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1. (15%)
(a) (5%) BRELNEIEFTE,
(b) (10%) EH f(z) BE

16 18

x 1
= 2 L L B2 \]
/0 f(t)dt—/x t°f(t)dt + =t g +C HETEN 2,
Hrh C BEH. REXH f(2) REH C.

Solution:
(a) (5 points) Assume that f(x) is continuous on [a,b] (1 point). Then the following two statements hold true:
(Part 1) Let F(x)= [ f(®)dt. Then F'(x) = f(x). (2 points)
(Part IT) If G'(z) = f(z). Then /;bf(t)dt = G(b) - G(a). (2 points)
§F: The fact that
F(x) = / f(x)dx implies F'(x) = f(x)

is just a definition for anti-derivatives but not a part of Fundamental Theorems of Calculus. You will get
no points if you write down this as part I in your answer. O

(b) (10 points) Do the derivatives on the both sides of

16 18

x 1 T T
fo f(t)dtzfx t2f(t)dt+?+?+0,

we obtain
f(z) = -2 f(z) + 22" + 2217,
Hence
f(z)= % =225, (7 points)

x 1 16 18
Furthermore, set = 0 in the formula / f@)dt = f t2f(t)dt + % + % +C, we have
0 T

1
0= fo t2f(t)dt + C

1
:f 26 7dt + C
0

Hence C = 3 (3 points)

#: Doing the derivatives incorrectly such as writing down
f(@) = f(0) = (1) =2 f(x) + 22" + 2277,

or making any similar mistakes in this step, you will get no more then 5 points for this question. O
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o . In(l+x)
2. (T%) R lim (17 22)

Solution:

(7 points) By using L’Hospital rule (for the N form), we have
(e ¢]

1

ln(l + w) B Tia
Tr—o00 ln(l + ;p2) - XT—>00 1322
241
= lim (5 points)
z—oo 21 (x + 1)
22 +1

im ——
z—o00 Q% + 21

1
= —. (2 points
5 (2 points)

§%: Doing the derivatives as

1
1+22

(In(1+ xz)), =

you will get no points for this question.
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3. (7%) R hm(i—%).

z=0\x?  sin

Solution:
Solution 1.
2 4 6
cosr=1-—+— - —
20 41 6!
22 % x2 2twgt 26446
cos2x =1- - +
2! 4! 6!
.9 1-cos2x 2xx? 232 25425
sin“x = = - + + ..
2 2! 41 6!
w2 9Bagt  95ugb
lim 22T _24!"L 26!bL o -2
) e 5+ 16
220 2 22? _24!36 26!1 +...)
_ 23*|z4 2° >+|a:5 + .. -2 -1
li 44.3 66.5 8 =3 -—
w0 B T ey 2
Solution 2.
2 2
- 0
lim M because equ. satisfy L'H (=)
x>0 x2sin3x 0
sin2x - 2x 0
= lim . . using equ. sin2x = 2sinzcosr and L'H (=)
-0 2zsinx + x2sin2x 0
2c082x — 2 0
= lim — CO{? a: using equ. L'H (=)
20 25in2x + 4wsin2z + 2x2cos2x 0
—4sin?2 0
= lim — Sner - using equ. L'H (=)
-0 6sin2x + 12xcos2x — 4x2sin2x 0
. —8cos2x
= lim -
-0 240827 — 32sin2x — 8x2cos2x
-8 -1
= — = —
24 3
score(solutionl): Final answer 1 point. Using cosx to find sin2x 3 points. Find cos2x 1 point. Find sin2x 2
point.
score(solution2): Final answer 1 point. Using L’H 3 points. Correct 1st differential equ 1 point. Correct 2nd
differential equ 2 point.
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4. (14%)
(a) (%) BH tan 'z T x =0 BZEDET. (FBRE HEn1H)
3tan~'z - 3z + 2°
35 '

(b) (7%) K lim

Solution:
(a) Solution 1.
1
— =l+z+2®+..+2"
l1-z
r dtan 'z 1

l+22 da :1—(—;102)
=1+ (-2 + (22 + .+ ()" =1-22+2 —2C+ .+ (-1)"2n

1 3 5 —1)" o (_1)"
tan’lx:fidx‘:x—x—+x—+‘..+7( ) 2+l = (=) 2t
1+a2 35 o+ 1 2o+ 1

Solution 2.
dtan™'x (1422

dx

(1 +£L‘2)_1 — C,_le2n

Nk

n=0

[} 2n+1

X
tan"'z = S ¢!
an”w=, Cplo

n=0

1
score: Final answer 1 point. Know tan 'z = .2 2 points.
-z

1
Know 1—:1+a;+a;2

+ ... 2 points. Correct concept 4 points.

(b) Solution 1.

o 3tan 'z -3z +2® 3(x—%3+§+...)—3x+x3 _ 3(%5—“477
lim = lim 2 = lim -
z—0 35 z—0 35 z—0 3x°

3 1 1
= — % = = —,
5 3 5
Solution 2.
3tan™'x - 3z + 23 0
lim 24 ¢ - TTT pecause equ. satisfy L’'H (=)
z—0 3x° 0

_ 3(1hs)-3+32% 3-3-322+322+32% 3z4 1
lim = lim = lim = =
z—0 15z* z—0 (1+22)1524 z~0 1524 + 1526 5

score: answer 1 point. Using equ. L’H or upward result of (a.) 6points.
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5. (14%) REUTMERERESD .

(a) (7%) /xsin_l xd.
(b) (7%) f e

rzlnx +x

Solution:
(a). Let u =sin" 2, dv = xdx then du = de v = xj
' ’ Vi-z2' 2
2 1 2
fxsin_lxzx—sin_lx—ff v dv (1)
2 2 1-22
For integral in (1), let « = sin@ then dx = cos 0df
2 .2 .2
rdx sin” 0 sin” 0
- cos 0 = f cos 00
V1-22 V1-sin?6 st
29
f sin? 0 = f o8
B 6 sin260
2 4
2x
Since sinf = x then cosf = V1 -22 ,sin20 = and @ =sin"'z
’ V1-2a2
6 sin20 1 . _; x
- - =—sin - ———
2 4 2 2v1 -2
Hence (1) become
2
. 1 v 1. 4 T
rsinT xz=—sin z--sinx+ —-==+C
—/ 2 4 4V1 - 22

Grading Critiria:

ERA MBI L ERS = sin” 'z, dv = 2dz 829
EEETER2HEINER(HNF(1)812

BEXF ()RR, Sr-snfBERETERERENNFE2D
T EtERRIRE2SD

thIAUREMSEM, BIRUTE,

d
(b). Let u =Inz then du = &
x

[lnixd:czfidu:/(
zlnxr+x 1+u
=u

-In(1+u)+C=lnz-In(1+Inz)+C

Grading Critiria:

o FRABHBE, Tu=-IhsWIERTTERENAFEID
o MTEEBEMBEH G4
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6. (6%) K sin(2?)  2=0 BZRMBTIE n B, (TEEEM sine B cosr ZRYER, FUHE, )

Solution:

Write down the tylor expansion of sinx

.’EB :L'5 CE7

SNr=o— —+— — — +-

3t 5017
Substitute = with z? then it’s the tylor expansion of sin(z?)

9 5 Jjﬁ .5610 JJ14

SNz =" - — 4+ —— — —— + e

3! 5l 7!
Grading Critiria:
e B TsinzHIRPERANE3ID
o Bl B Asin s RHRN S35
o {LEBIEMLID

e sinzMTEETRIBHEERIS
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7. (1%) R sin®x =0 BZRBBRNE n B, (TEEEM sine & cosr ZEPRT, FLHE, )

Solution:
Method1l
1- 2
sin?x = % (1 point)
2n
cosx = Z( nH" ' (2 points)
n=0 2 )
n 21.)271 )
cos(2z) = 7;0(—1) an)] (2 points)
1 1& (2x)2"
i 2 n
—— =Y (11
sin“z =5 - o T;)( ) (an)]
1 Si ( 1)n 122n on
=— ) ————=x
2 n=1 (QTL)'
> (-1 n—122n—1
=> O o (2 points)
n=1 (2”)'
Method2
. sin®z = 2sinz cos z = sin(2z) (1 point)
x
2n+1
= " 2 point
sinz = Z( 1) @iy (2 points)
" (2$)2n+1 )
sin(2z) = Z( 1) (2 + 1)1 (2 points)
2 2n+1
sin x—f "( 7) dz
(2 +1)!
& Cryan
= (2n+2)!
) 1)" 122n 1
=> D2 o (2 points)

n=1 (QTL)'

Therefore, the n-th term of the Taylor expansion of sin® z centered at z = 0 is

0 ,n=0
_1\n—-192n-1
(1)72$2" ,n > 1
(2n)!
Note that there will be 172 point(s) deducted if you (to some degree) don’t specify the n-th term or just leave
1 &> 2 2n
the answer in form of ——=> (-1 )”( z)
2 2.3 (2n)!
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8. (10%) KEA#R y = Insecx E 0<z < % BAeRE. (FUE2ANETER, BEAKSE, )

Solution:
b
The arc length of the curve L = [ 1+ [f'(2)]? dx, (2 points)
where f(z) =Insecz and f'(z) = -secrtanx = tanx (2 points)
secx
/4
L= [ 1 +tan®x dx (2 points)
0
/4
= [ secx dz (1 point)
0

w/4 secx +tanx
= secx- —— dx
0 secx +tanx

/”/4 sec? T + secz tan z
0

secx +tanzx

/4

=1In|secz + tan z| (2 points)
0

=In|v2+1|-In|1 +0|

=In(v/2+1) (1 point)

Note that there will be no point if you put the formula in the wrong way at the beginning.

Page 8 of 10



9. (20%) 8 O BE y - ﬁ v=1,7-2 R ¢ HFEENED,

(a) (T%) K Q ZEH,
(b) (7%) & Q # o SEEEBFTA LA,
(c) (6%) K Q # y SAEEISFTAE CHVARTA.,

Solution:
1
Q bounded by (y = )+ (x=1)+(x=2)+(y=0)
z(3-x)
0.5 % \_/
0.4 |
0.3t
D
0.2
0.1
0 }
0 0.5 1 1.5 2 2.5 3
X
(a)
2 ] 21/3 1/3 1 2 1 2 _ 2
d:f Lodr= S (1 S (=In(3-2))? = Zin(2
/ FERm i) M e CLCO R QU CRED )
Note:
L A B AB-2)+Br>A-1/3, B-1/3
x(3-x) =z 3-x
el

BHAR (1 pt)
SR ERE (3 pt)
2 (2 pt)

&= (1 pt)
(b)
E—
G R 19 227 19
Ve f w S e e
1 1 4 1
R (n(@)} + 5+ 2 (n@-2)) + ] =7( o in(2) + 3)
Note:
1 , A B C D
(x(S—x)) z ﬁ+3—x+(3—x)2
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=1=Az(3-2)?>+B(3-2)*+Cxz(3-z) + Dz?

putz=0,z=3,z=1,x=-1, = A=2/27,B=1/9,C =2/27,D =1/9

B
FHAR (1 pt)
SKHERE (3 pt)
B2 (2 pt)
=2 (1 pt)

==
By (a) we have

Vx=/127r(

zx‘/lz (1/3 1/3)d ‘9f(’ 7” _9/12(3612+x(32—x)+(3—1x)2)d$

™ T 2 1 T, -1 T 2 T 1
B 1 x2 9/ x(3 x) 5[1 mdw:§(§ﬁ+§'2'§l”(2) 9 (3—x))%_ (Eln@)"' )

E—
Vy = f 2rxf(x)dr = / 2rx (3= x)dx / 27r dx 27rf (~In(3 - x))? = 2min(2)
o
BEARN (1 pt)
#2 (3 pt)
&= (2pt)
EZ

B Pappus Thm
(#ysieiE o i) =(QBEINVE—BaMR)(Q B#E)

BREHQ HxSARNBERY, NENZxEE: T - g
B (a)

=V, = QW(g) Q| = 27r~(%) . (%ln(Q)) =2mwin(2)
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