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1. Evaluate the integrals:

(a) (6%) f tan? zsec’ x do

(b) (9%) / L S

(22 + 22 +2)

(a)

Solution:

Let u = tan% T
1
= du = 3 tan"3 zsec? zda

= sec? xdz = 3u’du

Note u® = tan?z =sec®z - 1

=seclxr=1+u’

Hence

I:f(tan% x) (sec4x)d$
:[u-(1+u6)-3u2du
:f3(u3+u9)du

. 4 A Bx+C
Write ———— = —+ ——
rx(x?2+2x+2) x 22+2x+2
=>4=A(z*>+2x+2)+(Bx+C)x
=4=2A+0=>A=2
0=24A+C=>C=-
0-=A+B=B=-

Perform

1= | sormey
x(m2+2x+2)

Hence I; = 21In |z|

L [ 2@+1)-2

27 (z+1)2+1
~2(z +1) -2

[ e [
(z+1)2+1 o (z+1)2+1 v

=—In|(z+1)?+1]-2tan""(z + 1)
In Summary
I=I+I,=2In|z|-In|(z+1)* + 1| - 2tan " (z + 1) + C

—2x -4
2d f do=T,+1
f e x2+2x+21 L+ 42

(Bl 5EE 1 2)
(Bt 5HE 2 2)

(Bt EE 3 2)

(BIIL 5518 4 )

(Bl 5888 5 )

(Bt 5HE 6 D)

(Bt S EE 1 D)

(Bt 5mE 1 2)
(Bl 5BE 2 H)
(BliL5HE 3 2)

(Bt 558 4 )
(BIiLHHE 4 2)
(Bt 5 2)
(Bl HE—2118 5 5, 248 6 D)
(Bl HE—211E 7 D, 2HE S D)

(BILLHERT 9 )
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2. (12%) Let R be the region bounded by the curves y = emQ, y=0, z=+/a, and x = Va+1, where a > 0. Find the
number a such that the area of R attains the minimum value.

Solution:

NS
A:f e’ dx
Va

2

Va+l e

a4 et
da da N
ea-¢—1 ea,
2a+1l 2Va
1
=q-= T
ea+1 ea
check d(2 ol 2/a

(BHE—RE 3 D)

(Bl HHE 6 D)
(Bl HHE 8 2)

(Bl T8RS 10 )

>0, when a =

o (BILLHERE 12 D)
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3. (a) (9%) Determine whether f
1

(b) (6%) Determine whether f

© tan”!x
22
1 -1 T

dx converges or diverges. Evaluate the value if it converges.

dx converges or diverges. Evaluate the value if it converges.
-1z

Solution:

(a) (Method 1)
° tan~lg . btanla . . . .
f dx = lim dx (Definition of improper integral: 1 point)
1 x? b—oo J1 x?
denote u = tan™ z tanu = = dx = sec® udu
btanla tan"'b gy sec?
f 5—dx = / s—du (change variables and upper lower limits: 2 points)
1 T z tan” u
tan"t b 9
= [ wcsc” udu
! tan™tb tan~! b
= —ucotu| + [ cot udu (integration by part: 2 points)
! 41;&11_1 b

= —ucotu + In|sin ul

iy

tan™1 b b T 1

=— +In +——-In— 2 points
b Vi+b2 4 V2 ( )
-1
lim fan”"b =0 because lim tan~'b = il

b—oo b—oo

b
limln ———=In1=0
boeo \/14+D2

(discuss limits and converge + correct integral: 2 points)

o retanta . btan~la 7 In2
. 5—dx = lim 57— dr=—+— converges.
1 T b—oo J1 x 4 2

1
Remark 1. If do not follow the definition of improper integral, but write the final step as ——tan 'z +
x

T T 1
In———| = — —In—— without discussing how the limit is obtained, it will be deducted 2 points even i
V1+ a2 |1 4 V2 J f
the answer is correct.
Remark 2. If use comparison theorem to conclude that the integral converges without any mistake, it will

get 3 points. (The first 1 point + last 2 points)

(Method 2)
tan~! x 1 1
dr =——tan'z + [ ————dzx 2 points
/ x2 x z(x?+1) @p )
L fan? +f(1 & )d (2 points)
=——tan "z — - x oints
x z x2+1 P
1 1,
=——tan  z+In|z|- = In(z“+1)+C
T 2
1
=——tan'z+In & +C (2 points)
x 2 +1
> tan"!x . btan~!x _
fl e dx = bhjg T2 dx (1 point)

lim — 2 tan™! g + In —— |b
= 11m —— tan Tr+ 1N —
booo T Vaz+1h

tantb b 1 1
:lim—8LI1 +In +tan"'1-1n ﬁ—ln—

bree b NEES] N NG

tan~'b
( lim tan™'b = T lim an =0 and lim In

b
b—oo 2 b—oo b b—oo \ /b2 +1

=lnl= O) (2 points)
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tan~! x

is improper at x =0

(b)

tan™ " x
[ 5 dzr
1ot ) .
tan™ " x tan " x
= dr + / dx 1 point
[1 x2 0 72 (1 point)
. @ tan™! x . Ltan™ !z .
:(115617 [1 o dgn+blir(1)1+ \ o dx (1 point)
1tan~l g T
f 5—dv = —ucotu + In|sin ul ! from (a)
b x tan~!u
7r+1 1 +tan_lb ! b
=——+ln— -In
4 V2 b V1+ b2
atan~!z
(1 point) (also can look at f n2 Td:z:)
-1z
tan~!b !
lim 2 — Jim % _ g (1 point)
b>0 b 2 -0 1
liml b (1 point)
imln =—00 poin
b0 /142
1tan~l g
Because lim dzr = oo
b—>§)+ b 2
Ltan™" z
" f -—dx diverges (1 point)
1z
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4.

(a) (8%) Show that y =0 is an orthogonal trajectory of the family of curves z

2

2, Y 1, where k > 0 is an arbitrary

constant. Find the orthogonal trajectories of the same family of curves when y # 0.
(b) (8%) Find wu(t) that satisfies the ordinary differential equation

u' () +In(t)u(t) =e D 50

and the condition

li =2.
A

Solution:

(a)

2
For whatever k > 0, the associated curve passes through the points (+1,0), and 2 + % =1 =

2
2xdx + %dy =0 = dz =0 at these points = vertical tangents thereon (1%)

The line y = 0 also passes through the two points above, and of course perpendicular to the local
vertical tangent = y = 0 is an orthogonal trajectory (1%)

2 1- 22
2zdx + ?ydy = 0 = (dz,dy) parallel to (z, %) = (x, i) at any (z,y) with y # 0 on the orthogonal
Y

family (2%)
d d 1-2?
= oYU o [ = [ydy (2%)
x  1-a2 x
2 2
:>ln\x|—x—+g:y— or 2?2 +y*—Ina? = C (1%)
2 2 2
y#0 = 2°<1 = 2°-In2*>1 = C > 1 (1%)

I:eft’lnsds — etlnt—ft‘éds (1%)
:>I:et(lnt—1) (1%)

C t]' —slnsd
+ [ Ie s (1%)

= u(t) = LAMD(C e (2%)
tliréau(t):2 =2=C0C-1 (2%)

= u(t) =

= u(t) = OB ) (1%)
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5.

(a) (8%) Let R be the region bounded by the curves y =

of the solid obtained by rotating R about the y-axis.

y
4

N

15

05

V4 - z?

(1+V4-22)2

,y=0,x =0, and x = 2. Find the volume

0.5 0

Solution:

rule that

Finally,

integration by parts gives

2
V=27rf u2d(
0

:—8l+47rf
3 0

__8r +4m[u
3

16—71-—4771113
3

:ZW[ ] + 27
1+u o
2
(1_

V=-2r

_1)
1+u

1+u

)

~In(1+u) ]

2 2
f Y du
0o 1l+u

0 uw?du
f(1+u)

Using the method of cylindrical shells, the volume of the solid in question is given by

2
V:27rf0 T
(

V4 - 2
2
1+¢4—xﬂ

Let u := V4 — 22, which gives u? = 4 — 22, thus yielding u du = -z dz. We then obtain from the substitution

- f2

partial fraction decomposition gives

V=2r

(1+u)®

dx
(correct formula: 2 points)

u? du

((1+u)—1)

0 (1+u)

2
:27Tf (1— 2 + ! 2)du
0 1+u (1+u)
2
|

:27r[u—21n(1+u)— .
u

16—7T—4ﬂ'1n3
3

(computation 4+ answer: 541 points)

(b) (8%) Find the area of the infinite surface generated by rotating the curve y = ™, 0 < & < oo, about the x-axis
if it is finite (show explicitly in your calculation that you are using the definition of improper integrals).

Solution:

The area of the surface in question is given by

Sz27rfoo
0

e "\/1+(-e)* dz =27 _[0

=27 lim

t—o0

e "V1+e 2 dy
t
e "V1+e2@dx.

(correct formula: 2 points)
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Let u:=e™®, which yields du = —e ™ dx . The su

S = -27 lim

t—o0

continuous on the interval [0,1]).

S =

:2\/577—

1
= 27T+7Tf
0

(u::;ane)\/iﬂ+ﬂ

s
4

= 27T+7rln(\/§+

et 1
\/1+u2du:27rtlim V1+u2du
1 —o00 Je-t
1
:277[ V1+u?du,
0

where the last integral is a proper integral (which follows from the facts that lim e™* = 0 and that the function

1
f V1+u?duin z is continuous on [0,1] by the Fundamental Theorem of Calculus, as the integrand V'1 + u? is

As a result, the surface area in question is given by

:27r[u\/1+u2];—27r-/01

1
V1+u?

0 1+tan?6

=V27+7[In|sech + tan6| ]

(showing the knowledge of improper integrals: 1 point)

bstitution rule then gives

t—o0

u2

V1+u?

1
+27rf
0

du

1
du
+u?

V1
du

sec? 6

d9=\/§7r+7rfzse09d0
0

1) .

(computation 4+ answer: 441 points)

[llgiﬁ%]
(b) (8%) Let R be the region under the curve y = W, above the line y = 0, and to the right of x = 1. Find the
+x2)1

volume of the solid obtained by rotating R about the z-axis if it is finite (show explicitly in your calculation that you

are using the definition of improper integrals).

Solution:
V:fl w(y(z))2dz

f
1

L
(1ra2)i

oo 1 . t 1
/ 73d:v=hm/ —_—
1 (1+a?)2 toeo 1 (1422)%
. tan~l ¢ 1 9
=tlirg . sec3esec 0do
Let x = tan@
_E<0<Q
2 2
dx = sec® 0df
tan~t ¢
:tlim i cos 0do
. . -1 . ™
:thm sin(tan t)—sm(z)
1 1
=1-—, V=ra(l-—12
v -7

(2 points. Formula for the volume)

(1 point. Use the definition of improper integrals.)

(3 points:)
(Trigonometric substitution x = tanf = 1 point.)

sec’§ = 1 point.)

(Correct integrand —
ec3 6

(Correct upper and lower bounds = 1 point)

(1 point. Trigonometric integration.)

(1 point. For taking limits and the final answer.)
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y" () + 2y () + y(t) = £(t)
y(0)=1,4/(0) =0 ,
(a) (2%) Find the general solution of the related homogeneous equation y" (t) + 2y'(t) + y(t) = 0.

0, O0<Lt<m
. Compute L{f(t)}, the Laplace
1, t>n

2cost, for0<t<m
0, fort>m

Consider the differential equation { where f(t) = {

(b) (4%) Write f(¢) in terms of the unit step function U(t - 7) = {

transform of f(¢).

(¢) (4%) Let Y(s) be the Laplace transform of the solution y(¢). Apply Laplace transform to the differential
equation and solve for Y'(s).

(d) (6%) Solve the differential equation.

Solution:

(a) The characteristic equation of y"(t) +2y'(t) + y(t) = 0 is
2 +2r+1=0= (r+1)?=0=1r = -1 (repeated root) (1 point)

Hence the general solution of the homogeneous equation is

cle_t + CQte_t, where c¢q, co are constants (1 point)
(b)
f(t)=2cost(1-U(t-7)) (1 point)
Solution 1:
L{f(t)} =2L{cost} - 2L{costU(t — )}
2s s _ 2s .
i 27 L{cos(t+m)} = 211 2e" " L{-cost}
s
=2-" 1+
s2+1 [1+e™]
Partial Credits: ‘ﬁ{cost} = % (1 point)
s2+1
L{costU(t-m)} =-€e"° . +SS2 (2 points)
Solution 2:
L{f(t)}= f e - 2costdt (1 point. For using the definition of Laplace transform)
0
t=m g
= Q[Sinte_St + / s-sint~e_5tdt]
=0 Jo
t=m ™
=2s [— coste™t| - [ (- cost)(—s)e_Stdt]
t=0  Jo
_ 24 (e-” il- %/j{f(t)})
r 28 s .
= L{f(t)} = 1+82(1+e ) (2 points)
(¢) Apply Laplace transform to the differential equation
L4y +2y" +y} = L{y"} +2L{y'} + L{y} = L{f ()} (1 point. Linearity of Laplace transform.)
2
= (Y (5) ~59(0) ~ o/ (0)) + 2(5Y () ~y(0) + Y (5) = 2oy (14.¢™)
s
‘Partial credits: ‘E{y'} =sY(s) -y(0) (1 point)
L{y"} = 5"Y (s) = sy(0) - 3/(0) (1 point)
2s
2 _ —-TSs
(5" +2s+1)Y(s)=s+2+ 32+1(1+e )
2 2
Y(s)= " s (1+e™) (1 point)

(s+1)2  (s+1)2(s2+1)
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(d) Decompose

s+2 2s

)2 and Gr2(2+ 1) as sum of partial fractions.

(s+
s+2 1 1
= 1 point
(5112 s+l (s+1)? (1 point)
25 1 1
= - 1 point
(s+1)2(s2+1) s2+1 (s+1)? (1 point)
1 1 1 1
Y _ _ 1 -8
(5) s+l (s+1)2 +(32-%1 (s+1)2)( re™)
IS S Sy S
s+l s2+41 $2+1  (s+1)2
()= LY )} =L e e L™ (- s )
= - s+1 s2+1 s2+1 (s+1)2
=et+sint +U(t-T) [Sin(t -m)—(t- ﬂ)e’(t’“)] («< Good as the final answer.)
=e ' +sint+U(t-7) (-sint—e " (t-m)e") (< Good as the final answer.)
et +sint, forO<t<m
= » . («< Good as the final answer.)
(1+me™)e™ —e"te™”, fort>w
1
‘Partial credits: ‘L‘l { } =et (1 point)
s+1
1
L {52 N 1} =sint (1 point)
af cas 1)L . .
L {e 32+1} =U(t—m)sin(t— ) (1 point)
1
E_l {G_ﬂsw} = U(t - 7T)(t - W)e_(t_ﬂ) (1 pomt)
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6. A tractrix (the curve below) describes the path an obstinate dog takes when its master walks along the y-axis. One
way to parameterize the curve is by means of

(z(t), y(t)) = (sint, cost +In(csct—cott)), 0<t<m.

A

(a) (8%) Find the slope of the tangent line at a point P = (2(t0),y(to)) on the curve, and show that the distance
between P and the y-intercept of the tangent line at P is independent of g € (0, ).

b) (6%) Compute the arc length of the part of the tractrix from ¢ = T tot= 1_
(b) ( p g p 1 5

Solution:

dy/dt

dx/dt

Now compute dy/dt and dzx/dt

dy/dt = —sin(t) + 1= cos(t) = —sin(t) + csc(t) (one point)
yree= sin(t) — sin(t) cos(t) P

dx/dt = cos(t) so that

dy/dx = —tan(t) + zzzgg

(a) (8 points in total): dy/dx = (two points)

csc(tp)
cos(top)

Finally the slops is —tan(tg) + (one point)

The equation of the tangent line at ¢ is y — y(t) = m(x — x(t))

so the y—intercept is —ma(t) + y(t) (one point)

Thus if we denote the distance by D, we have D? = (z(t))? + (y(t) = (-ma(t) + y(1)))?

csc(t)

cos(t)

csc(t)? -1
cos(t)?

= z(t)?(1 +m?), where m = —tan(t) + (one point)

Direct computation shows D? = sin(t)?( ) =1 (two points)

Thus D is a constant, independent of ¢.

/2
(b) (6 points in total): L = // V/(dz/dt)? + (dy/dt)2dt (two points)
/4
/2
= // Vcos(t)? +sin(t)2 - 2 + csc(t)2dt
/4
/2
= f/4 cot(¢t)dt (two points)

=In| sin(t)||:f1 =In(v/2) (two points)
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7. (a) (3%) Find f(0) such that 72 = f(0) is the polar equation of the curve given by 2 +4% = (22 -4*)?, (z,%) # (0,0).

(b) (3%) Find the points of intersection of the curves 2 +y* = (2% — y?)? and 7 = 2 (express the intersection points
in terms of polar coordinates).

(¢) (6%) Find the area of the region containing the origin and bounded by the curves 2 +y* = (z® - 3*)* and r = 2
(the shaded region in the figure below).

Solution:
(a)
x =rcosf )
) (1 point)
y=rsinf
22+ y? = (22 - 9?)? = r? = 1 (cos? 0 - sin? 0)? = r*(cos 20)?
For (z,y) # (0,0), r 0.
2
orr?= ———
5 4 ) ) ) ) ) 1+ cos 46 )
Hence 7% = 7°(c0s20)” = 1 =77(cos20)" = 1 = (sec20)° 1 [} 12 005226 = 1 (2 points)
or r?(cos® 6 —sin® )% = 1
(b) To find the points of intersection of the curve and r = 2, we need to solve the equations
r = sec 260 r = —sec20 )
or (1 points)
r=2 r=2
2 4 ) 7 8 10 11
Hence 20 = z, -T, —W, =W, —W, =W, —T O —T
33 3 3 3 3 3 3
T w2 5 7 4 5 11 .
=—, —, -, =T, =T, =T, =T OF —T (1 point)
633 6 6 3 3 6
P e points of intersection are (2, D e gw) @, gw) @, gw) @, gw) @, gw) @, %w) (1 point)
(FEALERER: 01123, (r0) BEBRAND)
Notation:
(1) RIH—EMIISEN, BBE—¥3E: 2 points
(2) RIIE—ERISEN, BH—EREFDR—FZE: 1 point
(3) ®miBT2, BEILIERAYZE: 3 1 point
(¢) |Solution 1:
By the symmetry, we only need to compute the area of the shaded region in the first quadrant and multiply
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it by 4.
A=4 f —(sec” 20)d0 +
0o 2 z

4 4

31

1 5 1
:4[tan29‘6 +2><E+ftan29
6=0 6

T 4 2
= (tanf + -7+ tanT — tan(ﬂr))
3 3 3

4
:§7T+2\/§

Partial credits:

A:4[f61(sec220)d0+/31
0o 2 = 2

6

1
4 points : 1 point : For the formula A = 3 /(f(&))zdﬂ
1 point: For correctly divide the interval [0, %] into [0,

2 points: For correct integrands in each intervals.

First compute the area of the white region inside the circle r = 2.

51
By symmetry, the area of the white region =8 / ’ 5(22 —sec®20)d6
0

3 -2%df + /WE %(sec2 29)d9] (4 points)
3 1 oi
ng] (1 point)

(1 point)
2 21,
-2 d0+/ﬂ i(sec 29)d9]

77 T T

6] Y [67 g] U [g’ 5]

(3 points)

1 il
:4[4>< E—ftar129‘6]
6 2 0
(1 point, for triagonometric integration)

8
= §7r—2\/§ (1 point)

51
Partial credits: 8[ ’ 5(22 —sec?20)df (3 points):
0

[ s@))2a6
1 point: For correct upper bound and lower bound
1 point: For correct integrand.

1
1 point: For the formula A = 3

8
3

4
Hence the area of the shaded region is 7 (2)? - (77r - 2\/3) = §7r+2\/§

(1 point)
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