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1. (15 pts) Find the following limits.

(a) (5 pts) hm ¥z sin (sm(| |)) (b) (5 pts) %1_&10 &z sin (Sln(| |))
(c) (5 pts) lim (\/ x2+2r -1+ :c)

r—>—00

Solution:

(a) -1< sin((sinﬁ)) <1 (2 pts)

v < %sin<(smﬂ)> <1V (1pt)
lim [ /] = lim =[{/z[ =0 (1 pt)

By squeeze principle,

lim /2] sin(sin(ﬁn -0 (1pt)

(b) Method 1(L’Hospital’s rule):

1
lim ¢/zsin(sin(—)) is a oo - 0 indeterminate form, so we need to rewrite it to the 0/0
I—00 €T

indeterminate form as follow:

sin(sin(—))

hm \/Esm(sm(ﬂ)) = lim —1|x| 1
r—00 73
Using L’Hospital’s rule, it follows that:
e 1 1 B
sin(sin( 7] ) cos(sin(=)) -cos(=) - (-z72)
lim —— "~ i L o
T—>00 73 xr—>00 __x_%
3

(Notice that - oo implies x > 0, so we can get rid of the tricky absolute value.)
After simplifying the formula, we get:

))-cos()

T

cos(sin(=)) -cos(=) - (-z72) cos(sin(
lim L L = lim

Tr—>00 Tr—>00

T

ol
Wi

Wl =
W8 |~

(The second using of L’Hospital’s rule is not necessary.)

Since the numerator approaches to 1 and the denominator approaches to oo, we can make
a conclusion thatl:

lim /7 sin(sin(—
woroo ||

Method 2(1ir% sinz/x =1):

)=0 v

1
.~ sin(sin(—)) sin(—)
s e s x x x
lim \/Es1n(s1n(| ’))—Lw\éd— . (1| I 1| |
sin(— —
| |
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3

Since lim Y- =0, 1
T
in(sin( 1)
sin —
: ] . sin(y) o1 :
lim =lim =1, (sin(—) =y) 1
T—>00 . 1 y—0 y |x|
sin(—
) ||
sin(+—) _
lim — 1y S0 (2 = 2) i
T—00 i -0 Yy ’ |.1'|
]
(You can get another 1" if the above three points is all correct.)
1
lim %Sin(sin(ﬂ)):()-l-l:() 1
T—>00 1‘

T
lim Va2 +2rx-1+2= lim \/:1:2+2a:—1+x-( e 7)
T—>—00 T—>—00 (\/m—l')

I 2 -1 (Lt t=-x)
= [1m el 1=-X
T=>=00 \ /2 4 9y —1 -2
-2t-1

tooo /129t — 1+t

= tlirn L
1-2-5+1
=-1

2pt

3pt
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2. (20 pts) Find the first-order derivative of the following functions.

1

(2) (5 pts) J(x) = o (b) (5 pts) f(x) - ln(—”l)
(c) (5pts) f(z)=xtan(sin™' x) (d) (5 pts) x¥=y* +y. Find % at (2,1).

(a)

Solution:

Let g(z) =1+ ze”.

Since ¢'(x) = e*(z+1) <0 on (—o0,-1),¢'(x) > 0 on (-1,00) and ¢'(x) changes sign at
—1,we know that g has absolute minimum at —1.

=g(r)2g9(-1)=1-e'>0,VreR.(i.e. 1+ze”#0 for all v € R.)

Now since 1+ ze® #0 on R and tan™' z,1 + xe® are both differentiable on R,we can apply
Quotient Rule to f(x) to conclude that

(1+ze*)L(tan'z) - tan™ L (1 + ze®)

J'(w) = (1+ xer)?
:(1+xex)(ﬁ)—(tan‘lx)(eer:Ee‘”)’vxeR
(1+ xer)?
1 d
i - -1 - = TY _ (o x
(Since dx(tan x) T2 dx(1+xe) (e” +xe"))
AFOIREE:

1. # fHIn M2 (f 8 Range EEHME, REEELH In)(-12)
2. arctanx M2 MEE(-12)
3. l+ze” MDMEB(-123)

Marking guidelines:

1. applying logarithmic differentiation to f without absolute sign (-1 point)
2. mistake in differentiating arctanz (-1 point)

3. mistake in differentiating 1 + ze® (-1 point)
[M1]
1+2Inzx %\/ﬁ(COSQZE—SiDQZE)(l-FQlHI)—\/SiHICOSZE'%

!
T) = .
f() Vsinx cos (1+2Inz)>
_w(1+2Inz)cos2r - 4sinxcosz
- 2z (1+2lnx)sinzcosx
[M2]
Vsinz cos x
flz)=In| ———F——
1+2nz
1
:§1n(sinxCOS$)—1n(1+21nx)
Thus f’(a:):;(cost—sin2 )—#
’ 2sinx cosx r(1+2Inz)

Any mistake in chain rule or product rule, 1 place -2 pts. Any mistake in simplfy calcula-
tion, -1 pt most.
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(c) BT, LWEBS=-"AER=-"ANESREE, Ht2RE-EZEZ, ERBILEBIVEC
fh, mD ERISEELID

(It is required that the composite of the trigonometric functions in the question has to be
simplified to the form expressible as composition of rational functions and radicals. Two
solutions are given below, in which the answer in the second one is not simplified and a
maximum of 4 points can be scored for such solution.)

Sy =sintz, BEBsiny =z, TiFtan(sin™ :I:)ﬂﬁ%ﬁ?%%, iy
-

2

@)= 7=

B IRELNUREHE R TS E

() = 20V1 - 2% - 223 (1 - 22)"1/2 - (-2x)
1-a?
_ 22(1-2%) + 23
(1-22)V1-2?
2r — 13

[

1. W EMD R5D

2. BREEBENS(«)MEDLFLID

3. chain ruleSXEBRERBIHEBEHSWZIN12

4. ERIMDNTHE—EFRMLBE FELE, SRH1D

5. AL BERHIRERMENERHIE, RS INTREERSID
Remarks:

1. The full score for solutions using this method is 5 points.
2. Expressing f(z) in its simplified form scores at least 1 point.

3. 1 point is deducted for mistakes in applying the chain rule, and 1 point for those in
applying the quotient rule.

4. 1 point is deducted if the derivative is not simplified after applying the chain rule
and/or the quotient rule.

5. A maximum of 4 points can still be scored if there are mistakes in the simplification

process.
1
A I _ 2 =1 ! _ 4 NE Y A SEEH /=
A (tanx)’ = sec® zH(sin™" )’ = Ve WEMDHRERANUREHRNTEE
f'(x) = tan(sin™' 2) + xsec?(sin' ) - !
1 - a2

anp
H+
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1. MEREMSD. chain rule, product rule#fE & 1515

2. AZAFRET LR RHABEA I REtEHE I mEW, DEEESRER4 2

3. BIMERE_MBREEEAHIFERR=ZAMSNATE, BELEALEHFMsin 'z 1 8
FRAVILRSA [ — 1, HIRERNBERE, EMAERE T EEAF, BrEREE
RAVILRE R RREE 3 HERAVEL =, ERINIE2 2

Remarks:

1. Derivatives of the two functions, the chain rule, and the product rule each worths 1
point.

2. A maximum of 4 points can still be scored with mistakes in the attempt to simplify
the above derivative.

3. However, since this solution does not reveal your understanding of (inverse) trigono-
metric functions, if the mistakes in simplifying the above derivative are due to your
misconception towards inverse trigonometric functions, 1 2 points are still deductible.

(d) The original equation can be cast as

eyln:p — exlny +y
Differentiating on both sides, we have
l4
ey (g + y'lnx) = e*lny (ﬂ + lny) +y
z Y

Substituting (2,1) into the equation gives

z(%+y%%-m2)=1(2“q@)+o)+y%®.

Or,

1

12:—
v(2) = 3 9ms

2 points if the student carries out the calculation of the derivative, even with minor mis-
takes. 4 points if the derivative is correct and he or she substitutes (2, 1) into the expression
and arranges, in addition to the above, even with minor mistakes. 5 points if the answer
is correct, in addition to the above.
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3. (15 pts) Let f(x) ={

(a) (
(b) (
() (
(d) (

(1+x), forxz#0, x>-1,

a, for x = 0.

3 pts) Find the value of a such that f(z) is continuous at z = 0.

4 pts) Find gl_)r(r}o f(x).

4 pts) Compute f'(x), for = # 0.

4 pts) Is f(x) differentiable at x = 0?7 If f(x) is differentiable at = = 0, then find f’(0).

(a)

(b)

Solution:

[Method 1]
flx)=(1+ x)% = ez In(1+2),

Since both of = and In(1 + z) converge to 0 as * — 0, (check 0/0 1pt) we may apply
L’Hospital’s rule: (1pt)

1
T In(1
limi2 =1 = hmu =1.
z—0 z—0 €T
In(1 1
(in other notations, lim In(1+7) Llim— = 1)

z—0 x =01+ 2
Hence lir% f(z) = €' = e by continuity of the exponential functions. Thus a = e (1pt).
r—

[Method 2] to calculate the limit lir% f(x): for x >0, by the definition of e:

lim f(z) = }LI?O (1 + %)t =e. (Ipt)

-0+
Also,
1\7 t-1\"
1 =lim(1->) =lim[——
i S = (1-7) = ()
I 1
:lim(1+—) (1+—)=e l=e. (Ipt)
too\ f-1 t—1

[Method 3] another way to calculate the limit lir% f(x):

f(x) = e In(l+z)

In(1 In(1 -Inl
lim n(l+z) =1lim n(l+z)=ln = i1n(1+35)
z—0 x a0 -0 dz 2=0
1
= =1. (2pt
T2l (2pt)

Hence lir% f(x)=e.

f(fl?) _ e%ln(l+x)‘

Since both of x and In(1 + ) go to o as x - oo (check oo/oo Ipt), we may apply the
L’Hospital’s rule (1pt):

1
—_ In(1

lim 22 -0 = hmuzo

z—>o0 | T—>00 T
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- 0).

. In(l+z ) 1
(may write lim In(1+7) L lim ——
z—>00 T oo | + 1
Hence lim f(z) =¢" =1 (2pt) by continuity of the exponential function.
Tr—>00
Note: calculation mistakes, forget to write the notation “lim” — -1pt.

(¢) method 1(using chain rule):
f(x) _ 6%ln(lmc)

Let u = l111(1 +x), and f(x)=e"
T

d _df du

dr  du dx
4 _det _ o tma)
du U

du d(z™')-In(l+x)  _ 41
e . ——mzln(1+x)+x11+x
method 2(using implicit function theorem):
f(iL‘) _ e%ln(nz)
1
In f(z) = Eln(l +1)

din f(x) _dlnf(x) df(x) _ f'(x)

v df(z) dz o f(2)
dln f(z) _ d(z7 ' In(1 +x)) _ ;1

—z2In(1+z)+2”
T dx v In(l+ o)+ 1+z

Since (3) = (4) = CHZ—J;(J:), we have f'(z) = f(x)-(4), so

1
+x

)

f'(x) :f(x)~(—x_21n(1+:r)+x_11 )

1
= ex M) (Lp 2 (1 + 2) + 27! T
x

Some grading details:

e you won't get any point if you only apply the formula of differentiating polynomial

@e_f@)=§a+xﬁ4)
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e you will get 1 point at part four if you have exactly one calculation mistake (i.e.

d 1
d_Z = -2 2In(1+x) ~x‘1m, or —z *In(1+x) +x‘3m, ....... ), and 0 point for more
mistake.

e If you write f(x) = e or something wrong slightly, and the calculation is reasonable,
you will get one or two points in total.

£ (0)=lim )= (0)

x—0 X—0

_ jim LX) ¢ (gj (19%)

x—0 X

X—(1+x)In(1+x)

(1) [ @ (L+x)

] y(c) (%)

—t" 5 —lim
x—0 1
:e."mx—(ltx)ln(ux) [9
x>0 x* (1+x) 0
Lo In(L4x)—(14X)- -~
" s —e-lim . +X
x—0 3X°+2X
:e-lim_|n2(1+x) (9)
x>0 3X° 42X 0
1
%ze“mﬂ
x>0 6X + 2
=_l (1%)
2

= f is differentiable at x=0 (1%)
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4. (12 pts)
(a) (4 pts) Find the linearization of f(x) =sin™'z at 2 = 0.5. Denote the linearization by L(z).
(b) (4 pts) Use linear approximation to estimate sin™'(0.49).

(c) (4 pts) Let g(x) =sin"'z - L(z). Use the Mean Value Theorem twice to estimate |g(0.49) —
g(0.5)| and get an upper bound for the quantity.

Solution:

(a) The linearization of f(z) =sin™'z at £ =0.5is L(z) = f(%) + f’(%)(:v - %) (293)
1 .11 T
£ =sint (5)= 5 (12)

2
1 1 2
Since f'(r) = ———, one has f'(=)=—. (19
Therefore, L(z) = % + 7 x - 5)

(b) The linear approximation of sin™! at 0.5 reads

2
sintz~ Lz =z+— r-0.5) .
()= § + 5 =05)

Therefore,

sin™(0.49) ~ L(049)——+7( 0.01) = ——7(001)

(showing knowledge of sin™' 2 ~ L(z): 2 points)

(substituting 0.49 into the linear approximation + answer: 141 points)

(c) Let f(z) = arcsin(z). We have known that f'(x) = ,and L(x) = f(a)+f (a)(z-a).

Let 2 = 0.49,a = 0.5 then ¢(0.5) = £(0.5) - [£(0.5) + £(0. 5)(0 5-0.5)] =

By Mean Value Theorem, 3 x; € [0.49,0.5] such that f(0.49) - f(0.5) = (0 49-0.5) f"(x1).
By Mean Value Theorem, 3 x5 € [x1,0.5] such that f'(x1) - f'(0.5) = (1 — 0.5) f"(z2).

| 9(049) = 9(0.5) |

| £(0.49) = [£(0.5) + £'(0.5)(0.49 - 0.5)] |

= 1(0.49-0.5)(f"(z1) - f'(0.5)) | , for some z; € [x,a]
= | f"(22)(0.49-0.5)(z1 - 0.5) | , for some x5 € [21,a]
< ” 1 2
< max 7)) (001)

( The estimation: 1pt).

N7 x
arcsin’(r) = —— (1pt)
(1-22)3
Since f"(z) = L is a increasing function (it’s trivial since the numerator is increasing

(1-22)3
and the denominator is decreasing), so its maximum in [0.49,0.05] happens at = = 0.5. (1pt)
So finally we obtain the upper bound:

1 4

0.49) — g(0.5)| < in”(0.5)(0.01)2 = ——— —
19(0.49) - g(0.5)[ < arcsin”(0.5)(0.01) 10000 /27

(1pt)
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The twice Mean Value Theorem estimation: 1pt
x

arcsin’(z) = ———: 1Ipt
) (1-a2)2
The maximum of arcsin”(z) in the interval [0.49,0.5]: 1pt
4

The final answer

——: 1pt.
10000 /o7 P
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[01-023F] Suppose that f(x) is twice differentiable. Let L(z) be the linearization of f(x) at = = a.
f(x) = L(x)

f *a.
Define g() = { r-a = rTe
0,

for z = a.
(a) (3 pts) Show that g(x) is continuous at = = a.

(b) (5 pts) Show that g(«) is differentiable at z = a and compute ¢'(a). Write down the lineariza-
tion, L,(x), of g(x) at = = a.

(c) (4 pts) Because f(z)=L(x)+g(z)(xz-a), we can use L(x)+ L,(x)(z - a) as a better approx-
imation of f(x). Use this better approximation to estimate tan™(1.01).

Solution:
(a) The linearization of f(z) at z =a is L(x) = f(a) + f'(a)(z —a). (19)
To prove that g(z) is continuous at a, it suffices to show that lim g(z) = g(a). (0.553)
[Method 1]
f(z) - L(x)

i @@ - @@ -a)
f() - f(a)
—?&) (@)
=0
[Method II]

limg(z) =lim

- ['(a)

f(z) - L(z)
@)= f@) - F@) (- a)

_1 f(x)_i(ag_fl(a)

limg(xz) =lim

Tr—a r—a

éﬁzf%%_f()
=:} Za) f'(a) (f is twice differentiable and hence }01_1)1; f'(x) = f(a))
=0

Since lim g(z) = g(a) = 0, we can conclude that g(z) is continuous at = = a.

(REEH@BRBEBELL.59)
(b)
g'(a) €1

glz) - o(a) o B0 f(@) - (J(@) + f(a)(x - ) -0

i z-a s (z - a)

:L’—)

(definition and computation: 1 point)

By using L’Hospital’s Rule
L'HR f'(z) - ['(a)
z>a  2(x—a)

(correct use L'Hospital’s Rule: 1 point)

1 P - S0 1

jlim O = ).
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(computation and definition: 1 point)

Therefore,

=10

(answer of ¢'(a): 1 point)

["(a)

Ly(x) = g(a) + g'(a)(x - a) = (r-a).

2
(answer of Ly(z)): 1 point)
1 -2
(c) Let f(z) = tan™*(x) and a = 1.01, we have arctan’(z) = Tia2 arctan” (x) = ﬁ

fo) - L(x) _f(z)-f(a)

T-a T-a +1(a).

One should solve L,(x) = %f”(a)(x —a) in part (b), so take z = 1.01 then

and g(x) =

L(z) + Ly(x)(z - a) |o=101, a=1
= J(@)+ F@)( )+ 37" @) @) Lo, oo
_ arctan(1) + arctan’(1)(0.01) + %arctan”(l)(0.0l)z
- % +0.005 - 0.000025

T 199
= —+0.004975(= —
T -3+ Zo0w0)
arctan'(x) = . x2: 1 pt
arctan” (z) = FYSE 2)2 pt

the final answer: 2 pts. (Wrong simplification just get 1 pt.)
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5. (12 pts) A baseball diamond is a square with side 27 m. A player runs from the first base to the
second base at a rate of 5 m/s.

(a) (4 pts) At what rate is the player’s distance from the third base changing when the player is
9m from the first base?

(b) (4 pts) At what rate is the angle 6 changing at the moment in part (a)?

(c) (4 pts) The player slides into the second base at a rate of 4.5 m/s. At what rate is the angle
6 changing as the player touches the second base?

second base

27m ’

9m

third base first base

home base

Solution:

(a) Method 1:
Let x be the distance from the player to the second base, y be the distance from the player
to the third base, then

y? = a? + 277 (2 points)

Differential both side by time ¢,
dy dx dy x .
2y —= =21 — —=(-)5-— 2 t
Vo xdt=>dt()y (2 points)

Hence, when x = 18,y = 9v/3,

dy_ )10

dt V13

Method 2:
Let y be the distance from the player to the third base, then for time ¢

y=1/27% + (18 - 5t)2 (2 points)

Differential both side by ¢,
dy _ (-5)(18 - 5t)

dt /272 + (18 - 5t)? (2 points)
Hence, when ¢ =0,
dy 10
WO
(b) Let z be the distance from second base to player,
tan = 237 (1.5%)
By taking derivative with respect to t, we get
(sec)?0’ = %x’ (1.5%)
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When z(t) = 27 -9 = 18, sec = V/13/3 .
Since z'(t) = =5, when z(t) = 18, 0'(t) = (-5/27)(9/13) = -5/39.(rad /s) (1%)

There is other solution:

sec(6(t)) = R(t)/27, where R(t) is the distance between the runner and the third base.
Similarly, taking derivative with respect to t, we get

(sec)(tan0)f' = R'[27

When R(t) = 9v13, R’ = -10/v/13,secd = \/13/3, tan f = 18/27

Hence,0' = -5/39

solution 1:

R EE T SBRIEERES ¢ VKB x(t). RIZRERIEHRILIA tand(t) ®R7,
tan0(t) = %;) ( 1 point )

dtan(6()) =sec? 0(t) - (é—f = 2i7 : daéifft) (1 point)

KEBMMRE _EBEFVERRSR 4.5 m/s, FERERE _SAVEERR0,
gﬂu

de(t) _ -4.5(m/s),z(t) =0,0(t) =0 KA (1 point )

do(t) 1 1 :

7 = 2—7 . (—45) -1= —6 (1 pOlnt)

solution 2:

B 0(t) = tan”! % (1 point)

0'(t) = 1/(1+ (z/27)%) - (1/27) - (dz())/¢ (1 point)
A x(t)=0,(dx(t))/dt = -4.5(m/s) fSA(1 point)
0'(t) = 1- (1/27) - (-4.5) = -1/6 (1 point)
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[#023F] Suppose that it costs a manufacturer C'(z) dollars to produces = units of products, and
C(x) is differentiable for z > 0. When z units of products are produced, we call C’(z) the "marginal
C(x)
x
(a) (4 pts) Write down the profit function, P(x), when the manufacturer produces x units and
sells them at a fixed price py per unit. Show that when the profit obtains its maximum value
at x1 > 0, the marginal cost equals py.

cost” and

the ”average cost”.

(b) (4 pts) Assume that the average cost obtains its minimum value at x5 > 0. Show that at
x = X9, the marginal cost equals the average cost.

(c) (4 pts) Suppose that the second derivative of the average cost is positive near z,. Is the
average cost greater than the marginal cost when x is near x9 and x < x5?7 What if x > 257

Solution:

(a) Let P(z) be the profit, then
P(x) =px-C(x) (2 points)

Since xy > 0 and z =y maximize P(z), so
P'(20)=0 = p-C"(19) =0 = C'(x9) =p (2 points)

Which means the marginal cost is p.
() —
(b) Lot A(z) = S then 472 7@ —C2) (2%)

x
Because 5 is in the interior of the domain of A(x) and A(x) is differentiable, Fermat’s
Theorem tells us that A’(z2) = 0.
.Z‘QC,(IQ) - C([EQ) _ 0
5 -
(22)
Cl(x2) _ 0(372)

X2

(c) A(x) = (C(x))/z, we know that A”(x) >0 ,when near z,.
By(b), we know that A(x) is at its minimun at xs. So we can derive:

(2%)

A'(z) = () 2_ C¢(x) <0 when z < 5.
x

Al(x) = () 2_ C¢(z) >0 when z > 5.
x

Since 22 > 0,

C(z)

X

zC'(z) - C(z) <0 when z < zy = C'(z) < .(2point)

xC'(z) - C(z) >0 when x > zo = C'(x) > C’(x)
T

Hence, average cost > marginal cost, when x < x5 average cost < marginal cost, when x > z5.
(2 point)

1 point for drawing graph correctly

Page 15 of 17



6.

(10 pts) Consider an isosceles triangle whose legs (the equal sides) have length ¢ and whose vertex
angle is 0. As ¢ and 0 vary, the area of the triangle stays the same. At which 6 does ¢ attain its
extreme value? Is this extreme value the maximum length or minimum length?

(meth

(meth

Solution:

od 1) A:%ZQSine 0<f<m (2pts)

d-0=1 x2le'sin6’+§><cos€ (3 pts)
=1 = cotd (1pt)

=0 0=2for 0<f<m (1pt)

'<0for0<f<Z

l'>0for§<6<7r

by first derivative test for absolute extreme value test

[ attain it’s absolute minimum only when 6 = 7

and [ doesn’t have absolute maximum in 0 < 6 <7 (3 pts)

od 2) AZ%ZQSiDQ 0<f<m (2pts)

since sinf <1, and sinf =1 when 6 = g in0<f<7m (2pts)

so [ attain it’s absolute minimum only when 6 = 7 (2 pts)
since 011%1+ sinf = elirq sinf =0
then 911%11(9) = elim_ [(0) =00 (2pts)

—T

so [ doesn’t have absolute maximum in 0 < 6 <7 (2 pts)
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7. (16 pts) Consider the function f:(1,00) > R, f(x) =Inz —In(Inx).
(a) (4 pts) Compute f'(z). Find the intervals in the domain of f on which f is increasing and
those on which f is decreasing. What are the extreme values of f7

(b) (4 pts) Compute f”(x). Find the intervals on which the graph of f is concave upward and
those on which the graph of f is concave downward. Is there any inflection point of the curve

y=f(x)?
(c) (5 pts) Find the vertical and horizontal asymptotes of the curve y = f(z) if any. Find
lim f(x) Does the curve y = f(x) have any slant asymptote?

Xr—>00 €T

(d) (3 pts) Draw the graph of f(z).

Solution:

(a)
1 1  1la-1

! =— - =— 1 point
1) r xlnx x lnz (1 point)

Note that Inx —1>0if z >e, and Inz >0 if x > 1, hence

>0, x>e
fi(x)=:<0, 1<z<e
=0, xz=e

So the answer is f is increasing on [e, o) and decreasing on (1,¢e], and f has an extreme
value 1 at x = e, which is a local(also global) minimum. (1 point for each. Answering
strictly increasing/decreasing intervals: (e,00)/(1,e) is also accepted.)

(b) From (a), we know that

() d [lnx 1] Inz-(Inz-1)(Inz+1)  (Inz)*-lnz-1
T dz' zlnx 0 (zlnx)? - (zlnx)?
Let t=Inx,

. (1 pt)

1+2\/5)(t_ 1—2¢5

(Inz)?-Inz-1=t>-t-1=(t-

).

Hence, we can get

-5 1+V5 . 1-vV5 1+5
2 2

1
f"(x) >0 when 5 < t< 5 Le exp( ) <z < exp(

).

1+\/§

It means that the graph of f is concave upward on (1, exp( )) since the domain of

fis (1,00). (1 pt)
Similarly,

1-
f"(x) <0 when t < ort>

1+5 . 1-V5 1+v5
2 2 )

ie. x<exp( ) or z > exp( 5

It means that the graph of f is concave downward on (exp( ), 00) since the domain

of fis (1,00). (1 pt)
According to the above, the inflection point of the curve y = f(z) is

L) pex(2L0)) or (exp(LY2) VD (LB

1+\/5
2

(exp( ))- (1 pt)

Remark
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(c)

1. Answering concave upward /concave downward intervals : (1, exp(

1+5 1++/5
5 )1/lexp( 5 ]

is also accepted.

2. If you do not explain that f is concave upward/concave downward since f"(z) >
0/f"(z) <0, you will lose 1 pt.
Moreover, you will lose more points if you only explain that the inflection point of

1+\/_ 1+\/_ 1+\/_ 1+\/_)) 0

the curve y = f(z) is (exp( ), —In( )) since f"(exp(

3. If you calculate the wrong derlvatlve functlon, you Wlll still get some points when you
explain that the correct concepts.

Notice that lim f(z) = lim(Inz — In(Inx)) = lim(In i) In(lim —)
z—>a z—a " z—a Inz z—alnw

(1 pt) Q}Lr{i f(x) = 1n(;ph£{1+ m) =-In0" =00

(1 pt) There is a vertical asymptote: z =1

' 1
1 pt) lim f(x)=1In limi M (lim =) = In(lim ) = o0
] 1
(1 pt) There is NO horizontal asymtote.

1 In(1 / 1 1
(1 pt) Tim M g 22 gy, Q) gy L
T—>00 T—00 ¢ xr—00 x T—00 T—00 ZL’lIlZE

f()

=0-0=0

=0, y = f(x) have NO slant asymptote.

(1 pt) Since m =
Minus up to 5 pomts

. .. +V5 . . .
(1 pt) Label points: (e, 1) as minimum, x = e as inflection point.

(Note: One SHOULD clearly label (e,1). Inflection point only x — azis is needed.
Get full credits only if two points are labeled.)

(1 pt) x =1 as vertical asymptote.

(1 pt) Increasing/decreasing interval, Concavity interval

(Note: Get full credits only if all interval are right.)

inflection point

(global) minimum

x=1 x=e r=e¢ °

vertical asymtote

0,0
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