
6. (12%)

(a) (4%) Show that the area of an ellipse with the semi-major axis of length a and the semi-minor axis of length b

is abπ. See Figure 1(a).

(b) (8%) A toothpaste tube is modeled in Figure 1(b).
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Figure 1: (a) The area of an ellipse is abπ. (b) Find the volume of the modeled toothpaste tube.

• One side is flat and is located at −π ≤ x ≤ π, y = 0, z = 0.

• The other side is a circle with radius 2, so the equation of the circle is x2 + y2 = 4, z = 20.

• Each cross-section for 0 < z < 20 is an ellipse with the semi-major axis of length a and the semi-minor axis
of length b, where

a = π + (2− π)
z

20
and b =

1

10
z.

Find the volume of the modeled toothpaste tube with 0 ≤ z ≤ 20.
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