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�� ��習題解答 8.2.8.
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8.3 連續型機率�� ��習題解答 8.3.1.
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


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�� ��習題解答 8.3.2.
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�� ��習題解答 8.3.3.
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=
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=
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λe−λt, t ≥ 0 其實就是 Γ(1, λ) 分配的機率密度函數. 計算期望值和變異數顯然會用到下
面兩算式
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所以
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ˆ ∞
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ˆ ∞
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=
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=
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(1) 設 Y = X + α,

FY (t) ≡ P(Y ≤ t) = P(X + α ≤ t) = P(X ≤ t− α) =
´ t−α
−∞ fX(t) dt

⇒ fY (t) = F ′
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´ t−α
−∞ fX(t) dt
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α
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�� ��習題解答 8.3.8.

(1) 由課本定理知
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ˆ ∞
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ˆ ∞
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ˆ ∞
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=
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n = 1 顯然正確, 設 n = k 正確, 即

fZk
(t) =

1√
2kπσ

e− (t−kµ)2

2kσ2

因為 Zk+1 = Zk + X 現設 µ1 = kµ, σ1 =
√

kσ; µ2 = µ, σ2 = σ, 由前習題得

fZk+1
=

1√
2π
√

kσ2 + σ2
· e− t−(kµ+µ)

2(
√

kσ2+σ2)2 =
1√

2(k + 1)πσ
e
− (t−(k+1)µ)2

2(k+1)σ2

故得證.�� ��習題解答 8.3.9.

設 Y = X2, FY (t) ≡ P(Y ≤ t) = P(X2 ≤ t). 當 t ≤ 0, FY (t) = 0; 當 t > 0, 則

FY (t) = P(−
√

t ≤ X ≤
√

t) =

ˆ

√
t

−
√

t

1√
2π

e− t2

2 dt

所以當 t ≤ 0 時, fY (t) = F ′
Y (t) = 0; 當 t > 0,

fY (t) = F ′
Y (t) =

(ˆ √
t

−
√

t

1√
2π

e− t2

2 dt
)′

=
1√
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e− t
2 · 1

2
√

t
− 1√

2π
e− t

2
−1

2
√

t
=

1√
2π

t
1
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2

因此 fX(t) =





1√
2π

t−
1
2 e− t

2 , t > 0

0, t ≤ 0
, 正是 χ2(1) 分配.

�� ��習題解答 8.3.10.

(1)
ˆ t

0
(t− s)msn ds =

ˆ t

0
(t− s)m d(

sn+1

n + 1
)

=
(
(t− s)m · sn+1

n + 1

)∣∣∣
t

0
−
ˆ t

0
(

sn+1

n + 1
) · (−m)(t− s)m−1 ds

=
m

n + 1

ˆ t

0
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(2) 令 Im,n =
´ t
0 (t− s)msn ds, 由前計算知

Im,n =
m

n + 1
Im−1,n+1 =

m(m− 1)

(n + 1)(n + 2)
Im−2,n+2 = · · ·

=
m(m− 1) · · · 1

(n + 1)(n + 2) · · · (n + m)
I0,n+m =

m! n!

(n + m)!
I0,n+m

但 I0,n+m =

ˆ t

0
sn+m ds =

tn+m+1

n + m + 1
, 代回原式得

Im,n =
m! n!

(n + m)!
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m! n!

(n + m)!
· tn+m+1

n + m + 1
=

m! n!

(n + m + 1)!
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