10627(1101-04. 06-1OHFIIA R RIFY /A5 E
1. (20 points) Evaluate the integrals.

125, 4 p2
(a) (10 points) f f e’ dxdy+/ f e’ drdy.
o Juu 1 Ju

-2
(b) (10 points) [/ cos (y " x) dA, where R is the trapezoidal region with vertices (1,0),(2,0),(0,2)
R y+x
and (0,1).

Solution:

(a) Let Dy, Dy be the region such that

1 205
[f e””SdA:[ / e“gdxdy
Dy 0o Juu

3 4 26:63
f f e dA = f / dxdy
Do
26 2/Y 3
Therefore, [ f dxdy + f / e” dxdy = f f e’ dA = f / e’ dyd:z: =
D1UD2

/(; i dm——(e -1).

standard of evalutaion

Simple calculation error 8pt
Right integration range after changing the order of x and y 5pt
Right integration range after changing the order of x and y but wrong calculation 4pt

1 1
(b) Let u=x+y, v=y-2x, then we have x = g(u—v), Y= g(v+2u). (1 point)

-1
o,y) |3 3|1 -
u.v) = % i =3 (2 points)
3 3
Boundary: v=u, v=-2u, u=1and u=2. (2 points)

Ik cos(er VA = [[ cos( )|gg Z;MA (2 points)
- ffD cos(a)gdA

:%ﬁf;cos(ﬁ dvdu

=3 [ (usin(2) [i2%,)du

3[1 u(sin1 +sin2)du

1
= é(sin 1 +sin2) (3 points)
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2. (16 points) Evaluate the integrals.

2,1 o1,
(a) (8 points) f f f e dzdydx.
0 0 Y

(b) (8 points) ./[[ x2dV , where E is the solid that lies in the first octant within the cylinder
E

1 and below the cone 2? = 422 + 49>

x2+y? =

Solution:

2 1 ,1
[ / / e * dzdydx
f / f “dydzdz (3 pt)

= f f ze ™ dzdr, let u = —22du = —2zdz (3pt)
0. Jo

27 ~1
= f / e*dudz
o Jo

21 1
= [ —Zel+=dx (2pt
[0 o€ +gde (2pt)
=1-¢!

(b) (Method 1) Use cylindrical coordinates

4pts lgt 3pts

/2 1 2r /2 1 ’_7':
[[/x2dV=f f f (rcos@)QrdzdrdQ:f f 24 cos? 0 dr df =
E 0 o Jo 0 0 10

rj2 2 1 -

m$2dv=f f (rcos@)’rdrdzdf = = —

E 0 0 Jz/2 10

(Method 2) Use spherical coordinates

or

4pts 1pt

w2 w/2 o w2 /2 2
[[f 22 dV = f / f e (rsin ¢ cos)*r? sin ¢ dr dg df) = f f COSQZ
11 -11sin

1 ,r/ 9 1 = s
= - ) Y
5] cOs 9d9/ csc” o do ) 10 (3pts),

where f csc? pdgp = —cotp+ C

(Method 3) By symmetry and use cylindrical coordinates

1 1 /2 1 2r T
2 _ 1 2, .2 _ 2. _
/f[E:vdV—sz[E:v+de 2[{) fofo 2 ordzdrdd = o

Remark ﬁﬁ%;‘%ﬁﬁi
U 2T T+ 2, NN s T,
O ] 25 [O o fo ﬁtlj/,a%%?@zw H657. ESRMEMINAE] S 59

re 2
A ] ?%?U%Ei?}%%Jacobian PPRAGY . AR R [ ?%@Jg?%?/\o
0 0

do do
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3. (10 points) Let E be the tetrahedron bounded by the planes x +y+2z =3, £ =2z, y =0, and 2 = 0

which is completely occupied by a solid with the density function p(z,y,2) = y. Find the total mass
of the solid.

Solution:

The total mass of the solid is given by M := /] y dV.
E

The region E can be described as

(3 points)

E={(z,y,2)eR®| (z,2)eD,0<y<3-z-a},
where D is the triangular region in the (z, z)-plane given by
D:={(z,2)eR*|0<2<1,22<0<3-2} .
(correct description of the region (reflected in the regions of integration): 4 points)

[Method 1] By a direct computation, the total mass is found to be

1 3-z 3-z-x
Mz/]]dez[/ f y dy dx dz
E 0 2z 0
1 [3-zg27Y3%2 1 1l 3=z
2/ f [y_] d:chZ—f / (3-z-2)* dx dz
0 J2: 2 2Jo J2:

y=0
r=3-2

L e o
:3_3[_0—2)4]1_ 39

6 4 |24 87

[Method 2] Consider the change of variables

u=3z, v=r+z, wW=r+y+z,
which transforms E into a region in the uvw-space given by
Ez{(u,v,w)eR*|0<u<v<w<3}
={(u,v,w) eR*|0<w<3,0<v<w, 0<u<v} .

The required Jacobian can be calculated from
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Therefore, the total mass is found to be

3 w v
M:[[/yd\/:f/ [(w—v)ldudvdw
E o Jo Jo 3
1 3 w
=§f[ (wv—vQ) dv dw
0o Jo
1 r3(w? w? 1 3
== ———)d :_/ 3d
3/0(2 3) SN T

34

9
<

(calculation + answer: 3 points)
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4. (12 points) Evaluate the line integral / sinz dz + (¢ + 22)dy along the following choices of the
c

curve C.
y

-2 -1 0 1 2 A

(a) (4 points) C = Cp is the line segment from (-1,0) to (0,0).
(b) (8 points) C' = C; uCy, where C] is the polar curve r = 2sinf, 0 <6 < g and Cjy is the cardioid

r=1+sin9,g£9£7r.

Solution:
(a) Describe Cy as r(t) = (t-1,0), 0<¢t <1 (BHC 2 815147). Then

—/C sin(rz) dz + (e¥ +22) dy
= folsin(ﬂ(t— 1) -1+ (1+(t-1)%)-0 dt (H2BEREERTE, 1315)
= /;1 sin(w(t-1)) dt = ;COS(TF(t - 1))|(1) = _?2 (B IEREE R, 15249)).

(b) If D is the region bounded by Cy, C, and Cy, then by Green’s theorem, we have

[ sin(rz) do+ (e +a°) dy = [[ 2¢ dA (ffiff] Green’s theorem, 753%})
CouclLJCQ D

/2 2sin 6 T 1+sin6
:f f 2-rcosf-r d?"d9+[ / 2-rcosf-r drdf
0 0 72 Jo

(RSWRRITRGY, 335, Wl ERNT, W)
7"/ T _ _
:g(sinQ)A“O i + %(1 + sin«9)4’7r/2 = g + 75 = E? (RIGER RS Sy, 152457).

[herefore,
in(rz) dr+ (e +22) dy= — + =.
/ClucQ sin(mz) dx+ (¥ +2°) dy 5

™
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22 + 2y?
NZZES

Is F conservative on the right half plane D = {(z,y)|z > 0}? Justify

5. (16 points) Let F(z,y) = P(z,y) i+ Q(,y) j, where P(z,y) = —="—, Q(v,y) =
e +y

2Q

(a) (3 points) Compute or and
oy T

your answer.

(b) (4 points) Compute fc F - dr, where C is any curve in the right half plane D from (1,1) to (2,2).
(¢) (4 points) Compute _92 F-dr, where C'is a positively oriented circle centered at (0,0) with radius r > 0.

(d) (4 points) Compute ﬁlg

(Hint: You need to discuss whether C' encloses (0,0) or not.)

F - dr, where C is any positively oriented simple closed curve, C' c R?\{(0,0)}.

(e) (1 point) Is F' conservative on R?\{(0,0)}? Justify your answer.

Solution:

(a)

) x\/m— %xy\/g;—yTgﬂ :L\/W— \/a% 3+ xy? - xy? x3
T weE e e @t
o) 2o \/a? +y? - (22 + 2y%)3 ;ﬁyQ 223 + 22 — 3 — 212 3
e B T @t @t
Since aa—[; = % on D = {(z,y)lz > 0} and D is simply-connected, by Green’s theorem F is

conservative on D. (1%)

(b)
Let 7(t) = (t,t), 1<t <2. (1%)
(22) . 2 12 32
[(171) F- [1 (ﬁaﬁ)'ﬂ,
V2R =3vV2  (1%)

d 1)dt

(c)

7(t) = (rcost,rsint), 0<t <27 (1%)

J<1§F-df
C

f2”<r2 costsint r2(1 +sin®t)
0 )

T r

27
f (-r?costsin®t +r2(1 +sin®t) cost)dt = /
0 0

()

EN
Green’s theorem,

region bounded between C' and C,, and F is defined on D and
0Q _or

f[D(ax 8y)dA=0=§1§CF’-dF_

for some r small enough such that C, is inside C'. Therefore,

F
Cr

fﬁdf: Fodi=0by (c)
C Cr

(2%)

)+ (=rsint, rcost)dt (2%)

2T
r?costdt =0 (1%)

Case 1 (2%): For any simple closed curve C' in R?\{(0,0)} that enclosed (0,0). Let D be the

oz are continuous on D. By
x

-dr
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where C, is a circle with 22 + ¢% = r2.

Case 2 (2%): For any simple closed curve C' in R*\{(0,0)} that does not enclosed (0,0). Let D
be the region bounded by C. By Green’s theorem,

ffD@—f—%—i)dA:[[Dom:ygp.dho
(e) (1%)

Yes, since ¢ F-dif =0 for any simple close curve C' in R?\{(0,0)}, we get F is conservative in
c
R?\{(0,0)}, which is connected.
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6. (10 points) Find the area of the part of the surface x? + y* + 22 = 1 that lies within the cylinder
2? +y?>+2 =0 and above z = 0.

Solution:

1\? 1 1\? 1
Solution I. The equation of the cylinder is (x + 5) +q? = 7 Set D = {(x, Y) (:1: + —) +y? = —}.

2 4
Area =_/]j;\/1+z§+z§dA
z Y

1 37” —cos@ 1 37“ —cosf
Area :/f—dAzf / Tde@Z[ -V 1-r? do
D /1—Q32—y2 g 0 w/1_7,2 g [ ]0
3

We compute z, = - and use polar coordinates to obtain

:ﬁ71—|sin9|d9:Q-ﬂwl—sinﬁdﬁzw—z

2

1\? 1
By symmetry, one may consider D = {(:c, y) : (a: - 5) vy’ = 1} and compute likewise.

Solution II. The surface is parametrized by

. . . T T 3
r(u,v) = (sinucosv,sinusinv, cosu), 0<u< 33 +u<v< 5
We compute |r, x 7,| = sinu and integrate by parts to obtain
s 3T 4, jus
2 2 . 2 . . w/2
Area =f smudvdu:/ (m—2u)sinudu = [-(m - 2u) cosu — 2sinu]y” =7 - 2.
0 Ftu 0

Grading scheme
3 points for the region, 5 points for the integrand, 1 point for calculation and 1 point for the correct
answer.
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(01-023F) Suppose that f(z,y,z) is a scalar function with continuous second partial derivatives. Fix
a point Py = (20, Yo, 20). Consider spheres S, centered at By with radius p > 0.

(a) (2 points) Parametrize S, with spherical coordinates r(p,8) = (zo+psing cosd, yo+psinpsin b, zo+
pcosp), 0<p <, and 0 <6 <2r. Write down the double integral in ¢ and 6 that represents the
average value of f on S,.

(b) (4 points) Let function A(p) be the average value of f on S,, for p > 0. Evaluate A’(p) in terms

off/spvf-ds.

(¢) (4 points) If V*f = fo.+ f,,+ f.. is always positive, show that A(p) is increasing. If V2 f(z,y,z) =0
for all (z,y,z), compute A(p).

Solution:

ro = (—psingsind, psin ¢ cos b, 0)

= T4 x Ty = p? sin ¢(sin ¢ cos 0, sin ¢sin 6, cos ) (1 point)
1

1 2 ™
AW = sy M, Fw2as = g [ 700,00 iy ol ot

~1(¢,0) is Spherical coordinate, .. |ry x rg| = p? sin ¢

=)= [ [ 70e(0.0))sin 6 doao (1 point)

] { ry = (pcos¢cosh, pcospsing, —psin @)

, _i i 2m ™ ‘ _i o ﬂ_i ‘
2. A(p)—gp(M[o [0 f(r(z,e))smqb d¢d9)_4ﬁf0 fo dpf(r(¢,6))51n¢ dodo
1 L
- [0 /0 (Vf(r(¢,9)) - d—pr(¢,9))Siﬂ¢ dodf (2 points)

~.-dir(¢,¢9) = (sin ¢ cos @, sin ¢sin b, cos ¢), (1 point)
)

Y _i 2m i .I'¢XI'9 _ 1 ) .
A (p)—4ﬂ_/o fo VH(e(0.6)) - T dodt = g ffspvf ds (1 point)

3. By Divergence Theorem,

1 1
A(p) = ff dS = /f div(Vf)dV (1 point
()= 1 JJ, 95-a8= 1 ][ aiv(vpav (1 poin)
= f/ V- (Vf) dV = [/ v2f dV >0, where B, is the ball centered at I with radius p.
B, B,

That is, B, = {(z,y,2) e R¥: 2 + y* + 22 < p}
= A(p) is increasing, if V£ is always positive. (1 point)

If v2f = 0 for all (2, y,2), then A'(p) = [ff V2 f dV =0,
By

that is A(p) is a constant. (1 point)
1 2 ™ . .
= A(p) = A = [ [ F(z0,u0,20) 5in 6 dodt = fzo, o, %) (1 point)
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7. (14 points) Let F = (z-y)i+ (y-2)j + (2 —2)k be a vector field on R,
(a) (2 points) Compute curl F' on R?.
(b) (6 points) Let S; be a parametric surface given by 7(r,0) = rcosfi + 2rsinfj + (9 — r*)k for
r €[0,3] and € € [0,27], which comes with the standard orientation given by the normal vector

r, x rg. Find the flux of curl F' across S;.
2,2
¢) (6 points) Let Sy be a surface defined by the equation T Y 2 tiforze 0,1] and endowed
9 36

with the orientation given by the downward normal vector. Find the flux of curl F' across S,.

z

,,,,,,,,,,,,,,,,,,,, y
y
X
Solution:
(a)
i J k
- 0 0 0
1F =] — — — | =(1,1.1
o Jor Oy 0z (1.1,1)
-y Y-z z-x
divF =3

(b) Method 1: Direct Calculation

#(r,0) = (rcos®,2rsinf,9 - r?)
7. = (cos®,2sinf, —2r)
79 = (—rsiné, 2r cosf,0)

7 x 79 = (4r? cos 0, 2r* sin 0, 2r)

[fs curl F-dS = [[g curl F'- (7, x 7y)dS

27 3
= f f 4r? cos @ + 2r2sin @ + 2rdrdf
0 0

=187
Method 2: Stokes” Theorem
At 2=0,r=3, 7= (3cosf,6sin0,0),
C= {(w,y,z)|w =3cosf,y =6sinf,z =0, where 0 € [0,27]}

ff curlF-dgzjlgF-dF
S1 C
2

= 27 sin 0 cos @ + 18 sin® 6dp
0

=187

Page 10 of 15



Method 3: Stokes’ lgheorzem
Let S3 = {(x,y,z)|% + 3_6 <1,z =0} where 1 =k

ff curlﬁ-d§=5§ﬁ-df=ff cwrl F - dS
S1 C S3
:ff curl F - EdS
St
:[ 1dS
S3

= 187 (Area of ellipse)

(c) Solution 1. (Direct Compute)

52 = r(z79) = (3\/ 1 +,2’2COS¢9, 6V'1 +Z2SiIl9, Z),

0<z<1,0<6<2rm (1 point)
3z 62
r, = cost, sinf, 1
(\/1+Z2 V1+ 22 >
7"9—( 3V1+22sin6, 6V1+22cosb, 0) (1 point)
2 x1g=(-6V1+22cosf, -3V 1+2%sinf, 18z) (1 point)
Take the negative-z direction, thus
[f curl F-dS = [[ curl F-[—(r, x1g)]dA (1 point)
Sa
2
/ [ 6V 1+2z2cosf+3V1+22sinf — 18z dz df
2
= [ f -18z dz df
o Jo
= -18m. (2 points)
Solution 2. (Use Stokes’ theorem once)
22 2
Let C be the boundary of the oval 5 + 36" 2, z =1 and C5 be the boundary of the oval
x2 y2
— + % = 1 Z = 0
By Stokes’ theorem, we know that
[ e F-as= ¢ Foars f Foar
Sa C1 Co
where C is negative oriented, (5 is positive oriented. (2 points)
Thus, we have
r = (3V2cos6, 6v/2sinf, 1),  0<0<-27
ro = (3cosf, 6sind, 0), 0<6<2m. (2 points)
[ cw F-as
Sa
:f (3\/§COSQ 6V/2sinf, 6v/2sinf -1, 1 - 3v/2cosb)
0
(-3V/2sin 6, 6+/2cosb, 0) db
27
+[ (3cos® —6sinf, 6sinf, 3cosf) - (-3sinb, 6cosh, 0) db
0
=-367m + 187 = -18x7. (2 points)
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Solution 3. (Use Stokes’ theorem twice)

2 2

Let C7 be the boundary of the oval Dy = {% + % =2, z =1} and Cy be the boundary of the
22 2

oval Dy = {5 + §6 =1, z=0}. Then (2 points)
[/curlF iS=¢ F-dr+ F-dr:// curlF-dS+ff curl F - dS

So Cs D1 Do
where D is orlented downward, D, is oriented upward. (2 points)
ff curl F - dS

Dy
- / (1,1, 1)-(0, 0, ~1) dA

Dy
o
Dy

= —A(Dl)
Where A(D) is the area of the region D.
Similarly,
ff curl F- dS

Do
= A(Dg)

; curl F- dS =-A(D1) + A(Ds)

2

=-m-3V2-6V/2+7-3-6
=-187 (2 points)
Note:

1. If you do wrong on orientation, the most score you get is 3.
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(01-02%F) Let F = (x —y)i+ (y - 2)j + (2 — 7)k be a vector field on R3.

(b) (6 points) Let S; be the part of paraboloid z = 22 + (y — 1)? thea is below the plane z = 5 - 2y

with downward orientation. Find the flux of F across S, f F-dsS.
S1

Solution:

(Method I) Let E is the solid bounded by the paraboloid z = 2% + (y - 1)2 and the plane z = 5-2y.
Then by Divergence Theorem, the flux of F across the boundary of E, (2 points)

[ FdS+fdes ff/ddeV:/FdS [fsdv des
S1 S’ S1 S’

2=t + (y-1)2=5-2y = 2? +y* =4,
". the pro Jectlon of the intersection of the paraboloid and the plane to xy— plane is a circle centered
at (0,0) with radius 2.

27 5-2rsin6
[[ dv = f / / . , rdzdrdf (By Cylindrical coordinate)
r2-2rsin6+1
2
f / (5-2rsind) — (r? - 2rsin@ + 1)rdzdrdf = 2 - [ r(4 -r?)dr = 87 (2 points)
/f F.dS- ff F-(0,2,1)dA = ff 2y — (5 - 2y) — wdA
4 z2+y2<4 2+y2<4
_ff Ay -z —5dA = —5- 227 = 201
r2+y2<4
= / F-dS = ff 3dV—/ F-dS =3-8m+ 207 = 447 (2 points)
S B s
(Method I1) S; : r(u,v) = (u,v,u* + (v-1)?) =, x1, = (-2u,-2(v - 1), 1)
f F-dS= /] F.(-r, xr,)dudv (2 points)
S1 uZ+v2<4
= 2u(u-v)+2(w-1)(v-u*-(v-1)%) - (v*+ (v-1)* - u)dudv

u2+v2<4

= 2u” + 20 + 2u® - 2(v - 1) = u? - (v - 1)%dudv (By Symmetirc)
u2+v2<4

= 3u® +20% - 2(v® - 3v? + 3v - 1) — (vV* = 2v + 1)dudv
u2+v2<4

2 2
= ff 3u® + 7v? + 1 dudv = / f (3r%cos® 0 + Tr¥sin®0) r drd6 + 4r (3 points)
u+v2<4 0

27 ~2 27 0 27
= f f 5r3 drdf + 4n ( f sin? 0d6 = f cos? 0d6)
0 0 0 0

+4m =447 (1 points)

5
=9 -—rt
7T47“0
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8. (12 points) Let S be the boundary surface of the union of the balls 22+y*+2? < 1 and 2°+y*+(2z-1)* < 1.

z z

X X
(a) (5 points) Use spherical coordinates to parametrize S.

(b) (7 points) Find [/ F -dS where F=41+j+2°k and S is given the outward orientation.
S

Solution:
(a) (sol 1.)

upper surface: < 2sin ¢ cos ¢ cosf, 2sin ¢ cosdsinf,2cos’> ¢ >,0<0<2m,0< ¢ < g
lower surface: < sin¢cos#,sin¢siné,cos¢ >,0< 6 < 2, g <<
(sol 2.)

21

upper surface: < 2sin¢cos@cosf,2singcos@sinf,cosgp+1>,0<0<2mr,0< ¢ < 3

. . . T
lower surface: < sin¢cosf,sin¢siné,cos¢ >,0< 60 < 2m, 3 <p<m

score: the correct answer of upper surface gets 3 points, lower surface gets 2 points. Only
write the correct Spherical coordinate, doesn’t write the range of 6,¢ gets 1 point
separately. The correct range of 6 on both surface gets 1 point. The correct range
of ¢ on both surface gets 1 point separately.

(b) (sol 1.)
Use divergence theorem: f f FdS = f f / divFdV
27 s 2cos ¢
upper surface: / / ’ / 2p cos ¢p? sin pdpdpdl = 21%
o Jo Jo
2m ™ 1 -37
lower surface: f f f 2p cos ¢p? sin pdpdpdl = =
0 = Jo
total: om
4
(sol 2.)
i J k
upper surface: J = | 2cos(2¢) cosd 2cos(2¢) sinf - 2sin(2¢)
—sin(2¢) sin sin(2¢) cos @ 0

= < -25in?(2¢) cos #, 2sin?(2¢) sin 0, sin(4¢) >

27 5
f f <1,1,4cos* ¢ >< —2sin?(2¢) cos §, 2sin*(2¢) sin 0, sin(4¢) > dpd
o Jo
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~ 87m

32
1 J k
lower surface: J =| cos¢cosf cos ¢sinf —sin¢
—-sin¢gsinf  sin ¢ cos 6 0

= < sin? ¢ cosb, sin® ¢sin@,sin ¢ cosf >
27 T
/ / <1,1,cos? ¢ >< sin® ¢ cos B, sin® psin §, sin ¢ cos O > dpdh
0 3

_ —1om
32
9
total: —
4
score: Knowing to use divergence theorm gets 2 points, other method 1point. Use the upper
answer of Spherical coordinate(p®sin¢) gets 2 points. The correct interval of integral

gets 1 point separately, however you do write the correct value of integral.
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