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1. (12 points) Find the limits.

(a) (6 points) lim ( n + n n &) = lim ) L

+ +.o+
no+too\n24+4.-12 n2+4.22 n2+4.32 5n?

1 [ Vih
(b) (6 points) }zir% 7 V1 +t3dt.

1-h

Solution:

(a)

L1 1 .
= f — dr=—tan "2
o 1+4x2 2

b- 1 '
where we take a =0,b=1, Ax = az—,xi:a+iAx=l
n n n
Another approach:
o n L 1 1 2
li - __(=.=Z
nl—wozn2+4z2 nﬁw;1+(%)2 (2 n)
U | 1
=1 -=A
ﬁ§;1+ﬁ 2"
2 1 1. 1
2/ —dr=—-tan'2
o 1+a2 2
b-a .
where we take a =0,b=2,Ax = =—,x;=a+1Axr=—
n n n
1 Y1+h .
(b) lim — \/1+t3 dt
h—0 h Ji-h
1
—}g%I %l \/1+2€3 dt] [g]L’H’ (1 points)
=lim\/1+ (V1 - )3th“ +h]-\/1+(1-h)3 ;ﬂl h] (2 points)
= lim 1+ (V1- P3ﬂ1+hrw3‘ 1+ (1-h)3(-1) (2 points)
1
= 2§xuymﬁ
=§¢§ (1 points)

Note:

1. If you get one derivative wrong, you will get 1 point in the total of two points.

2. If you integrate f V1 +t3dt, you will get no point.
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2. (10 points) Evaluate the integrals.
(a) (5 points) f tan x In(cosx) dz.

inr-1
(b) (5 points) f ST
sinz cos
Solution:
(a) (Method I)

Let t = cosx = dt = —sinzdx It .

= / tan x In(cos x)dx(2pts) = - / —dt = ——(lnt)2 +C(2pts) = —§(ln(cos 7))?+C (1pt)
(Method II) Let u = Incosx, dv = tan :cd:c = du = —tanxzdz,v = —Incosx (2pts)

= f tan x In(cos x)dx = —(Incosx)? - f tanz In(cos z)dz (2pts)

= / tan z In(cos x)dx = —%(ln(cos 7))? +C (1pt)

(Method I)
inz -1 1 1 2
f SRETC = f - — dx(2pts) = f sect — ——dx
sinz cos cosr sinxcosz sin 2x
=In|secx +tanz|- | 2csc2zdr =1In|secx + tanz|+ In|csc 2z + cot 22| + C' (3pts)

(Method II)

sinz -1 1 1 sec? x
/ —dxr = [ - — dx(2pts) = f sec T — dx
SIN T COS T COSX SINXTCoST tanx

=1In|secx + tanz| - In|tanz| + C (3pts)
(Method I1T)

inr -1 1 1
/ SIET R = [ - — dx (2pts)
sin z cos T cosw sinzcosw

secx —tanx — cot zdx = In|secx + tan x| + In|cosz| - In|sinz| + C' (3pts)

(Method 1V)

f sinz -1 dp = (sinz —1) cosz
sinx cosx N sm T cos?x

Let t = Slna: = dt = coszdx

[t(l di(2pts) = ./t(t /t

dx

1
N +C(2pts) Y [l ‘+C’(1pt)
sinx
(Method V)
2
Let t = tan — = do = ———dt
22 1+1¢2
z)-1 2 2t — (1 +1¢2 t-1)2 2 1
(S SN ETCYC P U B
() (E5) 1+ t(1-1t2) t(t+1)(t-1) t+1 ¢t
2
(t+1)2 (tanZ +1)
=1 C(2pts) =In|————| + C (1pt
n’ |+ C(2pts) =In anz " (1pt)
() In|ecsc2x + cot2x| =In|l + cos2z| - In|sin 2z|
& =In|2cos?z| - In|2sinz cos z| = In| cos z| - In | sin z|

1 +si
(b) (1n]sec:c+tanx|+ln\cosx|—ln]sinx]:ln — +1 :ln‘ 'smx)
sinz sinz
(tanZ +1)° tan?2 + 2tanZ + 1 2 1+sinz
(c) |[In|[————|=In — =ln|— +2[=In|— +1n?2
tan 5 tan 5 sinx sinx
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3. (16 points) Evaluate the integrals.

(a) (8 points) vde

V25 -8z + a2

6230

ot e
(b) (8 points) TR

Solution:

(a) First notice that
xdr ~ (z- 4) dx / 4dx

V25-8r+a? V9 +(z - \/9+(z - 4)°

To calculate I, substitute u = (x - 4)2 into the first integral on the right-hand-side to obtain
(x-4) do / du 2
I = =VI9+u+Cy=\9+(x-4)"+C
: 29+ u 1 (rmaye

(Method + Answer: 3+1 points)

(-0.5 points for no constant of integration or not expressing the answer in terms of x.)

To calculate Iy, let x—4 = 3tan6, where 0 € [—g, g], then dz = 3sec?0df and secd > 0. One

then also has secf = V1 +tan?6 = ( 3 ) —V25 - 8x + z2. It follows that

I 4 dx _4[ 386026d9
i 0+(z—4)> 3V1+tan%0

=4f |sec 0] dO (e Se:cezo)llfsec@ o
=4Inlsecd + tan 6| + C"
:4ln’\/m+x—4’+02 .

where Cy:= C" - 41n 3. (Method + Answer: 3+1 points)

(-0.5 points for no constant of integration or not expressing the answer in terms of z.)

Therefore,

xdm =V25- 8x+x2+4ln’\/25 Sr+x2+1x— 4‘+C’
V25 - 8x+x2

where C = C; + (5.

(No deduction even without explaining relation between different constants of integration.)

(b) Let u =¢€”, then du = e*dx. Tt follows that
e*dr udu ~ (u—4)+4du_[ du . 4 du
16 — e + 22 16 - 8u +u2 (u—4)2 J u-4 (u—4)2

4
C.
_4+

4
=In|u-4|- 4+C':11r1|e";—4|—

(Method (substitution + partial fraction decomposition): 343 points)
(Answer (2 antiderivatives): 141 points)

(-0.5 points for no constant of integration or not expressing the answer in terms of x.)
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4. (10 points)

e 1
(a) (5 points) Determine the values of the constant ¢ such that f (l—daf is convergent.
1 (Inz

)’z

Evaluate the integral for such values of ¢.

(b) (5 points) Determine the values of the constant ¢ such that f dx is convergent.
e

(Inz)tx
Evaluate the integral for such values of ¢.

Solution:
)fe dz ~ lim fe dz
1 (Inz)tz a1t Jo (Inz)ts

1
Let u=Inz, and du = —dz

x
In )it
(nm) —— if t+1
Inz)ts Lot
(nx Inlnz, if t=1
1 1 1-t
lim (—— = MO ey
lim — = a>1t"1 -1 1-t
aml (lnx) lir%(—lnlna), ift=1

Therefore, if £ = 1, the limitation is diverges, if ¢ > 1 the limitation is also diverges, and if

t <1 the limitation is 17 coverges.

Grading policies:

(1)Write down the improper integral correctly. = 1 point.
(2)Evaluate the indefinite integral correctly. = 2 points.
(3)Write down the conculsion and value correctly. = 2 points.

./ (ln x)t ) a%o ./ (ln :L’)t

Let u =Inz, and du——
x

(Inz)t-t

yift#1l
(Inz)tx L=t :
Inlnz, if t=1
Ina)t- 1 .
lim _ aqp(( )t AR
e (lnx)t 1113(—111111@), if t=1

Therefore, if t = 1, the limitation is diverges.

Ift>1, that is 1 -t <0 . The limitation is 7
Ift<1,thatis 1-t>0 . The limitation is oo diverges.

coverges.

d -1
So, fe n ;E) i, converges iff (if and only if) ¢ > 1 and the value is 13

Grading policies:

(1)Write down the improper integral correctly. = 1 point.
(2)Evaluate the indefinite integral correctly. = 2 points.
(3)Write down the conculsion and value correctly. = 2 points.
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5. (18 points) Let R be the region bounded above by the curve y = tan®z, left by z = 0, below by
=0, and right by z = 7/4. Let R be the region bounded above by the curve y = tan” z, left by
=0, below by y =0, and right by x = /2, where p > 0 is a constant.

(a) (6 points) Rotate R about the x-axis. Find the resulting volume.
(b) (6 points) Rotate R about the y-axis. Find the resulting volume.

(¢) (6 points) Rotate R about the z-axis. Find the values of p such that the resulting volume is

finite. (Hint: You may use the inequality (g —x)-tanx < 2, for % <x< g)

Solution:

(a) Volume V = /Z myldr =7 /Z tan vdx
0 0

/(tan r)dx = [(sec2 r—1)tan® zdr = / sec? ztan? wdx — / tan® xdx (1)
For first integral in (1), let u = tanx, du = sec® zdx. Then
2 2 2 L3 Lo 3
fsec xtan xdx=fudu=§u +C’=§tan z+C (2)
And for second integral in (1)
ftangxdx=f(sech—l)dac:tanx—x+C’ (3)
Substitute (2) and (3) into (1) we get
4 Lo 3
f(tana:) dx = gtan r—tanz+z+C
Hence the volumn V' is

V:w[%tan?)x—tanerx]f :w(%tanfiz_tanz+£)

4 4
3 4
_2m 2
T3 4

Grading criteria:
e Write down the formula of volumn V' (either cylinder method or shell method) get 2
points.

e There are two part in the integration of tan®z, get 3 points if you calculate both part
correctly, get 1 points if you calculate only one of those correctly.

e If both part of integration are wrong, you can get 1 points if you try to simplify the
integration of tan*z

e Write down answer correctly get 1 points.
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By the shell method, the resulting volume is

V,= ZEIfxtanz xdx.

Setting

u=x, dv = tan” xdx = (sec’ x —1)dx,
we have

du=dx, v=tanx—x.
Therefore,

V,=2nx {[x(tan x— x)];% -~ J.OZ tan x — xdx}

RN O -

7

0

(1 pt: volume formula.)

(2 pts: integration by part.)
(2 pts: process.).

(1 pt: right volume.)

The volume of the given solid of revolution is given by the improper integral.
V= 72'_[% tan’” xdx
0

0
=7 lim | tan*’xdx
02y J0

0 2p : 0 2p
= 7ZJ. tan”’xdx+z lim | tan"’xdx.
0 0->(5) %
Note that the volume is finite if and only if the latter integral is convergent.

(1.5 pts: correct impretation of the improper integral and convergence criterion.)
The inequality (% - xj tan x < 2 for % <x< %

implies that

2 Y’
T
0<tan?” x < for —<x<=
Z—x
Since,
2% . 2%
I —dx = lim 5 xdx
FG-x7 -3 5 (5 -x)"
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4
= lim 2% ! —
0>3) Cp-DE-x)"" |

4

1 1
(2[7 _1)(% - 6)2p71 (Zp _1)(£)2p—1
4

(Z)I_ZPL when p<l
4 1-2p 2

1
+00 when p>—
. % . 1
It follows by the comparison test that .[0 tan’” xdx is convergent when p < 5
. . 1
(2 pts: showing that volume is convergent when p < E.)
1
Note also that, when p = >
5 P - 0
V= 7zJ. tanxdx = lim | tanxdx = lim [ln|sec x”,, =
0 0—(%)” 90 0—(%)” 2
. g 1
(1 pt: showing that volume is divergent when p = E.)
1 .
when p > > the volume is
T 2p . o,  ap T . ¢
V=rm J. tan’xdx -+ lim | tan™"xdx > ﬁj tanxdx+ 7 lim | tan xdx
0 0->(5) 9% 0 6->(5) 9%
) T V4

Since tan’*” x > tanx for Z <x<—,
the comparision test then assumes that the volume in question is finite if and only if

1
O<p<—.
Py

(1.5 pts: showing that volume is divergent when p > %.)
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6. (12 points)
(a) (6 points) Find the length of the curve

y=fx cos(2t) dt
0

from z =0 to x = /4.

(b) (6 points) Rotate the curve about the y-axis. Find the resulting surface area.

Solution:

(a)
/4 /4
[ 1+ (dy/dz)?dz 2 points = f 1+ cos(2x)dx 1 point
0 0

/4
/ V2 cos?(z)dx 2 points
0
/4
= \/5[ cos(z)dz
0
= V2Zsin(z)|!

= \/ﬁ(g -0)=1 1 point

/4
27Tf 2 cos?(z)dx
0

/4
= 2\/5%/ xcos(z)dz
0

= 2V/2r [xsin(z) + cos(x)]

- 2\/_ [f(i) i_l]

/4
S = f 2m/1 + cos(2z)dx 3 points
0

OZ 2 points

= 7 +(2-2v2)r 1 point
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7. (10 points) The curve C': r =1+2cos# and its two tangent lines, L; and Lo, at the pole are shown
in the graph.

///

L\

(a) (6 points) Find the area of the shaded region.

(b) (4 points) Now consider another curve C': r = -1 - 2cos(f - %) How is the curve C' related
to the curve C'?7

Solution:

(a) Ly:0- 2?”(1%), Ly:0- 4?”(1%).

51 ™1
Area = 2 / ’ 5(1 +2cosf)%df - [ 5(1 +2cos6)*df
0 27

(1%) (1%) (1%)

(or 2[ﬁﬂ2ﬂ%(l+20050)2d9— f; %(1 +2cos€)2d9])
= 4V/3(1%)

(b) Reflect through the pole (2%) and rotate % (rad) counter-clockwise(2%).
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8. (12 points)

d
(a) (6 points) Solve the differential equation x d_y - 2y = 2® tanw secx, x > 0, and y(7/3) = 0.
T

k
(b) (6 points) Find the orthogonal trajectories of the family of curves y = —7 where k is an
T

arbitrary constant.

Solution:
(a)
dy 3 T
r—= -2y =z"tan(x)sec(x) =>0, y(=)=0
dz 3
d
= Y 2y = 22 tanrsecw
dr =«
Let

2

I = eXpP _Z_ eXp—2ln|x\+c -
T

(2 points)
by choosing ¢ = 0
1, .
Iy = f —*tan(z) sec(z)dz = sec(z) + ¢ (2 points)
x
=y = 2%(sec(z) + )

= y(5) = (5)%(sec(5) +) =0

=c=-2 (1 point)

=y = 2%(sec(z) - 2) (1 point)
(b)
k

y:mszy($+1)
dy k .
% = —m (2 pomts)
_ oy(z+1) oy .
S P (1 point)

Slope field of the orthogonal trajectories

@_xntl

T , (1 point)

:[ydyz/(x+1)da:
1 1

= §y2 = 5952 +x+c (2 points)
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