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機率與統計

8.1 機率的複習與延伸

8.1.1 二項分配

8.1.2 隨機變數�� ��習題解答 8.1.1.

V2 = k 表示在前 k − 1 次裡只出現一次正面, 所以

P(V2 = k) = (Ck−1
1 p) · pqk−2 = (k − 1)p2qk−2

又
∞∑

k=2

P(V2 = k) =

∞∑

k=2

(k − 1)p2qk−2 = p2
∞∑

k=2

(k − 1)qk−2

令 S ≡∑∞
k=2(k − 1)qk−2 = 1 + 2q + 3q2 + · · · , 則

qS = q + 2q2 + 3q3

⇒ S − qS = 1 + q + q2 + · · · = 1

1− q

⇒ S =
1

(1− q)2
=

1

p2

因此
∞∑

k=2

P(V2 = k) = p2
∞∑

k=2

(k − 1)qk−2 = p2 · 1

p2
= 1
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�� ��習題解答 8.1.2.

Vn = k 表示在前 k − 1 次裡出現 n− 1 次正面, 所以

P(Vn = k) = Ck−1
n−1p

n−1 · qk−n · p = Ck−1
n−1p

nqk−n

�� ��習題解答 8.1.3.

(1) W1 與 W2 獨立, 所以 W2 ∼W , 且 W1 + W2 = k 所對應的事件正好就是 V2 = k 的事

件, 因此 V = W1 + W2.

P(V2 = k) = P(W1 + W2 = k)

=

k−1∑

i=1

P(W1 = i,W2 = k = i) =

k−1∑

i=1

P(W1 = i) · P(W2 = k − i)

=
k−1∑

i=1

(qi−1p)(qk−i−1p) =
k−1∑

i=1

qk−2p2 = (k − 1)qk−2p2

(2) P(Vn = k) 計算如下:

P(Vn = k) = P(W1 + · · ·+ Wn = k)

=
∑

i1+···+in=k

i1,...,in≥1

P(W1 = i1, · · · ,Wn = in) =
∑

i1+···+in=k

i1,...,in≥1

P(W1 = i1) · · ·P(Wn = in)

=
∑

i1+···+in=k

i1,...,in≥1

(qi1−1p) · · · (qin−1p) =
∑

i1+···+in=k

i1,...,in≥1

qk−npn

但方程式 i1 + i2 + · · ·+ in = k, 其中 i1, i2 · · · in ≥ 1, 其整數解數目等於下式

x1 + x2 + · · ·+ xn = k − n, x1, x2, · · ·xn ≥ 0

的整數解數目, 等於重複組合 Hn
k−n = Cn+k−n−1

k−n = Ck−1
k−n = Ck−1

n−1, 因此
P(Vn = k) = Ck−1

n−1p
nqk−n, 和前面習題的結果相同.�� ��習題解答 8.1.4.

(1) P (Xi = 1) = 2
6 = 1

3 .
(2) Xi ∼ B(1, 1

3 , 2
3), 且 Xi 彼此獨立, 所以 Z = X1 + · · · + Xn 遵守 B(n, 1

3 , 2
3) 的二項分

配.�� ��習題解答 8.1.5.

(1) 5!

1!; 2! 2!
· 2
5
· (1

2
)2 · ( 1

10
)2 = 30 · 2

5
· 1
4
· 1

100
=

3

100
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(2) 回答見下表, 其中樣式部分不含順序在內. 最後一欄, 是化成公分母 1000 的機率值.

Z = 3 (1, 1, 1) P(Z = 3) = (2
5)3 = 8

125
64

1000

Z = 2 (1, 1, 0) P(Z = 2) = C3
1(

2
5)2( 1

10) = 12
250

48
1000

Z = 1 (1, 1,−1) → C3
1(

2
5)2 1

2 = 12
50

(1, 0, 0) → C3
1

2
5( 1

10)2 = 6
500

P(Z = 1) = 12
50 + 6

500 = 126
500

252
1000

Z = 0 (1, 0,−1) → 3!
1! 1! 1!

2
5 · 1

10 · 1
2 = 12

100

(0, 0, 0) → ( 1
10)3 = 1

1000

P(Z = 0) = 12
100 + 1

1000 = 121
1000

121
1000

Z = −1 (1,−1,−1) → C3
1

2
5(1

2)2 = 3
10

(0, 0,−1) → C3
1(

1
10)2 1

2 = 3
200

P(Z = −1) = 3
10 + 3

200 = 63
200

315
1000

Z = −2 (0,−1,−1) P(Z = −2) = C3
1

1
10(1

2)2 = 3
40

75
1000

Z = −3 (−1,−1,−1) P(Z = −3) = (1
2)3 = 1

8
125
1000

可以檢查, 最後一欄的總和是 1.

8.1.3 期望值�� ��習題解答 8.1.6.

(1) 由定義知

E(W ) = 1 · p + 2 · qp + 3 · q2p + 4 · q3p + · · ·
qE(W ) = 1 · qp + 2 · q2p + 3 · q3p + 4 · q4p + · · ·

⇒ (1− q)E(W ) = p + qp + q2p + q3p + q4p · · ·
= p(1 + q + q2 + · · · ) = p · 1

1−q = 1

⇒ E(W ) = 1
1−q = 1

p

若發生事件 1 的機率是 p = 1
N , 所以 N 次會發生一次, 符合直覺. 其他 p 類推.

(2) 由期望值性質知

E(V2) = E(W1 + W2) = E(W1) + E(W2) = 2E(W ) =
2

p

E(Vn) = E(W1 + · · ·+ Wn) = E(W1) + · · ·+ E(Wn) = nE(W ) =
n

p

�� ��習題解答 8.1.7.

E(Y ) = E(X − E(X)) = E(X)− E(X) = 0
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8.1.4 變異數與標準差�� ��習題解答 8.1.8.

B(n, p, q) 的變異數為 npq. 但由算幾不等式, 1
2 = p+q

2 ≥
√

pq, 即 npq ≤ n
4 , 且等號發生

在 p = q = 1
2 時.�� ��習題解答 8.1.9.

因為 Var(X) = pq, 所以 Var(Z) =

Var(X1 + · · ·+ Xn) = Var(X1) + · · ·+ Var(Xn) = nVar(X) = npq

�� ��習題解答 8.1.10.
E(Y ) = E(X − α) = E(X)− α

Var(Y ) = E((Y − E(Y ))2) = E(((X − α)− (E(X)− α))2)

= E((X − E(X))2) = Var(X)

�� ��習題解答 8.1.11.

(1) Var(W ) = E(W 2)− E(W )2 = E(W 2)− (1
p)2

E(W 2) = 12 · p+ 22 · qp+ 32 · q2p+ 42 · q3p+ · · ·
qE(W 2) = 12 · qp+ 22 · q2p+ 32 · q3p+ · · ·

⇒ (1− q)E(W 2) = p+ 3qp+ 5q2p+ 7q3p+ · · ·
⇒ E(W 2) = 1+ 3q+ 5q2+ 7q3+ · · ·

qE(W 2) = q+ 3q2+ 5q3+ · · ·
⇒ (1− q)E(W 2) = 1 2q+ 2q2+ 2q3+ · · ·

由此得到 (1− q)E(W 2) =

−1 + 2(
1

1− q
) ⇒ E(W 2) =

1

p
· (−1 +

2

p
) =

2

p2
− 1

p

所以

Var(W ) = E(W 2)− (
1

p
)2 =

2

p2
− 1

p
− 1

p2
=

1

p2
− 1

p
=

q

p2

(2) 由變異數性質知

Var(V2) = Var(W1 + W2) = Var(W1) + Var(W2) = 2Var(W ) =
2q

p2

Var(Vn) = Var(
n∑

i=1

Wi) =

n∑

i=1

Var(Wi) = nVar(W ) =
nq

p2

2
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1

p
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2

p
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2

p2
− 1

p

所以

Var(W ) = E(W 2)− (
1

p
)2 =

2

p2
− 1

p
− 1

p2
=

1

p2
− 1

p
=

q

p2
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�� ��習題解答 8.1.12.

E(X̄) = E
(X1 + · · ·+ Xn

n

)
=

E(X1) + · · ·+ E(Xn)

n

=
nµ

n
= µ

Var((̄X)) = Var
(X1 + · · ·+ Xn

n

)
=

Var(X1) + · · ·+ Var(Xn)

n2

=
nσ2

n
=

σ2

n

E(S) = E
(∑n

i=1(Xi − X̄)2

n

)
=

1

n
E
( n∑

i=1

X2
i − 2X̄

n∑

i=1

Xi + nX̄2
)

=
1

n
E
( n∑

i=1

X2
i − 2nX̄ · X̄ + nX̄2

)
=

1

n
E
( n∑

i=1

X2
i − nX̄2

)

=
1

n

(
E
( n∑

i=1

X2
i

)
− E(nX̄2)

)
=

1

n
· n · (E(X2)− E(X̄2)

)

= Var(X) + E(X)2 −Var(X̄)− E(X̄)2

= σ2 + µ2 − σ2

n
− µ2 =

n− 1

n
σ2

�� ��習題解答 8.1.13.

令 ϵ = k
√

Var(X). 則

P(|X − E(X)| ≥ ϵ) = P(|X − E(X)| ≥ k
√

Var(X))

≤ 1

k2
=

1

( ϵ√
Var(X)

)2
=

Var(X)

ϵ2

8.1.5 大數法則�� ��習題解答 8.1.14.

由題意知

P(|X̄ − 70

100
| ≥ 1

10
) ≤

pq
n

( 1
10)2

=
100pq

n
≤ 100

4n
=

25

n

其中用到 pq ≤ 1
4 . 若希望之信心為出錯的機率 ≤ 1

100 , 則

25

n
≤ 1

100
⇒ n ≥ 2500
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n
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=
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