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1. (12%) BE—EEEY [ mEUTHHERER: ﬂmmﬁmx>o/‘f VD 4y +2=2. R f(z), x>0
A= o> 0.

Solution:
Sol 1:
S F(x)= f f(\/%) dt , BIIRBWMEIELATEES ['(x) = JC(T\/E) o

2
Fxmapmﬂ+z v, HERMBMIE ﬂ2ﬂ%x)-h=»wwﬂ§?):h=3ﬂ@=g

F(V) oA T R e
[Tdt:f%dt:fé-t dt=2 24 C=V14C, RERRE (VI)|, +2=0—

a+2=r=+/a=2,a=4,

Sol 2: o)

B G(x) = fa(z) g(t) dt , B G'(x) =g(b(x))-b'(x) - g(a(x)) a'(x) o

B a(x) = a, b(z) = 22, g(t)=@ , I G(x):[xQﬂ—\/Z) dt=2-2,
ﬂ%ﬁﬁ%ﬁﬁﬁG%@ziggab%w—ﬂga %)_f“f3 x:ﬁgﬁnzm
,%E%ﬁ?f@»:f

~2) =1

Va? f( f) B B L
S5, EEERPEER - \/E'Ehﬂf dt+2=0+2=\/a, M /a=2 a=4.
TR EE:

(1) R f(r) BERDME 9 2, ERBERIERELE 3 2. KB o WERDL 3 2, ERBEERIERER
193,

TEZHRRANERER, SECRHERN f(x) , 2347,

(2)
(3) 38K o WfE, NERB f(z) REMSERERD o 8, —@HM 3 2.
(4)
(5)

1) REBHAECMARER 49; RESENESEFTRNALER 2 2.
5) ETESSIR. SETEEMORSS,
(6) BEBEBIR(FIANS F(z) = qudﬂﬁﬁ%ifﬁwhyﬂ /~f , REm

S EMEHERND.
(7) EteERNREES.
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. (24%) EHETHHES.,

1 1
(a)(S%)\A;stlxdx. (b)(S%O\/Van4xdx. (c) (8%) /ﬁx4_1dw
Solution:

(a) HDERED S
d 37
f sintxdr = rsin~ x - \/——x dx (393)
= xsin” :L‘+—f du (BBEIE u=1-217) (293)

=zsintz+V1-22+C (293)

E3]lid

1
f sl do=sin (1) -1=2-1 (1)
0

ftan4xdx:/tan2x(seczx—1)dx
zftanzxse(:?xdx—[taand:c (293)
:/taand(tanx)—fsec2x—1dx

tan® x

-— —tanz+z+C (323/273/173)

(c) BEBAARA

1
-1 241 x—l r+1 (123)
REBEtETES ) ) .
A= B=-—= ==, D=-- 4
0’ 27 C 47 4 ( ﬁA)
FS]lid

=

1 _1 _1
JEal i Bl
4 -1 2 +1 -1 z+1
4

2l AEEIFMEH C
2.: Injz-1| B In|z + 1| ZigEHER T AR

1 1 1
:—étan’1x+—ln|x—1|—zln]x+1|+0’ (373)
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3. (12%) RIBHES fo " e sing dr.

Solution:
Madathod I .
Consider f e Tsinz dx
=—e"sinx + /e’x coszl 5%
=—e¢*sinx —e *cosx — e *sinzdx 3%
—e ™ *(sinx + cosx
— [ e %sinxdr = ( )+C 1%
oo b —eZ(sinx+cosx)® 1
/ e Tsinzdr = lim e *sinxdr = lim ( )| == 3%
0 b—oo 0 b—oo 2 0 2
Method 2 .
fe‘”“sinxdxz—e‘xsinx+[e‘$cosxdm 5%
fe‘msinxdx=—e‘$cosx—fe‘xcosxdx .0%
Add up two equation and divided by two then we get,
—e ™ *(sinx + cosx
/e’zsinxdasz ( 5 )+C 4%
oo b —eZ(sinx+cosx)® 1
f e ’sinzdr = lim e *sinxdr = lim ( )| == 3%
0 b—oo J0 b—oo 2 0o 2
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€2x +_e—2m
4. (8%) R y=—"—, 7 B0 5 | MEERE,

Solution:

1 dy 1 02T _ o=2z
= 1+ (=2)2d =f \/1 ——)2%dx...4pt
il &= /0 \/ +(d:1:) v= | +( 5 )2dx ... 4pts
1 4 —4x 1 2z -2z 1 ,2x -2
:[ \/ﬂdag:[ (i)de:[ &dx..ﬂpts
0 4 0 2 0 2

R N
—4(6 € )|0— 4

...2pts
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5. (12%) RIAEER 22 + (y-2)2 < 1 # o SEEESFT M2 IBaRee,

Solution:

Method 1:
We know y to represent these two functions.

y1 =V1-22+2 upper bound
and

ys = —V1-22+2 lower bound (2pt)

Hence we use the volume of y; to cut the ys of volume around the x-axis

1 1 1
f Wy%dx—/ Wygd:v:f al(1-22+4V1-22+4) - (1-2°-4V1-22+4)]dv (2pt)
-1 -1 -1

= [11 87V 1-x2dr (Let x=sin(f)) (2pt)

= 8/7 cos*(6)df = 8w /j “%S(%)dﬁ (3pt)

us
2 2

_ 87T[Q . sin(2«9)]_g

St - 167r(% +0)=4r2  (3pt)

2
Method 2:
Center of gravity is (0,2) (2pt)
Use Pappus theorem (8pt)
21y * 7 x (r)? = 4n* (2pt)
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6. (16%)

(a) (8%) BT (1-2%)2 ?':T: r=0 WEBHEX,
(b) (8%) H (a) #EBEH sin' v 7 v =0 WRIEX, WBHIFE 0 WF=ZIE,

Solution:

(a) Binomial expansion: (1+1¢)%= ") C&t".

-1
Let t = —x? andaz;
R
(1-2%)7 =Y 02 (~a?)"
n=0
= 3 (-1)"CR

n=0

1
(b) Since (sin™'z)" = = we can use the result of (a) to find the Taylor expansion of
-z

sin”'x

Sin_lx:/o.z \/11_dt
f (i (-1)"C;2 tzn)dt
(- 1)”Cn"’(foxt2ndt)

a1
1 nan 2n+1
(V"G T

b”mz

n

Mz

n

The first three terms that are non-zero are
(- 1)0C2 7 Ly (-1t C2 :c 34(-1)? CQ—
1 -31

— 1__ 12___5
PR EI 1
1
=x+—x3+ix5
6 40

Grading Criteria

(a) Write down binomial expansion get 4 points.
Write down the Taylor expansion correctly get the rest of 4 points.

Note that if you try to use the definition of Taylor series to solve this problem, you

can get at most 4 points unless you write down the general form of the Taylor expansion
correctly.

(b) Knowing the relation between sin™* z and

1
get 2 points.
V1-a?
Write down the Taylor expansion of sin 'z get 3 points.
For the first three non-zero terms of sin'z, each term is 1 points.

Similar to (a), you can get at most 4 points if you try to use the definition of Taylor
series to solve this problem.
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7. (16%) RTFSIRIBIRIE.,

(a) (8%) lim (%) (b) (8%) lim (1+/z)ms.

a-0e? -1 -x

Solution:

(a) (method 1)
because sin(0?) =0, -1-0=0
by L’Hopital Rule
sin(x?) (sin(x?))" .. 2xcos(z?)
e=0e? —1—x a:—>0( -1- x)’ 20 e -1
beacause 2-0-sin(0?) =0, e’ -1=0
by L’Hopital Rule again

9 2 9 2\ A2 sin(22) + 2 2
lim x cos(x?) zlim( xcos(x?)) _ i 232 sin(z?) + 2 cos(x?)
=0 T -1 z—0 (6:(: - 1)' z—0 er
=4 x0%x sin(0%) + 2 x cos(0?) _
= 0 =2
(method 2)
a3 x5
SINT =0 — —+ =+ ...
3! 5‘
6 .10
: , 2%
sin(z?) =z STt Rt
x? a3
=1 — =+ ...
e*=1+x+ ST o o
<o lim iin( a?) y x? ;2% :3”%—, F o e x? ;2”;—, ;175—, + o
z-0e —1—980 0 (l+r+G+5+...)-1-z 220 S +f 4
- lim -5+ +. s
R
£ method 1 12
RHE—ERLESGHD, MOERSMD
REE_ERUVESMD, MOLEEEEXRERSMD
EEHRBERINRZERY BUE &H—2, stREERIN—2
ftmethod 2 &
B sin(2?) WRBBEANE=D
Bl e’ WRIRFENES=2
BN FEEERZERISMD
1 L n(1+V/z
(b) lim (1+/x)m = lim (VDT iy o
because ¢ is a continuous function
In(1+y/x) lim In(1+/x)
so lim e e ="M g
and because In(1++/00) = 00,In(c0) = 0o
by L’Hopital Rule
1n(1+\/_)_1 1+\/_ 2\/_ T T T 21 _ 1 :1
i Inz 00 1 m—>°°2\/5+2x e 2242 042 2
so lim (1+ \/E)ﬁ = lim MR T) iy o™ < elimamee G _ o

BREERE In B o WISHBESEWS
BRARLEEERS

MAEREMS, BRESCREMSD
(BEEREERNZEEY BUE E, NELEESRH—R—2)
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