
3. (10%) Student A used some mathematical software to plot a dolphin-like curve as Figure 2.
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Figure 2: Dolphin-like curve.

On the dolphin’s back, he considered two functions:

f(x) = −1

8

(

x− 7

2

)2

+
65

32
, 0.7 < x ≤ 4

g(x) =
a

x− 7
+ b, 4 < x < 6.3.

Find constants a and b such that the union of two functions f(x) and g(x) is differentiable on (0.7, 6.3).

Solution:

f(4) =
−1

8

(

4− 7

2

)2

+
65

32
= 2 (1 point)

g(4) := lim
x→4+

g(x) = −1

3
a+ b (1 point)

f(4) = g(4) ⇒ −1

3
a+ b = 2 ( Because we want f(x) and g(x) to be continuous, we set f(4) = g(4).) (2 points)

lim
δ→0+

f(4− δ)− f(4)

−δ
=

−1

8
(1 point)

lim
δ→0+

g(4 + δ)− g(4)

δ
=

−1

9
a (1 point)

−1

8
=

−1

9
a (Because we want f(x) and g(x) to be differentiable, we set that left limit equal to right limit.) (2 points)

We solve the simultaneous equations, and we can get a =
9

8
, b =

19

8
. (2 points)
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