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1. (11 pts) Railway tracks cannot have large curvature at any point, otherwise the train might derail.

Let r(t) = (20t,a(t - t*),5), a # 0 be the vector function describing a track starting at (0,0,5) and
ending at (20,0,5).

(a) (5 pts) Find the unit tangent vector 7'(¢) and the unit normal vector N(t).

(b) (6 pts) If the curvature needs to be smaller than 0.001, what is the largest possible value of
a?

Solution:
(a) Solution 1: Book method.
By definition

_r'(t)
T =0y
Here
r'(t) = (20,a(1-2t),0), |r'(t)| = /400 + a2(1 - 2t)2
Therefore

20 a(1-2t)
V400 + a2(1 - 26)2 " /400 + a2(1 - 2t)%°
Next is to find N(¢). By definition

T(t) =

400 + a2(1 - 2t)?

Solution 2: TNB method.

Find the first and second derivative of the vector function
r'(t) = (20,a(1-2t),0)

r(t) = (0, -2a, 0)

The cross product r'(¢) x r”(t) is in the same direction as B(t).
r'(t) xr"(t) =(0,0,-40a)
and we know N (¢) is in the direction of B(¢) x T(t) when a #0

(0,0, -40a) x (20, a(1 - 2t),0) = (40a%(1 - 2t), -800a, 0)

Page 1 of 11

T'(1)
N(t) =
T (1)
Here
T,(t) _ 40&2(1 — 2t) -2a . 2@3(1 _ 2t)2 0
| (400 +a2(1-26)2)32" | /100 + a2(1 - 2¢)2 (400 + a?(1 - 2t)2)3/’
40a2(1 - 2t) ~800a 40a
T'(t) = = 1-2t),-2
( ) <(400+a2(1—2t)2)3/2’ (400+a2(1_2t)2)3/2’ (400+a2(1—2t)2)3/2 (a( )’
, 40|a
(1)) - a

0,0)



Make the vectors unit length

20 a(1-2t) 0)
VA00 + a2(1 - 26)2" /400 + a2(1 - 2t)2’

B a(l-2t) a —20 @
N = <\/4oo va2(1-21)2 (lal) VA0 +a?(1-21)? (|a|) 70>

T(t) = (

Other possible solutions: Use geometry to find N(¢). Since the space curve is on a plane
we can use the slope of T(¢) to find the slope of N(¢). Orthogonal projection of r”(t) to
r'(t) can also find N(¢).

(For all methods) Grading scheme: 2 points for T(¢) and 2 points
for N(¢) in a > 0 case (for each vector 1 point for direction 1 point
for unit length). 1 point for correctly identifying the cases.

For example: 2 points if the answers are not unit vectors and only
for a > 0.

Solution 1: Use answer in (a) and definition.

By definition of the curvature x(t)

T (2)]

e’ (0)]

r(t) =

Use answer in (a) to get
40|al
(400 + a?(1 - 2¢t)2)3/2

r(t) =

1
The curvature is largest when ¢ = 3 (when the denominator is minimized). So we can set

1
40|al
8000
The largest possible value of a is 0.2.

<0.001, |a]<0.2.

Solution 2: Use formula in book.

() < ()
“0) = P

a(t) = 40|al
(400 + a2(1 - 2t)2)3/2

And the rest of the problem is the same.

Page 2 of 11




(For all methods) Grading scheme: 1 point for a formula for x(t), 3
points for finding the correct expression (absolute value is 1 point),
2 points for analyzing and getting the answer (1 point for realizing

1
t= 5 1 point solving inequality).
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S o f ) * 0,0
2. (12 pts) Let f(z,y) =1 a2+yt (z,y) # ( ).
07 lf (x,y) = (070)
(a) (6 pts) Compute f, and f, for all (z,y) including (0,0).

(b) (6 pts) Is f(z,y) continuous at (0,0)? Is f(x,y) differentiable at (0,0)7 Justify your answers.

Solution:
(a) for (x,y) #(0,0)

wy? (2@ +yt) —ay? 20 zy? | y° - 2%y’ .
fo= (cos $2+y4)( @2+ ) = (cos x2+y4) (g (2 points)
zy? ([ 2zy(2® +y*) —xy*(4y°) | _ zy? 22y - 2xy° :
fy= (cos x2+y4)( @2 1) = (cos $2+y4) 2 ) (2 points)
- 0
£,(0,0) = lim LB =SO.0) 0 (1 point)
z—=0 x z—0
- £(0,0
1,(0,0) = lim fO.9) = 10.0) _,, (1 point)
y— Yy

(b) If f(z,y) is continuous at (0,0), by definition any path (z(t),y(t)) — (0,0). We have
lim f(2(t),y(t)) = f(0,0)

4

along z = 12, lyig(l) f(2,y) = lyig(l) sin ﬁ =sin 3 (2 points)
1

sin§ # f(0,0). - f(z,y) is not continuous at (0,0) (1 point)

or

Take two paths with different limits (2 points)

different limits = ( l)lH(l : f(z,y) does not exist .. f is not continuous at (0,0)
z,y)—(0,0

(1 point)

If f(x,y) is differentiable at (0,0), it means that f(z,y) = f(0,0) + f,(0,0)x + f,(0,0)y +

€E1T + €Y

lim =0, lim e=0 (the definition of differentiability 1 point)
(2,9)—(0,0) (x,y)—(0,0)
. yl)iir(lo 0)f(x,y) = f(0,0) = f(«,y) is continuous at (0,0) (1 point)
Because f(x,y) is not continuous at (0,0), it implies that f(x,y) is not differentiable at
(0,0) (1 point)

Remark: If give wrong reasons or not state the reason for not differentiability, clearly only
get one point.
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3. (12 pts) Consider the level surface 2% + z tan™" g % +1.
T

(a) (5 pts) Find the tangent plane for the level surface at (1,1,1).

(b) (4 pts) The level surface defines 2 implicitly as a function of z and y, z = f(z,y). Compute
the directional derivative of f(z,y) at (1,1) in the direction of —3i + 4j.

(c) (3 pts) Use linear approximation to estimate the value of f(0.98,1.04).

Solution:

(a) Define F(z,y,2) = 2*>+ ztan™!
1

VF:( NTTHwE

11 1
VE(1,1,1) = (- 2 3 ,2+tan'1) = (—

SHES

|te

]l | M

5,22 + tan ™! I - ( A ) = , 2z +tan™! y) (2 points)
) x 22+ y? 2?2 +y? x

1 T

2+ Z) (1 point)

tangent plane (—5)(x—1)+§(y—1)+(2+z)(z—1) =0
:—%+%+(2+%)z—(2+%)=0
:x—y—(4+g)z+(4+g)=0 (2 points)

The problem (b) and (c) need to specify at (1,1,1). Please see remark below.

™ 8F OF 0z
b) F =
(b) F(z,y,2(z,9)) 4 1 ax 9z 0z
SO
C 0zl
0z % -1 1
f, — = Y - — — 1 . t
8x|(1,1,1) oy (2+5) 4+3 (1 point)
z or 1
Similarly, — __9% __ ! voint
1milarly, Ayl %_1: (L) s % ( poin )
= __7_>Du =< , U >= - = 9 int
u=( 5 5) J=<Vf,u 5(4+%) 5(4+3%) 5(4+7%) (2 points)
(c)
1
£(0.98,1.04) ~ 1 + 1+T (0.98-1 (2 points)
2
0.02+0.04 0.06
] -— =1 - 1 .
4+7% 4+7 (1 point)
Remark:

forz=1y=1, z2+ztan‘11=%+1
That is, z2+zz=z+1=»z:10rz=—1—£
For z =1, as discussed above.

T T I+3 -1-7% s
For 2= -1-2, VF(1,1,-1- )= (—4 i _2__)
or 2= -1- 1 VF(L1L-1- ) = (5 =2
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4. (12 pts) Find and classify all critical points of f(x,y) = 42® + 2zy* + §y3 + 622

Reminder: each critical point must be shown to be either a local maximal point, a local minimal
point, or neither of the above.

Solution:

Step 1: Compute the gradient (partial derivatives) 3pts.
We have f, = 1222 + 122 + 2y°, f, = day + 2y* = 2y(2x +y).
Partial credits: If the student only get 1 of them correct, 2pts.

Step 2: Find the critical points. 3pts

Set fr = f, =0, we can find the critical points. From f, = 0, either y =0 or y = -2z. If y = 0,
from f, = 122 + 122 - 2y? = 0, we have (0,0) or (-1,0). If y = -2z, from f, = 122 + 122 + 2y =

6
1222 + 122 + 822 = 0, we have (0,0) or (—g, 5)
Partial credits for this part:

e Only set f, = f, = 0 without fining any correct critical points. 1pts

e [f the student find some correct critical points but not all the critical points or there is
some incorrect critical points. 2pts

Step 3: Second derivative test. 6pts
Now, consider the second derivative test. f,, = 24a +12, fo, = fyo = 4y, fyy =4 +4y. D =
48(2x + 1) (y + ) — 16y* = 16(-y* + (6z + 3)(y + 1)).

e At (-1,0), we have D =48 >0, f,, = -12<0, it is a local maximum.

o At (—§, 9), we have D = 16(—(§)2 _3 §) <0, it is neither a local maximum nor a local
SR 5) )

minimum.

e At (0,0), D =0, the second derivative test fails. However, if we approach (0,0) from y
2
axis, f(0,y) = gy?’. f(0,y) >0 for positive y, f(0,y) < 0 for negative y. Therefore, (0,0)

is neither a local maximum nor a local minimum.

Partial credits for this part:

e 2pts for each correct pair of critical point and the classification. it is okay to write “Saddle”
in the case of “Neither a local max nor a local min”.

e For (0,0),

— If the answer only says “Second derivative fails” 1pts.

— If the answer is “Neither a local max nor a local min” or “Saddle” 2pts.

e [f there is no correct pair of critical point and the classification, but the student knows
how to use second derivative test, the student can obtain at most 3pts for this part.
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5. (15 pts) Consider the part of an elliptic paraboloid defined by z = f_6 + %, z < 6. Find the points on

the surface segment which are respectively the farthest from and the closest to the point (0,0, 8).

Solution:

Step 1 Compute the interior candidate for extremal value. 7Tpts

2,2
Let f(x,y,2) = 2° +y* + (2 = 8)%. Let g(x,y,2) = % + % — 2z = 0 be the constraint. In the

interior of the surface, the extremal point happens when Vf = (2x,2y,2(z — 8)) is parallel to
Vg = (%, %, -1). From the z,y components, we have % = % Either z =0 or y = 0.

e If (x,y) =(0,0), we have z =0 and f(0,0,0) = 64.

e Ifx=0,y+0, we have z=8—-4=4, 4> =32, y = +4v/2, f(x,y,2) = 32+ 16 = 48,

e Ify=0, 2+0, we have z =0. We have x = 0 again.

Partial credits for this part:

e Setting up the function f and the constraint g =0. 1pt

Correct answer for Vf, Vg. worth 1pt each.

Setting up the equation Vf = AVg. 1pt.

Solving V f = AVg together with the constraint. 3pts. Each solution worth 1pt.

It is possible to solve this problem without using Lagrange multiplier, partial credits may
be given to incomplete answers.

Step 2 Compute the boundary candidate for extremal value. 6pts

Let h(x,y,z) = z—6. At the intersection of g and h, we consider it as a optimization problem
with 2 constraint. From Vh = (0,0,1), use Lagrange multiplier, we have

Vf=AVg+uvh.
We obtain the equation (2z,2y,2(z -38)) = ()%, A%, -\ + p) together with 2 constraints g = 0,
T \y
— AS =X+ ).
A TAT )
Use the same argument as above, we have either x =0 or y = 0.

h=0. From h =0, we have z =6. (2z,2y,-4) = (A

e If (z,y) =(0,0), we have z = 0. This contradicts z = 6
o If £=0, =6, we have 3> =48, y = +4V/3, f(z,y,2) = 48 + 4 = 52.

e If y=0, z=6, we have 2 = 96, = = +4V/6, f(x,y,2) = 96 + 4 = 100.

Partial credits for this part:

e Setting up the constraint h = 0 or other ways to describe the boundary. 1pt
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e Setting up the equation Vf = AVg+ uVh. 2pts.
e Solving Vf = AVg + uVh together with the constraint. 3pts.

e It is possible to solve this problem without using Lagrange multiplier(Eg. paramatrize
the boundary ellipse), partial credits may be given to incomplete answers.
Step 3 Conclusion. 2pts

e The longest distance happens at (£Vv96,0,6) and the distance is 10.(1pt)

e The shortest distance happens at (0,+4v/2,4) and the distance is 4\/5.(1pt)
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8
6. (12 pts) (a) (5 pts) Evaluate the iterated integral f f dy dx.
o Jx

51+ y*
(b) (7 pts) Evaluate the double integral ﬂ (2% +y*) dA, where R is the region bounded by the
R
ellipse 922 + 2 = 36.

Solution:
(a)
8 r2 1] 2
= — = it 35 BB 18
! ./(; /x% 1+y? dy d —/y:O fz:O 1+y? dz dy (BliE 818 33)
2 8 | ,
= $HERE
fy=o T+ dy (Bt HBRE 49)
1 2
= L—lln\l +y4\] (B HEE 52)
0
= %lln 17.
(b)
- 2, .2 _ _ T
1 f Lx2+y2_36(x +y°) dA  (let v =2u,y = 6v) (Bt HBRE 29)
= / f [(2u)2 + (6"0)2] o, y) dudv (let u=rcosf,v=rsinf)
u2+v2=1 a(u71j)
(Bt SRS 49)
2 1
- /9 f [(27’ cosf)? + (67 sin 9)2] 12 7 dr df (Bt H RS 69)
=0 Jr=0
=1207. (Bt HRE 792)
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7. (14 pts) (a) (7 pts) Find the volume of the region R, where R is bounded by the surfaces z = 0,
r=0,z=vy% and z=1-19%

4

(b) (7 pts) Let R be the part of the solid ball 2% +3?+ 2% < 1 which is above the cone z =

Evaluate ﬂ[(:cz +y2)dV.
R

Solution:

(a) Notice that R, as seen from the given figure, can be expressed as the region under the
graph of the function f(z,y) = 1 -y?* over the plane region D (in the xy-plane) given by

D={-1<y<l,0<z<y’}.
(suitable description of the region R: 3 points)

Therefore, the volume in question is

V= [/ (1 - y2) dA (integral representing V': 1 point)
D
1 y?
= / f (1 - yz) dx dy (Fubini’s Theorem: 1 point)
-1 Jo
1
= [ 2(1-y?) dy (computation: 1 point)
-9 [ ) d 2( ) i ( 1 point)
= - ——= . answer: 1 poin
y? y Y= 375 15 Wi p

(b) In spherical coordinated, 22 +y? = (psin ¢ cos )2 + (psin ¢sin)? = p*sin® ¢. It implies that

2 4 42
pCoOsQ = T ;—y =%sin¢:>\/§cos¢=sin¢:>¢:g

Thus R = {(p,6,0): 0<p<1,0< o< g 0<6 <21} (2 points).
ff (2 +y*)dV fff p*sin® ¢dpdpdd
R R
2 /3 1
f f f P sin® ddpddd (2 points)
0 0 0
= o [ [ Nhsin® oo
0o 5
= 2% f§ sin® ¢d¢ (1 points)
0
= 2—7Tfg(l—(:032(9)(—dcos€)

2m 1
= ;[3 cos® 0 — cos 6’] (1 points)

= E (1 points)
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8. (12 pts) A lamina with constant density p occupies the region
:{(a:,y)‘ 1<x3y<9, 1<ay<4, x>0} :

Find the coordinates (Z, %) of its center of mass.

Solution:

The coordinates of the center of mass are given by

:Ezﬁff:ch and gzﬁﬂydA,Where m::p/f dA .
m JIRr m JIR R

The integrals are computed via a change of variables

3
s::x%y and t:=uxy (<:> xz(%)Q and y=

VAl ~+
wjw| o
N —

with the corresponding Jacobian determinant given by

-1
)

=\l —X: = — .
3] T o

(proper strategy (e.g. change of variables) for the computation: 3 points)

5
3

5 2
—x3y
3 Yy

Y x

d(x,y) ( A(s. 1) ) _
9(s.t) \0(z,y)

As the region R is mapped to the rectangle {(s,t)|1<s<9, 1<t <4}, the coordinates of the
center of mass can now be computed as

m= p[/ dA = p/ f s dtds- (4 1)In 9‘ 9pIn3,
9 1
o= 2 ] wda- pf f(;) dt ds 23p dt-/ 53 ds
m J1 1
2\ 2/ 3
Bl “(95 - 15
2m(12 45) 3(92 2>
%
~9In3’

42
/fydA pfft 2 tzdt/—ds
m

3p 2 no2(1 1
= om” ?(42‘“)"(—;‘_;)

22.13.127
~ 35.7In3

(correct execution of the strategy (e.g. correct use of the change-of-variable formula): 3 points)

(computations for m, mz and my: 24242 points)
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