
8. (14%) The Apprentice is a reality show on the BBC in which candidates need to compete in various business-related
challenges. This week the candidates are required to create their own perfume. The following perfume is designed
by one of them which consists of a stopper and a bottle (See Figure 1).

(a) (8%) Consider the region bounded by the curve y = x cos−1(x) and the x-axis in the interval 0 ≤ x ≤ 1. The
stopper of the perfume is obtained by revolving this region about the y-axis. Find the volume of the stopper.

(b) (6%) The bottle of the perfume is designed such that

� the curved edges of the bottle are arcs of a circle of radius r (See Figure 2).

� each of its cross-section is a regular hexagon (see Figure 3),

The side-view of the bottle is given in Figure 4. Suppose the height of the bottle equals to 2h (with h < r).
i. Find the cross-sectional area of the bottle at a height y from its centre.

ii. Find the volume of the bottle.

Solution:

(a) By Shell method (or Pappus’ Theorem), the required volume equals to

V = ∫
1

0
2πx(x cos−1(x))dx (4M).

Partial credits zone :

� (at most 1M) Mentioning ‘Shell method’ or ‘Pappus’ Theorem’, but without
setting up any reasonable integrals

� (at most 2M) Setting up an integral with a correct integrand, up to a constant
or sign, but with incorrect limits

� (at most 3M) Setting up an integral with a correct integrand with correct
limits, but only up to a constant or sign

Using integration by parts,

V = ∫
1

0
2πx(x cos−1(x))dx = 2π
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