107138 Z01-05 B Hich ZRE RF =8
1. (14%) RTFSER,

. wsinw 9\ 3z 1
a) (7%) lim ———. lim [1+ =] . (Hint: lim(1+—)"=
( ) ( ) z—0 1 — COSXT (b) (7%) T—>00 ( t x—>oo( x) e)
Solution:
(a)
sol 1:
lim _xsin im xsin z(1 4 cos x) — lim xsin a:.(l;— cos ) ~ lim w(?ﬂ?f)
1501 —cos x 2—0 (1l —cos z)(1+cos z) -0 sin? x z—0  sin x
since ilg% e 1(2pt); ili%(l + cos) =2
1
lim TS D) T i (14 cos) = 1x 2 = 2(2pt)
z—0 sin x z—08in x 20
sol 2:
i 2zsin £ cos £ 2zsin £ cos Z rcos % 2x Z)cos %
lim —22 2 i 22— lim ——=2——2 = lim ——* lim ( _Z)w Z (3pt)
z2—=01—cos x =01 — (1 — 2sin %) z—0 2sin 925 z—0 sin 5 =—0 sin 5
since lim 2 = 1(2pt); lim (cos E) =1
z—0 sin % "z50 2
2% Z)cos Z z
lim#:Qx lim —2— x limcos = =2x 1x 1=2(2pt)
z—0 sin 3 =0 8in 5 z—0 2
sol 3: (by L’Hoépital’s rule)
rzsin x 0 TCcos T +sin x 0 cos x+cos r—xsin z
lim ———— (=) = im ———(2pt)(=) = 1i 1pt) = 2(1pt
mlg%)l—cosx(o 250 sin x 2pt)(5) 250 cos T (1pt) (1pt)
note: you would get 4 points if you use L’Hopital’s rule totally correct and get
the right answer.
(b)
lim (1 + 2)(3@ = lim [(1+ g)<%>]6(5pt)
T—r00 T T—00 x
let y = 5, when z — oo,y — o0
lim [(1+ l)y]6 = e5(2pt)
y—00 Y
notel: you will lose 2 points if you write lim, (1 + 2)* = €2 without satisfied
explanation.
note2: you will get 2 points if you use exponential law correctly.
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2. (14%) RTIHBH—PEEEH,
(a) (7%) f(x) =tan(27). (b) (7%) f(zx) = (sinz)®.

(a)

Solution:

(tan z)" =sec® x,(2%) = 2% x In(2)

let y =27
In(y) =z x1n(2)

L2 in2)
Y

Yy =yxIn(2) =2" xIn(2)

% =sec? (27) x (2%) =sec? (27)(3pt) x (27) x In(2)(4pt)

note: 1 point will be given if you did wrong on finding the derivative of 2*, but you tried
to tell me that chain rule should be used.

Step 1:
f(X) =ginx* = elnsinxX — exlnsinx
Step 2:
. ) oS .
f'(x) = (xIn(sinx) )’ eX™Cm%) = (Insinx +x - — X) - 8in x*
sinx
criterion

1 point : Something wrong in result "and” all calc process.

2 points : Something wrong in result "but” calc in first step was right .

3 points : Something wrong in result "but” overall calc processes were right.
4 or 5 points : Something wrong in result "but” all calc process were right.
7 points : win the score.

Note: You get only 1 point if giving f/(z) = x sinz*™!

or a number of derivations to this result,it seems kind of tedious...
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dy d?y

=+ 0 — _1Q: _ 2 E ) — [EG EY — [EE 5 g I
3. (12%) k75%E3 tan - 2xy — 2y” + 1 £ (1,1) H—PEEE T EEE, 0 dp2

Solution:

Stepl: tan 'y/z = 22y - 2y* + 7 /4
Step2: do implicit differentiation

1
2y — = (2y+22y') - dyy/
2 @ (2y +2zy") - dyy

y-xy  a?

(£)2+1y%+a?

=2y + (22 —4y)y’

2
y—zy _a?
(£)2+1 y2+a? 2y

!
- 2x - 4y

Yy =1

Step3: Do implicit diffierentiation again(from 2nd line in Step2)

(zt-(y—zy)) - (22 +9y?)2 = (2 (y —2y)) - ((x% + y?)?)’ =2y + (2-4y")y + (2 - 4y)y"
(22 +y?)*

(z*-(y=zy)) (2 +y*)2 - (z*(y-z1))- ((=2+y)?) (4-4y")y'

" _ (z2+y?)?
Y 2z -4y
Y1y =0

criterion

1 point: Giving any function not related to these questions.

2 points: Differentiate equations partially right but answer was wrong.

3 points: Differentiate equations partially right and detailedly but answers was wrong.
4 points: Differentiate overall equations right but answer was wrong.

6 points: Differentiate overall equations right and answer was right.
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4. (8%) FIFRIEER ffETv/10004.

Solution:

Let f(x) = ¥/z, the tangent line at x = a is L(z) = f'(a)(x —a) + f(a) = 413 (z-a)+Va

a4

Linear approximation gives that f(z) ~ L(x) when z » a.
Consider x = 10004, a = 10000 in the case.

1
Then f(10004) ~ L(10004) = W(moozl ~10000) + ¥/10000 = 10.001
. 1

Scoring :

(1) Differentiation of ¥/ (2 point)

(2) Computing the tangent line (4 point)

(3) Final answer (2 point)

(4) One will get full credit even if one approximate the value by another line if the error is
smaller than 1.
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N 1
5. (8%) & 0<x <1 B, E’Elﬁ—ln(l—x)>z+§x2.

Solution:

1
Define the function f(z)=x+ 5332 +In(1 - ) on the interval [0,1)

—r2

Notice f'(z)=1+z— <0,V z€(0,1), hence f(x) is decreasing on (0,1)

-z 1-z
1
But f(0) =0, hence f(z) <0,V z€(0,1). That is, z + 5952 <-In(1-2), ¥ x€(0,1).

Scoring :

(1) Differentiation of f(z) and the verification of the monotone property (either increasing or
decreasing, depend on the function) (4 point)

(2) Using the fact f(0) =0 or Mean value theorem to prove f(z) <0 (2 point)

(3) Final result. (2 point)
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6. (14%) 9IE, #EUEAN, EE—EUE
(a) (4%) IEREBTNEERK 0 WK

ERENNEETY.
B, BABSEEEEEEE £(0)

@)W%)Kf@)EO<9<g%W@Eﬁ%%O

(c) (3%) R f(0) FE0<0<_ BMBAIE,
2

e

(cosf,sind)
/
/
/
/
‘0

N

/

Solution:
7T
0<
(a) 0< <3
FIK =2cosd 1%
TE=2 1%
& =sind 1%
EfE = f(0) =sinf +sinfcosb 1%
(b)
f(0) =2cos?6 +cosf -1 2%
f'(0) =0=cosf = -1, %(—1$§) 2%
s.cosf == | 9=g . 3%
()
030<%, F1(6)>0
%93%, £1(6) <0 1%
:f%d:%?%%xﬁ 2%
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7. (14%) HHEH y - f@)\Mﬁ+x%ﬂmﬁﬁ,ﬁ¢x<——ﬁx>O

Solution:

(14%) $HHEHH y = f@)\Mﬂ+x%ﬂﬁﬁﬁ,ﬁ¢$<——Tx>0

(3pts) RIEBMRAMIRIE

NZvE |:17|\/4:17+— 1
ﬂx) B O i P A PR
X

{,E—)OO Tr—>00 ‘/Ij r—>00 Tr—>00

(3pts) EERKHFIE

4 2 |m|\ [4x + = 1
lim fx) _ lim Y lim. = lim —\/4+==-

(3pts) % IE AR ARk

422 + - (42
hrnf(x) Zx_lnn\/m 9% = lim 227 (422)
o It g+ 2

hm#—hm I —llm;—

1
TeNVAR x4 2e T g\ A e on T\ a4 149 4

(3pts) HEERKHVK

4x% + x — (422)

lim f(z)+2x= hm Vdz? +x+2x = lim

romee =00 \fAx2 + x - 21
1 1
= lim — = lim v T S

TTeNVARt v =2 T g\ Jar L oop TR 4l o2 4

1
(Lpts) REMBABRAER y =20+

am@ﬁ%ﬂmkmﬂmﬁﬁy=—h—i

B

LURBER/E m = lim % FES2RRE2RER, MIRTET—ET—2, IRDATAZ

Tr—>00

1?.!’ — Jo

2 MBEB k= lim f(2) - me ERBAIMBEDRNM, NRBE—LAB—2, NRIWR
BIEE—2.
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8. (16%) & f(x)=3In(2*-1)-4x.
(a) f(z) HEBREE

(b) f'(z)=

fla) & (BB, f(r) & (RSB
() (x) =

flz) & (B ML (BB EAEE)

fla) & (BR)ME T (BB EREE)
(d) f(z) & 2 = BIEAE (BEBEME)

f@) Ba= BIE\E (BHEEMEE)

(e) y=f(x) NEEFOERD
(f) EH y=f(z) B

Solution:

(a). 22-1>0= 2 € (-00,-1)U(1,00) (1%)
N 2 —Ar?+br+d 222+ 1)(z-2)
(b)- f(x) =3 x2-1 4= x2-1  (z-1D)(z+1)
The function is increasing on (1,2) (1%) and decreasing on (—oco,-1) U (2,00) (1%).
woo (@2=1)(-8x+6) - (—42%+ 62 +4)(2x) —6(x%+1)
(C)° f (SL’)— ($2_1)2 - (932—1)2

(2%)

<0 (2%)

Concave up: none. (1%)
Concave down: (—oo,-1) U (1,00). (1%)

(d). By (b), the function has maximum at =2 (f(2) =3In3 -8, 1%) and no minimum (1%).
(). z=1and z=-1 (2%).

(f). 1% for increasing and decreasing intervals, 1% for the concavity, and 1% for the extremes.
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mw=4

(2,3In3 —8)
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