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1. (20%) Bå��uP<�

(a) (5%) lim
x→1

√
2x2 + 3x − 4 − x

x − 1
. (b) (5%) lim

x→0−
x ⋅

√

1 +
9

x2
.

(c) (5%) lim
x→0

cos 3x − 1

x2
. (d) (5%) lim

x→∞
(1 +

e

x
)
2x

. (Ð:: òå lim
x→∞
(1 +

1

x
)

x

= e.)

Solution:

(a)

lim
x→1

√
2x2 + 3x − 4 − x

x − 1
= lim

x→1

(
√

2x2 + 3x − 4 − x)(
√

2x2 + 3x − 4 + x)

(x − 1)(
√

2x2 + 3x − 4 + x)
(2 points)

= lim
x→1

x2 + 3x − 4

(x − 1)(
√

2x2 + 3x − 4 + x)
(1 points)

= lim
x→1

(x + 4)
√

2x2 + 3x − 4 + x
(1 points)

=
5

2
(1 points).

(b)

lim
x→0−

x ⋅

√

1 +
9

x2
= lim

x→0−
(−
√
x2 + 9) (3 points)

= −3 (2 points).

(c)

lim
x→0

cos 3x − 1

x2
= lim

x→0

(cos 3x − 1)(cos 3x + 1)

x2(cos 3x + 1)
(2 points)

= − lim
x→∞

sin2 3x

x2(cos 3x + 1)

= − lim
x→0

9 ⋅
sin2 3x

(3x)2
1

cos 3x + 1
(2 points)

= −
9

2
(1 points).

(d)

lim
x→∞
(1 + e/x)2x = lim

x→∞
(1 + e/x)(x/e)⋅(2e) (3 points)

= e2e (2 points).
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2. (15%) Bå�ýx��ýx�

(a) (5%) f(x) =
sin 2x

1 − cos 2x
. (b) (5%) f(x) = tan−1 (

√
ex − 1).

(c) (5%) f(x) = (secx)x, −
π

2
< x <

π

2
.

Solution:

(a)

f ′(x) =
2 cos 2x(1 − cos 2x) − sin 2x ⋅ (2 sin 2x)

(1 − cos 2x)2
(4%)

=
2 cos 2x − 2

(1 − cos 2x)2

=
−2

1 − cos 2x
. (1%)

(b)

f ′(x) =
1

1 + (
√
ex − 1)2

⋅
1

2
√
ex − 1

⋅ ex (2%; 1%; 1%)

=
1

2
√
ex − 1

. (1%)

(c)

f(x) = eln(secx)
x

= ex ln secx. (1%)

f ′(x) = ex ln secx
⋅ (ln secx + x ⋅

secx tanx

secx
) (3%)

= (secx)x(ln secx + x tanx). (1%)
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3. (14%) f(x) = x5 + 2x − 3.

(a) (4%) ª� f(x) / 1  1 ýx�

(b) (5%) 1(a)å f(x) 	Íýx f−1(x). B f−1(−3) � (f−1)′(−3).

(c) (5%) ë� f−1(x) ( x = −3 �Ú'<Ñ�(Ú'<Ñ0� f−1(−3.01).

Solution:

(a) f ′(x) = 5x4 + 2 (2 pts, �� f ′(x))

sol 1: ∵ f ′(x) ≥ 2 > 0 ∴ f(x) is strictly increasing. Hence f(x) is 1-1 (2 pts)

sol 2: By Rolle’s Theorem, if f(x1) = f(x2) for some x1 < x2, then there is some c ∈ (x1, x2) such that
f ′(c) = 0. However, f ′(c) = 5c4 + 2 ≥ 2. We obtain a contradiction. Thus f(x) must be 1-1. (2 pts)

(b) (1 pt) ∵ f(0) = −3 ∴ f−1(−3) = 0

(2 pts, Íýx�®�) (f ′)−1(−3) =
1

f ′(f−1(−3))

(2 pts, 6<, �� f ′(0)) f ′(f−1(−3)) = f ′(0) = 2. Hence (f−1)′(−3) =
1

2
.

(c) (3 pts, Ú'<Ñ��©, 6e f−1(−3), (f−1)′(−3).)
The linear approximation of f−1(x) at x = −3 is

L(x) = f−1(−3) + (f−1)′(−3)(x − (−3)) =
1

2
(x + 3)

(2 pts) f−1(−3.01) ≈ L(−3.01) =
1

2
(−3.01 + 3) = −0.005
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4. (9%) BòÚ ln(x2 − 3y) = x − y − 1 (Þ (2,1) ��Ú¹���

Solution:

Differentiate both sides of the equation ln(x2 − 3y) = x − y − 1:

2x − 3 dy
dx

x2 − 3y
= 1 −

dy

dx
. (4%)

This implies that
dy

dx
=
x2 − 3y − 2x

x2 − 3y − 3
.

So we have
dy

dx
∣
(x,y)=(2,1)

=
3

2
. (3%)

So the equations of the tangent line to the curve at the point (2,1) is

y =
3

2
(x − 2) + 1. (2%)
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5. (6%) (sG<��ª�

a
√

1 − a2
< sin−1(2a) − sin−1(a) <

a
√

1 − 4a2
, v- 0 < a <

1

2
.

Solution:

Let f(x) = sin−1 x, f ′(x) =
1

√
1 − x2

(2 pts, sin−1 x �®�)

(2 pts, cº�( the MVT.)

By the Mean Value Theorem, sin−1(2a)− sin−1(a) = f(2a)− f(a) = f ′(c)(2a−a) =
1

√
1 − c2

⋅a for some c ∈ (a,2a)

(2 pts, 1 c ∈ (a,2a) ¨�I�)

∵ c ∈ (a,2a) ∴
1

√
1 − a2

<
1

√
1 − c2

<
1

√
1 − 4a2

Hence
a

√
1 − a2

< sin−1(2a) − sin−1(a) =
1

√
1 − c2

⋅ a <
a

√
1 − 4a2
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6. (12%) 	�ô��, ��J�º r, Øº h, r, h > 0, ~ú�'ÔMKg¥ô�ñÔ���	.

h

r

Solution:

(a) �ód2%� ä�ñÔ��J�ºx, 0 < x < r, GvØyÿ³
x

r
+
y

h
= 1, 1d� y = h(1 −

x

r
).

(b) �ód5%��ñÔÔMº

V (x) = πx2y = x2π ⋅ h(1 −
x

r
) =

πh

r
⋅ x2(r − x)

(c) �ód8%�B�xÞ

V ′
(x) =

πh

r
⋅ (2rx − 3x2) = 0 ⇒ x =

2

3
r, x = 0 (�)

(d) �ód12%��'<Kª�

1¼ x =
2

3
r º0 < x < r /�u<, V (

2

3
r) =

4

27
πr2h > 0,� V (0) = V (r) = 0, EV (

2

3
r)Åº�'<.

vÖª�¹��lim
x→0

V (x) = lim
x→r

V (x) = 0 �(��,fô¥�úÔM<(x =
2

3
rit�Ô���

U�úp.

� (a) è��U���x��ZÕ�ÍÞ��0(b)�P��

� ê�úcritical point�(���x	�8��

� �úcritical point, (��,f�ú@èu'�¤åº/�'�, �10�.

� 	�X0Å�U���'<OL&	ª��, Mý�ÿ�.

� /&��úV (
2

3
r) ��x��UÖI�(��,fï(�Få(Ô��xÞ��LÞ�óÕ�GÅ��

ú�Ö6��o	�

� �h�ó0 0 < x < r��g���	�'<�ï�Lf���Ø8����è�h��	�
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7. (24%) �å�e_kúýx f(x) =
1

x
−

1

3x3
��b�

(a) (2%) �Ö y = f(x) �1'�

(b) (6%) B f ′(x)�~ú f(x) �^�^�@��

(c) (2%) �^(@è)u<Þ�

(d) (6%) B f ′′(x)��Ö y = f(x) �ù'�

(e) (2%) Bú y = f(x) �ÍòÞ�

(f) (2%) B y = f(x) �8ÑÚ�

(g) (4%) kúýx�b�

Solution:

(a) Gýx, �Þ1. (�i�	�sï�)�2%�

(b) f ′(x) = −
1

x2
+

1

x4
=

1 − x2

x4
�2%��

^�: −1 < x < 0, 0 < x < 1�2%�; ^�: x < −1, x > 1�2%�.

(c) u'<: f(1) =
2

3
�1%�; u�<: f(−1) = −

2

3
�1%�.

(d) f ′′(x) =
2

x3
−

4

x5
= 2 ⋅

x2 − 2

x5
�2%��

ù�
: −
√

2 < x < 0,
√

2 < x �2%�; ù��: x < −
√

2, 0 < x <
√

2;�2%�.

(e) ÍòÞ: (−
√

2,−
5

12

√
2)�1%� , (

√
2,

5

12

√
2)�1%� .

(f) 4s8ÑÚ: lim
x→±∞

f(x) = 0,Eºy = 0�1%�; �ô8ÑÚ: x = 0�1%�.

(g) \��

U�úp.

� 1¼x�ý�(��_�ê���yµhècº�&�(a)-(f) ���	�(g)sïÿ��

� x�É�g(a)-(f) ���\��(a)-(f) ���å�(g)����G(g)f�� Í��Ö6(a)-(f) �/�
F(a)-(f) ���å�(g)���ô�G(g)ïf1�2��

� x��oK�¤îï�Lc��FÅ�º/(a)-(f) ����(g)����

� àº�(a)òå�b�Þ1�å(g)�1yµk�*â\��Éc��

� 	�x���Í�Ç
��u<�ÍòÞ	hè�ê�:(�
�É����
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