10728 Z,01-05 B Bk M5 AT D%
1. (20%) BHAHER
(a) (10%) y'(t) = (tant)(y> — 1), y(0) = 2. K y(t), Eeh ¢ 7 0 HIKIE,
(b) (10%) t2y'(t) - 2ty(t) = 3t2, y(1) = 0. K y(t), Heb t>0.

Solution:
(a) FEEY(0) =2, y(t)EEBEHREBT = ORIMHA, y(¢) > 1, EHAIREEE:

Y () = (tant)(y*(t) - 1)
y't) 20,y
:yz(t) - tan(t) (y“(t)-1#0)
A R o
= [0 () - 1ds = [0 tan(s)ds
SLtdy(s) 1t dyls)
2Jo y(s)-1 2Jo y(s)+1

L fus) -1
=3 |:1n‘y(s) 1 :|S=O = —1In|cos(t)|
‘y(O) -1

y(t)+1] 27 [y(0)+1
y(t)-1] 1. (1) _ )
‘y(t)+1 ‘§ln(g)——1n|008(t)| (y(0) =2)
y(t)_l = L —21In|cos
Dln‘w)n“ln(s) 21ncos(?)
’y(t)—l
y(t) +1
yt)-1_ 1
:>y(t) +1  3cos?(t) (y(t) > 1)
3cos?(t) +1

[ In|cos(s)|]35

= —1In|cos(t)]

1
2
1
2

B 1
~ 3cos?(t)

=y(t) =

e
e 3%)DEBHIIED
o (4%N)IBDIERE
o (2%) MR IEHS AR

o (1%)BIREE
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(b) &=

—pERRIEBEMDS5E, MBREIRF:

2y (t) - 2ty(t) = 3t2
=y (t) -2t y(t) = 3t72

(t+0)

=t (y' (1) -2t y(t) =72 3t (*ﬁﬁ?r?.’-ﬁ.’m(t):exp( f -2fldt):f2)

= (72 (1) = 378

=>/1t(s_2y(s))'ds: [lt 35 %ds
N [y(j)]szt _ [_257%]8?

IR 1C) B S
212

t
—y( ) ot

:>y(t) = -2Vt + 212

fico:

o BN)ESRFIER

o (4%N)TEDIERE

o (2%)WBIEHRALER
o (1%)RIRER

(y(1) =0)
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2. (18%) BRERETEhNRBREEE ¢ XBA P(1), B P(1) REMAHER P/(t) = \P(t)(M - P(t)), Eth
M >0, M ERESHEN R,

(a) (8%) BH1t=to>0 B, P(to) =Py B 0<Py<M. K P(t). (BELBRAHSEIMNEI, )
(b) (4%) & P(t) = P ¥, REBEWNE(P (1)) EHBAE, K P M &),
)

(c) (6%) ARABRREREEED 50 £65, RRMEWNERSA, 1H 2 XHREH 50 SV 70 &, HHEE
B2 %, HFSE 70 MBS E? (M AATE)

Solution:
(a)
P'(t) = AP(t)(M — P(1))
P'(t) _
POY(M - P(t))
P'(t) 1
M (P(t) A vTes
P'(t)
1 (P(t) M— P(t)) AM

P
In (M—;It))(t)) |£0 = AM(t - tO)

P(t) Po(t) '\ _
1n<M —P(t)) —ln<M —Po(t)> =AM (t —ty)

P(t) AM(t t ) ( PO(t) )
M—P(@) M — Py(t)
M~—P(t) 1

P(t) eAM(t—to) « (M Iiog)(t))

0
— 1= !
P(t) - eAM(t—to) 4 G Pog)(t))
)
M
P() = .
-1
eAM(t=to) x (——L2 Ing)(t))
0

BRI B0
A 234 +6

B 1.C+8

P"® = (AP()M — AP%(t)) = 0

(AP(6)M — AP%(t)) = AP'®OM — 2P(£)A * P'(t) = 0

M
P(t) =7

ERBE R

} iEAR Y 443
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M

P(t) = -

eAM(t=to) x ( Py (D) )

M — Py(t)

M
P(to) = >

P(ty+2) =70
P(t, +4) = 84

FRAA B0 HA(blen = o dok B3R KR A )

FPAGHRE Y 46
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3. (10%) 5 X E—EmsenE

Py(-1)=%, Py(0)=

57 PX(l)

1 2 1
-, . Px(2)=-.
5 5 x(2) =<

a) (4%) R Y NUEREGEENEIBERIE,

S5Y E—EREMEBERE Y = X2 +3,
) (4
) (6%) RH E(Y) # Var(Y),

 —

(
(b

Solution:
(a)
Y =X%2+3=Y =3,4,7(2pt)

Fr(y=3)=fx(z=0) :é

frly=7)=fx(o=2) = £ (20

1 3 1 3+12+7
ElY]1=3%=+4%= T4 —= — =4.4(2pt
[] *5+ *5+ *5 5 (p)
1 1 48 +4
E[YQ]:32*7+42*§+72*72m=21~2(2pt)
5 5 5 5
22

106
5

Var(Y) = E[Y?] - (E[Y])? = (3)2 = 1.84(2pt)

Page 5 of 9



4. (14%) E—EREMTR 100 R, H Z BHREEHXRE,
(a) (6%) X E(Z) § Var(Z).

(b) (4%) #t Chebyshev REIX,
(4%)

(c) (4%) B Chebyshev RFEINEET P(35< Z <65) BEDEZD,

Solution:

() ZRZEARB(100, ).

1
E(Z) =100 x 5 = 50,

1 1
Var(Z) = 100 x 3 (1- 5) =95.

(b) HXB—BEMBH, BChebyshevRERH

1
P(|X - B(X)| 2 ky/Var(X)) < =

Var(X)
P(IX - B(X)|2¢) < S

(c) EAEIM/\ETAAIE

P(35< Z <65) = P(|Z - 50| < 15)
=1-P(|Z =50 > 15)
1
> _
9

ol =
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5. (10%) 8 X WEEBEENE [y (1) - %e_tzo 5 7- X2,
(a) (4%) BT Z W2ERB(FABEELED).
(b) (6%) K Z WEEBEXH,
Solution:
(a) CDF (Cumulative Distribution Function)= F(t)

2

F)=P(Z5 )= P(X*< =PI X<V = [ f(oyis= [ ] ds

t 1 s
Vivm©

note 1: you better use dummy variable for the integration. If you didn’t do it this time, you won’t lose any
point.

note 2: If you didn’t write the process precisely, you will only get 2 points at most.

PDF (Probability density function)= f,(t)
Vo1 g2 VE 1 2
d([ Y == e ds) ([, == e* ds) 2
fz(t):dFZ= Vit =2x 0 vx :2><Le_‘/g><(\/z),
dt dt dt VT

(by fundamental thm of calculus)

note 1: you would get 3 points if know the pdf is the derivative of cdf.

note 2: If you lose 1 point if you didn’t write the domain of the cdf.
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6. (12%)

J
(a) (5%) EPX(Z)_ - P (-7) 7; _TLa iuj:OvlaQ»"'a m7n>0aE~X7Yﬁﬁ° %Z:X+Y! = PZ(k):
(m ]:'TL) e—(m+n).
(b) (T%) EMR LM TFRIEFENEBHHZEE Poisson DE, FHSERLEE 1 4, BETFHE 2 4, EmE
RELERBEMEBIL, K—XAMRIEFERBE 2L 3 FULEBRIEER,

Solution:
(a)

PZ(k):P(Z:k:):P(X+Y:k):zk:P(X:i,Y:k—z') (1)

=0

Since X and Y are independent, we have

Zk:P(X:i,Y:k—z'):iP(X:i)P(Y:k—i) (2)
i=0 1=0
k [ k—1

" (%e_m)'((n_i)!e_n)

=0

—(m+n) ki

Z z'(k} - z)' "
e—(m+n) k k! ;
K &ik-i)l

—-(m+n) k
€ k, i, k—i
X ZC’i m'-n

: =0
e—(m+n)

= T(m+n)k

k—i

(b) The total number of accidient in morning and evening is still a Poisson distribution, and its means is
1+2=3.

3k

Hence its probability function is P(k) = Tk -3

0
The probability of no accidient in morning and evening is ae Boed

1

The probability of one accidient in morining and evening is Fef‘g =3e73

32 9
The probability of two accidient in morining and evening is 56 3 56_3

: 9
Therefore, the probability of having 3 or more accidients in morning and evening is 1 - e™> - 3e™> - 56_3 =
1T
2

Grading Criteria

(a) Write down (1) get 1 point
Use the independent property and write down (2) get 2 points
The rest of 2 points depend on your proof, you should explain each step you wrote down.

Note that Poisson distribution is a discrete probability distribution, you should use summation instead
of integration!

(b) 2 points for knowing the number of accidient in morning and evening is still poisson distribution and its
means is 3

Calculate the probability of 0, 1, 2 accidient in morning and evening correctly get 1 point respectively

The rest of 2 point depend on your calculation of final answer.
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7. (16%) BRKERER, ZRBE—ISANKEIBSERIE, THBESA 2 28 4 2, AR, ZHRBEEES
I8,
@)w%)mmﬁﬁmﬁ—mgA,ﬁ%—Amwawﬁwmam%E,%@ﬁam%zﬁgmﬁ%fﬂﬂ:im%at>o

RERERENREE.
(b) (10%) BLH, ZEBBRB—SEA, BEAHE. RFEFEERIZEETRIEIFRBOBE,

Solution:
(a)
E(X) = f b lhe b ar (2%)
0 4
1o )| i
- (—fte z) o [Tieta (1%)
2 0 0
14 )| _t\|® ot
= (—525 e 2)0 +(—2te 2)0 +f0 2¢72dt  (1%)
= (5ret)| (e )| (et
2 0 0 0
= 0+0+4
= 4 (2%)
(b)

(2% ) HEC B ERIFRIY, Bl
1 _y
fr(y) = Ze 4

2% HMEBRERE 1
f(z,y) = fx(z) fy(y) = Iéxe_%e_%

ff f(@,y) dxdy
O<y<x
[ xT 1 z vy
f f —uxe 2e fdydx
o Jo 16
[ (—fxe_BT + 1:re_f) dx
0 4 4

5

9

(6%) 2R ES FIRFBHME

)
I
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