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t
dt.
1+t4

1. (6 pts) Find f'(2) if f(z) = /@ and g(z) = /4m

Solution:

We have f'(z) = e9® ¢’ (2)(1 point). From Fundamental Theorem of Calculus (2 point),

2

d = t 2 22°
g'(z) f dt= —— .2z a (1 point).
4

T dx 1+t47  1+a8 77 1448
2 16 16
We get e9) =% =1 (1 point) and ¢'(2) = 108" ﬁ(l point). Therefore f'(2) = 257

Page 1 of 8



2. Compute the following integrals.

1 3 2
a) (6 pts in"' (z)d (b) (10 pts) | Vi+a?de o dr v e+ 2
( ) ( 1% ) L sin (x) xT f (C) (12 ptS) [ P dz
Solution:
1 1 1
(a) f sin™! zdx = xsin” :E|O - / z(sin' z)'dz ---------(2pts for integration by parts)
0

1
- / T dr ceeeenen(1pt for sin™' 1 = g and 1pt for the other)
0

1 r0d
+ = f &« (Let u=1- 22 = du = —2xdx)----wmw-- (1pt for correct substitution)

-eeeee+(3pts for trigonometric substitution)
= f sec® 0df (. sec > 0 for —g <f< g)
[ sec’ 0df = f sec fsec? 0df = secf tan § — f tanf(secf)'df --------(2pts for integration by parts)
=secftanf — / sec - tan® 0df = sec  tan 6 — f sec? f(sech —1)db
=secfHtanf — / sec? 0df + / sec0df = secOtan 6 + In|sech + tan 6| - f sec® 0df. | (3pts)

1 1
Thus, / sec® 0df = §se(:0tan0 + §ln|se(39 +tanf|+C

1 1 1 1
Hence f\/1+m2dx:Ese09t3n9+§1n|sec¢9+tan9|+0:§v1+x2-x+ §ln|\/1+x2+x|+C
(2 pts) (. tanf =z, —g <f< g sosecl =V1+22?)

(c¢) First, we factorize the denominator:
ot + 223 + 227 = 2% (2% + 22 + 2).(1 point)
We write the integrand as follows

x3+4x2+4$+2_é E Cx+D

_— = + ———(2 point).
x4 + 223 + 222 x  x2 x2+2x+2( point)

We have
23+ 4r? + 4z + 2= Ax(2? + 22+ 2) + B(z® + 22+ 2) + (Cz + D)a?

Put 2 = 0 into Equation (1), we get B = 1.
Compare the coefficient of = in Equation (1), we have 24+2B=4= A=1.
Compare the coefficient of 2% in Equation (1), we have that 24+ B+ D =4= D =1,
Compare the coefficient of z* in Equation (1), we have that A+ C=1=C =0.

2 +dz?+4dz+2 1 1 1

- e
x4 + 223 + 222 x x?2 22+2x+2
1
/fdx

x

1
J

1 1 B .
f mdl’ = f mdl’ =tan (CE + 1) + 0(2 pOlIltS),

Thus (3 points). Since

In|z|+ C(1 point)

—z~" + C(1 point)

we have

[1‘3+4x2+4x+2

1
903 10,2 dx=1n|a:|—;+tan (z+1)+C.
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3. (10 pts) Determine whether the following improper integral is convergent or divergent. Evaluate it if it is convergent.

R
/ e “Tcoszdr .
0

Solution:

Let w=e2* and v = sinz, then
du=-2¢2*dz and dv=coszdz .

Perform integration by parts

/ e cosxdr =e P sing +2 f e P singdx .
1 pt| SE—RIEEI/EEM by parts, : IR{FIERE

2z

Similarly, for the last integral, let @ = e = and v = —cosx, then

di=-2¢2*dz and do=sinzdzr .

Again, use integration by parts

[ e sinzdr = —e 2% cosxz — 2 f e coszdx .

1 pt}: ZRIBE/GER by parts, [3 pt | EBUBHER, |1 pt| EHER

Putting these together gives

—2x _ 2z _: —2x —2x

[ e ““cosxdr=e "sinx-2e ““cosx —4[ e ““cosxdr ,
1
= f e cosxdr = ge_Qz(sinx -2cosz)+C .

Therefore,

t 1 2
f e * cosxdr = —e *(sint - 2cost) + = .
0 5 )

: SEEREHED

Note that |sint — 2cost| < 3 for any t and e ™2 - 0 as t - co. As t — oo, the limit of the right hand side exists,
and is equal to 2/5. That is to say, the improper integral converges, and is 2/5.

; B mR B, : =R
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4. (10 pts) Consider the crescent-shaped region (called a lune) bounded by arcs of circles with radii » and R, where
0 <7 < R. Rotate the region about the y-axis. Find the resulting volume.

y

Solution:

r 2 2
271'[ (\/T2—$2+\/R2—T2—\/R2—$2).’L'd.’17=37T(7’3—R3+(R2+r2) R2—r2)
0
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5. (12 pts) Given an increasing supply function S(¢) and a decreasing demand function D(q) where S(q) and D(q) are
q
continuous, we define the total surplus at quantity ¢ as T'S(q) = [ D(t) - S(t)dt for g > 0.
0

(a) (4 pts) Show that if D(¢*) = S(¢*) for some ¢* > 0 then T'S(q) obtains the absolute maximum value at g = ¢*.
2/3 1/3
(b) (8 pts) Suppose that D(q) = 6 — (1 + %) and S(q) = (1 + g) . Compute T'S(¢) and find the absolute

maximum value of T'S(q).

Solution:
/ d e
() 78'(a) = - [ D(1) = 5(1)dt = D(g) = S(a) (2
Because D(q) is decreasing and S(q) is increasing, we know that 7'S"(q) = D(q) — S(q) is increasing.
Hence D(q*) = S(¢*) implies that T'S"(g*) = 0. «+--w--(1pt)
Moreover, T'S"(q) >0 for 0 < g < ¢* and T'S'(q) <0 for ¢ > ¢*. e (1pt)
Hence T'S(q) obtains absolute maximum value at ¢ = ¢*. p
(b)
2
TS(q) = /q6—(1+é)§—(1+ t)ddt
O 2 2
t 1 1+q
(Let u=1+ 5= du = §dt, dt =2du) = 2 f 6—ud —uddus s (2pts for correct substitution.)
1
s 3 . u=1+%
= 2[6u— —Uus — fug]
4 u=1
5 4
q\3 3 ( q)§ 27
= 6a-~(1+2) -2 1 (2Dt
I 5(+2) 2\ "2) o (2pts)

From (a), we know that the absolute maximum value of T'S(q) occurs at ¢ = ¢* if D(¢*) = .S(¢*) (1pt)
2 1

* 3 * 3

D(q*) = S(q*) =>6—(1+%) - (1+%) .

3
Lety:(]_-f—%) . 6_y2:y:>y:20r _3 (2pts)
*\3
-_~q*>0.'.(1+%) =2=q"=14
3 27

6
TS(g*)=6x14—=-2°-Z2.24 4 =943 ccoceee (It
(q7) =6x 5 5% " (1pt)
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du 2t+ sec?t
dt 2u
(b) (10 pts) Solve the differential equation (z2 + 2)y(z) + (4x)y = 2z with y(0) = 2.

(a) (6 pts) Solve the initial-value problem: u(0) = -5.

Solution:
(a)
Qudu = (2t +sec® t)dt = [ 2u du = f(2t +sec?t) dt (1pt)
=u?=t>+tant+C, C is constant (3pts)
by initial condition = C =25 (2pts)
= u? =t> +tant + 25 = u = —Vt2 + tant + 25
(b)

= (22 +2)y +(4x)y =22
4x 2%
AT -2 ot
22+2” x2+2(ps)

= I(x) =l A2 G - (42 0y (4pts)

= y(x)+

1
= ((2% +2)%y) =2x(2* +2) = (2® +2)%*y = §x4 +22%+C,C is constant (2pts)
xt+42?2 + 16

2 (22 +2) (2pte)

by initial condition = C=8 =y=
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7. (18 pts) The eight-like curve has the following parametric equation:

55:2\/53111157 y=sintcost for 0<t<2m.

}?

(a) (4 pts) Find the tangent line at ¢ = 0.
(b) (8 pts) Find its arc length.

(¢) (6 pts) Find the shaded area which is enclosed by the curve 0 <t < g and the z-axis.
Solution:
(a) The slope is given by
y'(t) _ cos?t - sin? ¢ 1
'(t) =0 22 cost =0 2/2 .

(2 pts| AEMNER /2" (BEMDEEER, REDTED), |1 pt| FRREREBNE (RE i% D)

. : . 1 =
The position at ¢ = 0 is (x(0),y(0)) = (0,0). It follows that the tangent line is y = 2—\/595 . IEREKRS

HBRSIER (K18 y - :&:%w F49)

()2 + (y')? = (2V2cost)? + (cos® t - sin” t)?
=8cos’t+ (2cos’t —1)2
=8cos?t+4cos*t —4cos®t+1

= (2cos?t+1)*.
; MBEEE (/)% + (v')2, : —EMAEHER, |2 pts| BEMEETS

The arc length is

fo% (x’)2+(y’)2dt:/(;27T(2c082t+1)dt
:fozﬂ(cos(Zt)+2)dt

1 2m
= (5 sin(2t) + 2t)

t=0
=47 .

[1pt} BEMRIARER(SERBIEE), 2 pts| FEBAEHEER, |1 pt | REHEHER
(c) BBE— Ast goes from 0 to 7/2, z(t) is increasing. The area of the shaded region is

[0 y(t)dx(t):fo (sint cost)(2v/2 cos tdt) .
[1pt] szt [ydx, [Ipt} @ dt AF ER(SEREAHE)
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Let u = cost, du = —sintdt. The integral becomes

1 2\/5

u=0
1pt) BEESRERER |1pt| SHSAEEYNEREEHTEEIRNRR, AT FEHEDHHIER

525), : AEWDEEER, : RIBIER
8% As t goes from 0 to /2, x goes from 0 to 2v/2. The area of the shaded region is
2V2 2V2 2
[ ydx = f e de .
0 0 22 8

[1pt] mEests [yd:c, (2 pts| EHSREUR y(r) REER

Let u = 22,

1 ud
2\/5/ uw?du = 2\/53
0

3,8
2v2 2 8 -2. 2
f i 1_£dmzif /1_Eduziﬁ(1_z)
o 22 8 " 4v2Jo 8 42 3 8
2 pts | REMASHER, |1 pt| REERE
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