
3. (12%) Student A used some mathematical software to plot a Lapras-like curve (乘龍) as Figure 1.
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Figure 1: Lapras-like curve.

(a) On Lapras’ body, he considered two functions:

f(x) = − 3

10
(x− 4)2 − 17

10
, 0.3 < x ≤ 5

g(x) =
a

x− 4
+ bx− 22

5
, 5 < x < 8.

Find constants a and b such that the union of f(x) and g(x) is differentiable at x = 5.

(b) The upper part of Lapras’ back is depicted by h(x). Which of the following three functions can be a good
candidate for h(x)? Give reasons why other two functions are not good candidates.

3

2

(

cos−1 x− π

2

)

, −2x 1
3 , sinhx.

Solution:

(a) 1. (1pt) lim
x→5−

f(x) = lim
x→5+

g(x) = f(5)

2. (1pt) − 3

10
(5− 4)2 − 17

10
=

a

5− 4
+ 5b− 22

5
=⇒ a+ 5b =

12

5

3. (2pt) lim
x→5−

f(x)− f(5)

x− 5
= lim

x→5+

g(x)− f(5)

x− 5

4. (2pt) Either (i) use L’Hôpital’s Rule or (ii) compute directly

(i) =⇒ lim
x→5−

f ′(x)

1
= lim

x→5+

g′(x)

1
=⇒ − 6

10
(5− 4) =

−a
(5− 4)2

+ b

(ii) LHS = lim
x→5−

− 3
10 (x− 4)2 − 17

10 − (−2)
x− 5

= lim
x→5−

− 3

10

(x− 3)(x− 5)

x− 5

RHS = lim
x→5+

a
x−4 + bx− 22

5 − (−2)
x− 5

= lim
x→5+

( a
x−4 − a) + (bx− 5b)

x− 5
= lim

x→5+

a(5−x)
x−4 + b(x− 5)

x− 5

=⇒ −a+ b = −3

5

5. (2pt) a+ 5b =
12

5
, −a+ b = −3

5
=⇒ a =

9

10
, b =

3

10

(b) • (1pt) s(x) = sinh(x) is not a good candidate.
(1pt) Any of following reason get the point.
(i) Draw a correct graph of s(x)
(ii) s(x) > 0 when x > 0, while h(x) < 0 in this case.
(iii) s′(0) = cosh(0) = 1, while h′(0) is (nearly) negative infinite.
(iv) s′(x) = cosh(x) ≥ 1, so s(x) is increasing, while h(x) is decreasing.

• (1pt) c(x) =
3

2

(

cos−1(x)− π

2

)

is not a good candidate.

(1pt) Any of following reason get the point.
(i) Draw a correct graph of c(x)

(ii) c′(0) =
3

2

−1√
1− x2

∣

∣

∣

∣

0

= −3

2
, while h′(0) is (nearly) negative infinite.

(iii) c′′(x) =
3

4

−2x
(1 − x2)3/2

< 0 when x > 0, so c(x) is concave downward on (0, 1), while h(x) is concave
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