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1. (10%) % F@):fox cos(t2 + 1) dt.

(a) (6%) & F'(x). (b) (4%) KR lim F)

x?

Solution:

(a) Let G(z) = [ cos(t? + t)dt and h(x) = 2°. Then F(z) = G(h(z)). By Fundamental
0
Theorem of Calculus, one has G'(z) = cos(2? + ). (2%) By Chain Rule, we have

F'(z) = G'(2)(W(z)) - W (x) = cos(z* + 2?) - 22. (2%, 2%)

o ERA:

(i) BEERHEREREREMD

(i) EEZAMBIEAEELIIHERRHESMI
(i) RIEAEHENEAERE, KEERIHED,

0
(b) By using L’Hospital rule (for the 9 form), (1%) we have

. F(x) .. F'(x)
m =5~ =im— .~ (%)

= lir%cos(x4 +2?) =1. (1%)
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2. (14%) stBETIFREED

(a) (7%) fsin\/2x+ 1dx (b) (7%) [tanfl (2) dz
x
Solution:
(a)
Let u=V2zx+1, du= dx or dx = udu
V2z +1 3 pts for corect substitution

[ sin v2x + ldz = f(sin u) - udu
= [ u-d(-cosu) =u-(-cosu) - f(—cosu)du (2 pts for integration by parts.)
= —ucosu +sinu+C = —/2x + Lcos(V2zx + 1) +sin(v2z + 1) + C

1 pt for [ cosudu =sinu f;t
(b) ftan‘l(g)dx:x-tan‘l(g)—fx~d(tan‘1(g)) (2 pts)
:x-tan_l(—)—/x- 5 2(——2)dac J 5
Xz “ T
1+($) 2 pts for —(tan1 (—))
dx

2 2x T
_ -1
=r-tan (;)+fx2+4d:)s

2 2
—) +In(z?+4)+C (2 pts for / Q—xdz, 1 pt for final answer.)
x x?+4
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3. (18%) SHETFIREED.

22 +4x -1

1
@) 0%) [~ (b) (9%) f e

Solution:

(a)

1
————dx Let = = tan#, dz = sec? §d6
/ 22V 1+ 22 ( )

sec2 0
tan? 6@ secd

[y
sin® @

1 :

zfmd(snﬁ) (3%)
1

T sind +C (%)

__ VIR Lo o)

12

o (3%)

(b) Write
2 +4x -1 a b cr +d
= + + .
zd-1 r+1 x-1 22+1

(1%)
Then one has
?+d4r-1=a(z-1)(2*+1)+b(z+1)(2® + 1) + (cx + d)(2* - 1).

Put =1, b=1. Put x = -1, a = 1. Compare the coefficients of 2 and the constants on
the both sides, one has ¢= -1 and d = 1. (4%; BEBEHZ—2) So we have

22 +4x -1 1 1 2z +1
= + + )
i -1 z+1 -1 22+1

Than

22 +4x -1 1 1 -2z 1
f—dx:f + + + dz
x4 -1 rz+1 x-1 22+1 22+1

=lnfz+1|+Infz-1|-In(z*+1) +tan"t 2.  (4%; BEBEIEZ—2)
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4. (18%) BXla>0. B Qu y = ﬁ o8, v = BERMES; D, y- ﬁ Y-8, y = ai - ERNE
.S, ER—ESHAE). S U(d) B O, 8 -2 REmeEE; V() 5 5, 8 y-Sies

IeESRERETE,

ratl

Ya

Qa

4P
Y
e

(a) (8%) K U(a).
(b) (8%) X V(a).
(c) 2%) K U(a)-V(a).

Solution:
([8%]+[8%] BB EHBRAZELAN2%;, BHAEEDED4%; BIEERE2%,

o 2
v = [ w(%) dx[2%)
a 1 2
= W/O (1_x2+1) dx
0 1_£L’+1+(.1'+1)

5 dx[6%]
= 7T(0L—2ln(a+1)+(—aj_1 +1))

_ W((a+1—a—i1)—21n(a+1))[8%]
a a x
V(a) - [0 2ma(— - =) daf2%)
a a a xQ
B QW(./(; a+1xdx—[0 x+1dx)1
a a a
= 27r([0 :Eda:—f r-1+ dac)[6%]

a+11 0 r+1
= W((a+1—m)—21n(a+1))[8%]

[2%] B\ Ef@a, U(a) - V(a) = 0.
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5. (12%) RTSUBIR,

cosx? -1 ) 2 1
iy o T b) (6% hm( - —)
(a) (6%) lcl—r}(l) sin x4 ( ) ( O) a=1\z2-1 Inz
Solution:
. = 0 o0 NreL Tl BE =
(a) EARBUERERBALype 0= BB type H1—23, & type BEENERIHMI
Method 1.
. cosaz?-1
lim ————
>0  sinx?
i (cosx2—lsinm4) 5 boint
=lim oin
>0\ sinz? x4 P
1 cosx? -1 _
—;E%T 1 point
1 —2x sin 22 .
—xli%él—xg 1 point
1. sina? 1 boint
= 2351—% p poin
=—— 1 point
Method 2.
cosx? -1
m-———- "
z>0  sinax?
I —2x sin 22 9 Doint
=lim ——— oin
z—0 423 cos x4 P
11, (sina:2 1 ) 9 voint
=——lim|—— oin
220\ 22 cosx? P
1. (sinz?).. 1 )
_—§£1£%( = )il—%(cosx‘*) 1 point
1
= —— 1 point.
5 b
Method 3.
8
oS 2 _ 1 T + T
1m.x—4 = immx—fg 4 point
z—0 SIng -0 IE4—?+'"
_1 .t
= lim —2 I;“ 1 point
z—0 1 T +
=—— 1 point
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(b) Method 1

. ( 2 1) . 2lnx - (22-1) 9 point
im{——-—]=1lim .
e=1\z2-1 Inz) =2-1 (22-1)lnzx P
2/x -2
= lim [z -2 2 point.
o1 2xIlnx + (22 -1)/x
~2)x? 2
= lim [z 1 point.

=1 2Inx+2+ 1+ 1/22

=-1 1 point.

HRLERE (8—52)

lim(2? - 1)Inx=0= linrllmlnx =0.

=1
TeEERE LEESITERELE.
Method 2
, 2 1 . Ina?-(22-1) _
Im|——-—]= 1 t
zlfg(ﬁ—l lnac) = (z2-1)Inz POt

L@ - 1)2 4 Y22 - 1)

=1i 2 point
sl (z2-1)Inzx bot
2-1 1 1
EE% (mnx ) EE%(_E + 5(12 -1)*) -+ 1 point
2 -
=lim—-— 1 point
e>11[x 2
=-1 1 point.
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6.

(a) (4%) BF # o = 0 WRPED,

1
i
(b) (6%) XK cos™'z #t x =0 BIREER,

(c) (4%) K cos™'(2?) & z =0 9 10 RRFBER,

Solution:

(a)

1_3522‘(1‘”“2)_1/2

=- Z(—l)kC,;l/Qa:% 4 point.
k=0

EERAH—2.

(b) Take integral on both sides above (2 point) , we have

o0

1/2 2k+1

-1 k .
=c- 3 t.
cos ' x=c 2495+ 1( H*C poin
Let = =0, we have c=m/2 1 point.
(¢) From (b), we have
) 4k+2
1,2 T ko120
=—-> (-)FC :
8Ty ,ZE)( AT
2 4k+2
™ _1/2 T
Piy(z) = = 1kC
o(v) = 3 ,ZE)( T
ST lxﬁ - 33510 1 point for each term
2 6 40 '
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= (o) s bty gy L

7. (14%) Ef(:zc)—Qx 3l Y +n(n—1)x
(a) (2%) & fUO(0)

(b) (6%) K f'(z) M f'(z) =0 WRIPER, LREEFRTEEFIHH,

(c) (6%) B f(z) REREAEH,

e TE 2] < 1

Solution:
FO0) 1
(a) The coefficient of the term x'* in the Taylor series of f(z) at x =0 is o 1009
10! '
10(0)= —— =8/ (2 pt
(b) The Taylor series of f'(z) at x =0 is
1
+ =24k =2+ (2t
x %:c Tllx (2 pts)
T+ 51*2 +ot —g"+=—In(l-2z) (1pt)
n
The Taylor series of f"(x) at z =0 is
l+z+2?++2"+- (1 pt)
1+:z:+a:2+---+x”+---:1— (2 pts)

© S@) = [T rwde+ 10) (1p)
Since f(0) =0, wehave

ORN N0
T t=x -

= f —In(1-t)dt =- [t In(1- t)| . [ tﬁdt] (2 pts for integration by parts)

0 t= o 1-

T g

- —zIn(1- f L

rln(l-xz)+ S
=—zln(l-xz)+ f 1+ Ldt (2 pts)

0 t-1

=—zln(l-z)+x+Injx -1

} (1 pt for £(0)=0)

=
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