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1. (11 pts) Consider a space curve 7(t) = (sint,/3sint, —cost + 1).
(a) (5 pts) Find the unit tangent vector 7'(¢) and the unit normal vector N(t).

(b) (6 pts) Find the maximum and minimum value of the curvature.

Solution:

@ T - 2O may- O by

Mol (1)
7(t) = (cost,\/3cost,sint) (0.5 pt.) and |7 (t)| = V1 +3cos2t (0.5 pt.)
Hence,
- 1
T(t) = — 7 (t) = ————(cost,/3cost,sint),
O '<t)| e e :
T'(t) = —2( sint, —\/3sint, 4 cost),
@pmJ|ﬁ®|_(“;mtﬁ
~ 1+3cos?t’
Nt) = ———— —sint,—\/ésint,élcost .
®) 2\/1+3cos2t( )
|7 () x 7 (t)]
(b) k() = —Z%—5— (1 pt.)
[ ()P
i J k
P xi(t) = | cost 3cost sint |=(V3,-1,0),
2 pts)! . —sint —/3sint cost
[ x (1) = 2
2
t) = .
w(t) (1+3cos?t)3/2

s 0<cos?t <1 1< (1+3cos?t)? <8.
1
Hence 15 k(t) <2,

k(t) =2 when t = g +nm, for all n e N.
1
k(t) = 2 when t = nm, for all n e N,

Therefore, the maximum value of the curvature is 2. The minimum value of the curvature
1
is —.

4

(3 pts.)

Solution 2: k(t) = @)l (1) (1 pt.), then s(t) =

(O]

2 pts.).
(1+3(:082t)3/2( pts.)
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sin(z?2 ,
2. (12 pts) Let f(z,y) = :B4(+ yy2)7 if (z,y) # (0,0).
0, if (z,y) =1(0,0)
(a) (6 pts) Compute f, and f, for all (z,y) including (0,0).
(b) (6 pts) Is f(z,y) continuous at (0,0)? Is f(x,y) differentiable at (0,0)7 Justify your answers.

Solution:

(a) For (z,y) # (0,0),

2zycos(x?y)  4a®sin(a®y)

fo(ry) = 21y (2 + y?2)?2 (2 pts.)
2 2 (2
fy(l’,y) _ X ;fi(zgy) _ nyilrj_(; y2) (2 pts.)
f:(0,0) = lim f(x’o);f(o’o) =1i£%¥ =0 (1 pt.)
0,v) - (0,0 0-0

sin(

(b) f(2,0)=—=0forall z#0.
x
Hence f(x,y) = 0 as (z,y) — (0,0) along the z-axis.
. 4 1 . 4 1
However, on the curve y = 2%, f(z,2°%) = Slf(x 2 = —Sm(f ) —>—asz—0.
Tt + 2 x

1
Hence, f(x,y) > 5 % (z,y) = (0,0) along the curve y = 2°.

Because f(x,y) approaches different limits as (z,y) approaches (0,0) along different paths,

lim x,y) doesn’t exist.
(xvy)—>(070)f( v)

Then f(z,y) is not continuous at (0,0).

(4 pts.)

Because differentibility implies continuity, we conclude that f is not differentiable at (0,0).

(2 pts.)
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3. (12 pts) Let f(z,y) = xg(y), where ¢ is a differentiable function with g(1) = -1, ¢'(1) = 2.
x
(a) (4 pts) Use linear approximation to estimate the value of f(2.01,1.98).
(b) (4 pts) Suppose that at (z,y) = (2,2), g(g) decreases most rapidly in the direction u, where
x
@) = 1. Find Dyf(2,2).
(c) (4 pts) If near the point (2,2,-2), the surface z = f(z,y) defines x implicitly as a function of

O and O when (y,2) = (2,-2).

y and z, x = h(y,z). Find o P

Solution:

(a) The linear approximation of f(x,y) at 2,2 is

f(2,2) + fo(2,2)(x - 2) + [,(2,2)(y-2) (1 pt.)

f(2,2) = 29 % =2.9(1)=-2
o o) 2()en(3)- 3
fx(2,2) = g(1)-g¢'(1)=-3

fy(z,y) = g’(%), f4(2,2)=¢'(1) =2

(2 pts.)
Hence
f(2.01,1.98) =~ f(2,2)+ f,(2,2)(2.01-2) + f,(2,2)(1.98 - 2)
= -2-3x0.01+2x(-0.02) =-2.07

(1 pt.)
v\ . Vh
) anen=o(2) o= o
(b) (z,y)=g( ") U |Vh|( )
S y (Y1 (Y
Wh(e.y) = (-5 (4) 20 (Y) 1 o)
T x) 7 \x
. Vh(2,2) ( 1 1 )
Hence i= -=——+—-=—=,-——%= |
IVR(2,2)] \V2' V2
(2 pts.)
Because 2 is differentiable at (z,y) = (2,2) and g is differentiable, we know that f(z,y) =
x

r-g (%) is differentiable at (x,y) = (2,2). Therefore,

Daf(2,2) (1 pt.) T1(2,2) 1= (-3,2) (

b

11 )(1Pt.)_i
£ 7

S
S

(c) Z=x-g(y) < F(x,y,z) =0 where F(z,y, 2) zx-g(y)—z.
Zz T
Near the point (2,2,-2), the level surface F'(z,y,z) = 0 defines x implicitly as a function
of y and z.
And

or F, Or F,
To v o = (2 pts.
dy F, 0z E, (2 pts.)
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At (27 27 _2)7

Fi(2,2,-2) = fo(2,2)=-3
Fy(2727_2) = fy(2a2) =2
F.(2,2,-2) = -1
Hence
ox ox 1

L (2 pts.)
dy 3 9z 3 pts.
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4. (12 pts) Suppose that (\/5, \/5) is a critical point of f(x,y) = 2° + az®y + y* + By, where a, 3 are
constants.

(a) (2 pts) Find values of o and £3.
(b) (10 pts) Find and classify all critical points of f(x,y).

Solution:
(a) (V2,V/2) is a critical point of f(z,y) (f is differentiable), then

£(V2,V2)=0, f,(V2,v/2)=0. (1 pt.)

fz(\/§7\/§) = 3.1'24-2@1'3/ =60+4a =0
(z,9)=(V2,V2)
f,(V2,V2) = ax?+ 37+ —6+20+8=0
(z,9)=(V2,V2)
Hence 5
o = —5, ﬁ = —3. (]. pt)
3 3 9 3
(b) f(z,y) =2 — Y+ Y =3y,
Solve )
felony) = aa - 3o =0 w(z-y) = 0
fylx,y) = —§$2+3y2—3=0 2?2-20%+2 = 0
Hence

(z,y) = (0,£1) or (z,9)=(V2,V2),(-V?2,-V?2). (2 pts.)

fmac f:v 6z — 3y -3z
D(z,y) = Yl=
( y) fmy fyy -3z 6y
-3 0 . .
D(0,1) = ‘ 0 61° 0 = (0,1) is a saddle point (2 pts.)
3 0 . .
D(0,-1) = 0 -6 |< 0 = (0,-1) is a saddle point (2 pts.)

D(V2,V/2) =‘ _336% _63\\//; =18>0 and f..(V2,v2) =3v2>0

= f(v/2,V/2) is a local minimum value. (2 pts.)

D(-V2,-V2) = ‘ _3%5 _36@ =18>0 and fo,(-V2,-V2) = -3v2<0

= f(-V/2,-V/2) is a local maximum value. (2 pts.)
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5. (15 pts) (a) (8 pts) Find the shortest distance between the point (0,0,1) and the surface y* =
2?4222 + 1.
(b) (7 pts) Let curve C be the intersection of the surface y? = x?+22*+1 and the sphere 72 +y?+2? =

2. Find the points on the curve C' which are respectively the closest to and the farthest from
the point (0,0,1).

Solution:

(a) The square of the distance between (0,0,1) and (x,y,2) is f(x,y,2) =2* +y* + (2 = 1)
Under the constraint g(z,y,2) = 2> - y? +222 +1 = 0, we want to find the minimum value of

f(@,y,2).
By Lagrange’s multiplier method, we solve the equations:
fo = Mgz = 20 = A\(22) ———(1)
{ Vf=AVyg N Iy =gy = 2y = A(-2y) --—(2)
9(r.9,2) =0 7| fo=Age = 2(2=1) =A(42) --=(3)
22 -2 +222+1=0 ———(4)

(3 pts.)
(1)=({1-Nzx=0=>x=0o0r A=1.

fz=0 (2)=(1+N)y=0=>y=0o0r A=-1.

Case 1: y=01ie. xz=y=0, (4) cannot be satisfied = no solution.

1 11 V1l vi1l 1
Case 2: A=-1,(3)=>z==, 4) =>y’=—,y=2— = (2,9,2) = |0, 2——, = |.
3 9 3 3 3
If A=1 (2) =y=0, (4) cannot be satisfied = no solution.

AL (o)

Hence the extreme value of f(x,y,z) may occur at (O,

3 3 373
(4 pts.)
111
f (O, ig, )= g and this should be the minimum value (- the surface g(x,y,z) = 0 is

unbounded .. f(x,y, z) has no upper bound on g = 0.)

5
Ans: the distance between (0,0,1) and surface g(x,y,2) =0 is \/;

(b) We want to find the extreme values of f(x,,2) = 2% +3* + (2 — 1)? under constraints
gz, y,2) =2 -y +22°+1=0 and gy(x,y,2) = 2* + 9y + 22 = 2.
By Lagrange multiplier method, we solve the equations:

fo = A1z + 112z 2z = A\(2x) + p(2x)
V= AV +pVgs fy = Agiy + 1g2y 2y = A(-2y) + p(2y)
91(z,y,2) =0 =1 [2=Ag1: + G- =1 2(z-1) = A(42) + p(22)
go(2,9,2) =0 22—y +222+1=0 22—y +222+1=0

3724‘3/2"'22:2 x2+y2+22:2

(1-A-p)z=0 ---(1)

(I+A-p)y=0 ---(2)

=1{ (1-22-p)z=1 --—=(3)
-y +22241=0 ---(4)
2?2 +y?+2%2=2 --—(5)
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If

(1)=xz=00r1=X+pu.

1 5) 5 1
If =0, (4) and (5) = 2% = 3 y? = 3 = solutions are (z,y,z) = (0,\/;, %), (

I=A+p, (2)=1+A-p=00ry=0.
Case I: 1+ A-pu=0=XA=0,u=1. (3) is not satisfied = no solutions.
Case 2: y =0, (4) cannot be satisfied = no solution.

1
Hence the extreme values may occur at (z,y,z) = (0, \/g, —), (O, - g,

V3

5 1 2 5 1 2
f((),i 57_3)_3_ﬁ’ f(O,i\/;,—ﬁ)—BJrﬁ.

1
07_ 5 =D

5 1 5 1
Ans: O,\/j,— and O,—\/j,— are closest to the point (0,0,1).
3'V3 33
5
3

O,\/i,—i and 0,—\/3,—i are farthest from the point (0,0, 1).
3 3 V3

(3 pts.)

5

(3 pts.)

(1 pt.)

[SM)
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6. (12 pts) Evaluate the double integral

4-z2 2y
(a) (5 pts) ff re dyda:

(b) (7 pts) f f 12 dA,, where R is the region bounded by the ellipse (z —y)? +2y? = 1.
R

Solution:
(@) 2 rdea? 02
. Y
f / e dydx
o Jo 4 -
4 VI pe?
- [ [ (2pts)
y=0 Jx=0 4 — \/_
4 o2y [a2y VY
= (—) dy (1pt.)
y=04-y\ 2 /|,
4
= Ly (1pt.)
y=0%1
- 1621/
‘11 0
= Z( *-1) (1pt.)
(b)
[/msz, R:(z-y)*+2y°<1
R
Let
T = u+y:u+i
= gj—y \/§
- \/§y = y _ L (2pts)
V2
We have )
R:u?+v2<1 & [f(u+L) J|duduv 1pt.
o 5) (1pt)
1
where |J|:3(x,y): \{ﬁ =L.
8(u,v) 0 — \/§
V2
Now let
u = rcosb
v = rsinf
We find
R":r*<1 (2pts.)
and
1 2 2 2 5 . 15 .5
f/ — | r“cos” 6 + —r“cosfsinf + —r°sin“ 0 | rdrdf
i \/§ 2
1
= — (1 0) + — 20 1- 20))drdf
/9 fro r[ + COS )+\/_s1n( )+ = ( cos(260))dr ]
= (2pts.)
8\/§
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. (14 pts) (a) (7 pts) Find the volume of the wedge cut out of the cylinder 2% +y* =1, z > 0 by the
plane z = —y.

(b) (7 pts) Find the volume of the region cut out of the sphere z% + y* + 2% = 9 by the cylinder
2% +y? = 3y.

Solution:

(a)
A)= 5 =302 (3pts)

<
1]
~—~
=
N
QL
S

- fll %(1 “)dr (2pts.)

(2pts.)

(b) The cylinder

written in polar coordinate is
r? = 3rsinf = r = 2sind (1pt.)
The sphere 2% + y? + 22 = 9 written in cylindrical coordinate is
r?+2%=0. (1pt.)

The integral over cylindrical region is

™ 2sin 6 V9-1r2
V. = f f [ rdzdrdf (1pt.)
0:79 rzi’?sin@ #=0
- fg f 9= r2drd (1pt.)
=0 Jr=0
= fa —% -9%2[(1 - sin0)*/? - 1] db
= f -9(cos®* 6 —1)db (1pt.)
0=
= f ~9[(1-sin*)cosf - 1]db
6=0
= 9m. (1pt.)

Thus the volume of the region of the sphere cut by the cylinder is

4
V= §7r-33 -2.97=187.  (1pt.).

Page 9 of 10



8. (12 pts) Find the center of mass of a thin plate occupying the smaller region cut out of the ellipse
22 + 4y* = 12 by the parabola = = 4y with the density p = 5z.

Solution:
The intersection points of 22 + 4y = 12 and z = 4y are
?*+rx=12=x=-4(x) or v =3. (2pts.)
The mass over region R is
m = f [ pdA
VAl (2
= [ baxdxdy (1pt.)
y—()\/_z’=4y2
45
= 2 —(12 492 —16y*)dy (1pt.)
0
3/4
4 167°
= 5(12y- 25— _)
( 73V 5,
= 233 (1pt.)
dA M,
= —f fR e —2 where
m m
(12-4%)1/2
M, = [ / S5z2dwdy
dy?
Jai
= 2 [V 2[2- a2y - (1)) dy (3pts.)
76
= 1bm+ —V3. 2pts.
T+ R (2pts.)
and g =0. (2 pts.)
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