5%) 3 points for tan™' z and 2 points for getting to f(x).

(d) (3%) Depends on the previous answers. 1 point for knowing the method (even if they have nothing in (a)
and (c)), 1 point each for the coefficients (no points if these are not from (a) and (c)).

Alternatively, they can plug in the functions into (d) and use 'Hospital’s Rule (3 points for correct answer, all

or nothing).
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3z
4. (10%) Let f(z) = f sin(£2) + 12 cos(12) dt.
0
(a) (5%) Find the Taylor series of f(z) centered at x = 0.
(b) (5%) Now we approximate f(0.1) with 77(0.1) where T7(x) is the degree 7 Taylor polynomial centered at 2 = 0

Estimate the error.

Solution:
(a) Power series
sing = i ( 1) 2n+1
= (2n+ 1)'
] ( 1)n
CObx_% (Qn)'
_ ©  (-1)" ( 1 1
tQ t2 t2 — ( 4n+2 477, _ n t4n+2
(i) + £ oot = 3 it 3 Gt = S0 Gy *

NENTE 1 -
f@) =2 43 ((2n+1)' (2n)!)(3x)4 ’

n=0

(b) Error estimate

Since the series is alternating, the error estimate is given by

£O) - Tr(01)] < (é N %) (0.3)1
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. (8%) Let F(x,y,z) = eY* i+ (xze + zcosy) j+ (xye’” +siny) k.
(a) (4%) Compute curl F and divF.

(b) (4%) Determine whether or not the vector field is conservative. If it is conservative, find a function f such that
vf=F.

Solution:

(a) By definition, curlF =V x F

0 0 0 0
—(zze’* + 2 -— Y% 4 si )+(— Y% 4 s ——yz)'
(82'( cosy) By (zye siny) | i o (xye siny) (’9z6 j
0 0
+|—e¥" - —(z2e¥* + 2 )k
(6y 890( cosy)
= ((ze¥* + xyze¥® + cosy) — (we¥* + xyzeV” —cosy))i+ (ye?” —ye¥?)j+ (2€¥* - 2¢¥*)k=0i+0j+ 0k

0 0
and divF = V-F = —e¥* + ——(z2e¥" + zcosy) + — (zye?” +siny) = z(y? + 2%)e¥* - zsiny
ox oy 0z

b) Yes, since curlF = (0,0,0). That is Vf =F(z,y,2) = e’ i+ (zze"* + zcosy) j+ (xye? + siny) k
Y
fo=e"" f=ze" +g1(y,2)
fy=zze’* +zcosy =4 f=xze" +zsiny+ ga(x,2)
- =xyeY” +siny f=xze¥* + zsiny + gs(x,y)

flz,y,z) =xe¥” + zsiny + C.
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6. (11%) Let F(gg7y):(w 16y ey 20 L

x2 + 4y? 2+ 4y2
a) (5%) Compute F - dr, where C; is the ellipse 2 + 4y? = 1 oriented counterclockwise.
c
1
(b) (2%) Is F conservative on R*\{(0,0)}?

(¢) (4%) Compute f F - dr, where Cs is a square oriented counterclockwise with vertices (10,0), (0,10), (-10,0)
Ca
and (0,-10).

Solution:
(a) For all points P € Cp, F(P) = (x - 2y) i+ (dy + 2x)j.
x =cost
Consider polar coordinate we have 1 6 €[0,27). Then
y=—-sinf
2
2w 1
- F-dr = (cosf —sin#,2sin + 2cosh) - (—81110, B cos@) de
1

27
[ —sinfcos @ + sin? 0 + sin 6 cos 0 + cos® HdO
0

27T
f 1d6 = 2
0

(b) No, since f F-dr+0
C

(c) Since F is conservative on every region which does not conatin (0,0). Denote D is the region which is
bounded by Cy and Cy does not contain (0,0).

0 opP
By Green’s Theorem, we have 0 = [[ 9Q _ a—dA F dr - f F.dr
Y
= F.-dr= F.-dr =27
CQ Cl

where (P,Q) =F
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7. (23%) Let S: {z? +y? =4, 2> 0} with unit normal n pointing outwards. Through S, a vector field F = yi-zj+z’k

is also given.

(a) (5%) Write out n and curl F.

(b) (8%) As a surface integral, find /]S . (curl F)-ndS where S™ is the part of S lying exactly beneath the parametric
curve C depicted by (z, y, z) = r(t) = (2cos(t), 2sin(t), 3 - 2cos?(t)), 0 <t < 7.

(¢) (6%) Find /;F -dr and fc* F-dr*, where C, denotes the curve r*(t) = (2cos(t), 2sin(t), 0), 0 <t < .

(d) (4%) In addition to the two line integrals shown in (c), find the other two line integrals so that they collectively
confirm the Stokes theorem.

Solution:

1
(a) Il(iC, Y, Z) = 5(557 Y, 0) (2ptS), VxF= —2(E_] -2k (3ptS)

(b) Parametrize S* by
r(t,z) = (2cost,2sint, z) where 0 <t <, 0< 2<3-2cos’(t) ry xr, = (2cost, 2sint,0) (3pts)

T —2cos®(t)
f/s* (VxF)-ndS = fo foi (0,-22,-2) - (z,y,0)dzdt (2pts)
=-8 f cos(t) sin(t) (3 — 2cos®(t))dt

-8 f (3 - 20®)dw = 32/5 (3pts)

) fc F.dr = f "y, -, x2)~(—QSin(t) 2 cos(t), 6sin(t) cos?(t))dt (2pts)
= [T sy Sty
- fo (—4 + 24 cost (1) sm(t))dt - 48/5 - 47 (2pts)
L*F-dr* _ Aﬂ(y,—x,x2) - (=2sin(t), 2 cos(t), 0)dt

= [ (ya —.’L‘7.’L'2) : (_ya T, O)dt =-Ar (ths)
0

(d) Let Cy: I'1(t) (2 0, t) Cg I‘Q(t) ( 2,0, 5t) 0<t<1.
We have [ F.dr, _/0 (0, -2, 4)- (0, 0, 1)dt =4 (1pt)

1
fc F~dr2:/0 (0,2, 4)- (0, 0, 5)dt = 20. (1pt)

So, suitable arzrangement of these four integrals implies
fS(VxF)ndS—der* derg—der—der
= (—4m) + (20) — (48/5 - 47) — (4) = 32/5 (2pts)
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8. (14%) Let F(x,y,2) = (zy + azz) i+ (by* + V2yz) j + 4yz k where a,b are constants such that divF = 0.

(a) (3%) Find constants a, b.
(b) (3%) Show that if S; and S are smooth oriented surface with same oriented boundary curve C, then f ; F.ds =
1

ffSQF-dS.

(¢) (8%) Let S be the part of the sphere 2% +y% + 22 = 1 above the plane z = 2¢/2y whose unit normal vectors point
out of the unit ball. Find ffs F-dS. (Hint : you may use the result from part (b)).

Solution:

(a) divf\?:y+az+2by+\/§z+4y:(5+2b)y+(a+\/§z):O:b:—g,a:—\/i

) Let —S5 be 52 with 0pp081te oreintantion. Then S; U (—S3) is a closed surface enclosing a solid F. Hence
[[ 7' dS = [[[ divEdV =0 by the divergence theorem.
S1U(-S2) FE

Thus,
ff 7.dd- TT-d§+f 7.dd- fﬁ-d?—[f F.d3-0
S1U(=S2) S1 -Sa S1 Sa

= f 7.dS = 7. dS.
Sl SQ

(c) Let S; be the disc on the plane z = 2\/§y within the ball 2% + y? + 22 < 1 with upward orientation.
Then S; and S; have same oriented boundary curve C. Hence

/fsf«“-dfq:fs 7. d3%

Now we parametrize S with 7(z,y) = (z,v,2v2) where 22 + % + (2v/2)%y? <1 ie 22 +9y% <1
Let D = {(z,y)|z> + 9y <1}. 7, x 7, = (0,-2V/2,1) is upward. Thus,

f/:% F.dS /] F(r(x,y)) - (7e x7y)dzdy

- ffD (—§y2 +V2y- 2\/§y) (-2V2) + (4y-2V2y) - 1dady

27 1 1
= ﬂ 52y dxdy = 5\/5[ [ —r?sin® Ordrdd
D 0 o9

{xrrcos@

1
= —rsinf
Y73

52
™
36
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