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(4)

∂f

∂x
=

yz

1 + x2y2z2
⇒ ∂f

∂x
(2,

1

3
,
3

2
) =

1

4

∂f

∂y
=

xz

1 + x2y2z2
⇒ ∂f

∂y
(2,

1

3
,
3

2
) =

3

2

∂f

∂z
=

xy

1 + x2y2z2
⇒ ∂f

∂z
(2,

1

3
,
3

2
) =

1

3

方程式為
1

4
(x− 2) +

3

2
(y − 1

3
) +

1

3
(z − 3

2
) = 0, 即 3x + 18y + 4z = 18.

�� ��習題解答 5.4.10.

在定理 5.4.2(2) 的證明中. 由連鎖法則知

∇f(a, b) · (x′(0), y′(0)) = 0

其中 (x′(0), y′(0)) 為過 (a, b) 點等高線的切向量. 取 u⃗ = (x′(0), y′(0))√
(x′(0))2+(y′(0)2)

, 則沿等高線
切線的方向導數為

∂f

∂u⃗
(a, b) = ∇f(a, b) · u⃗ =

∇f(a, b) · (x′(0), y′(0))√
(x′(0))2 + (y′(0)2)

= 0

5.5 高階偏導數與泰勒展開式

5.5.1 高階偏導數�� ��習題解答 5.5.1.

(1)

∂f

∂x
= yexy,

∂f

∂y
= xexy

∂2f

∂x2
= y2exy

∂2f

∂x ∂y
=

∂2f

∂y ∂x
= exy + xyexy

∂2f

∂y2
= x2exy
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(2)

∂f

∂x
= − −y

x2 + y2
,

∂f

∂y
=

x

x2 + y2

∂2f

∂x2
= (−y) · (−1) · 2x

(x2 + y2)2
=

2xy

(x2 + y2)2

∂2f

∂x ∂y
=

∂2f

∂y ∂x
=
−(x2 + yf2) + 2y2

(x2 + y2)2
=

y2 − x2

(x2 + y2)2

∂2f

∂y2
= x · (−1) · 2y

(x2 + y2)2
=

−2xy

(x2 + y2)2

(3)

∂f

∂x
= cos x sin y,

∂f

∂y
= sin x cos y

∂2f

∂x2
= − sin x sin y

∂2f

∂x ∂y
=

∂2f

∂y ∂x
= cos x cos y

∂2f

∂y2
= − sin x sin y

(4)

∂f

∂x
= ln yyx,

∂f

∂y
= xyx−1

∂2f

∂x2
= (ln x)2yx

∂2f

∂x ∂y
=

∂2f

∂y ∂x
=

1

y
· yx + ln y · xyx−1 = (1 + x ln y)yx−1

∂2f

∂y2
= x(x− 1)yx−2

(5) logx y = ln y
ln x .

∂f

∂x
= − ln y

x ln2 x
,

∂f

∂y
=

1

y ln x

∂2f

∂x2
=

ln y

(x ln2 x)2
· (ln2 x + 2 ln x) =

ln y(2 + ln x)

x2 ln3 x

∂2f

∂x ∂y
=

∂2f

∂y ∂x
= − 1

xy ln2 x

∂2f

∂y2
=

−1

y2 ln x
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(6)

∂f

∂x
=

2y

√
1− x2

,
∂f

∂y
= sin−1 x · ln 2 · 2y

∂2f

∂x2
=

x

(1− x2)
3
2

· 2y

∂2f

∂x ∂y
=

∂2f

∂y ∂x
=

ln 2 · 2y

√
1− x2

∂2f

∂y2
= sin−1 x · ln2 2 · 2y

�� ��習題解答 5.5.2.

∂nf

∂xi∂yj
=

∂i
(∂jf

∂yj

)

∂xi
=

∂i

∂xi

(
g(x)h(j)(y)

)
= h(j)(y)

∂i

∂xi

(
g(x)

)
= g(i)(x)h(j)(y)

�� ��習題解答 5.5.3. z = f(x, y), u⃗ = (cos θ, sin θ), 說明

∂2f

∂u⃗2
≡ ∂(∂f

∂u⃗)

∂u⃗
=

∂2f

∂x2
cos2 θ + 2

∂2f

∂x ∂y
cos θ sin θ +

∂2f

∂y2
sin2 θ

先定義
∂f

∂u⃗
(x, y) = ∇f(x, y) · u⃗ =

∂f

∂x
(x, y) cos θ +

∂f

∂y
(x, y) sin θ

（也就是對任何點, 都做同一個向量 u⃗ 的方向導數所得的函數. ）所以

∇(
∂f

∂u⃗
) =

(∂2f

∂x2
cos θ +

∂2f

∂x ∂y
sin θ,

∂2f

∂x ∂y
cos θ +

∂2f

∂y2
sin θ

)

因此

∂2f

∂u⃗2
≡ ∂(∂f

∂u⃗)

∂u⃗
= ∇(

∂f

∂u⃗
) · u⃗

=
(∂2f

∂x2
cos θ +

∂2f

∂x ∂y
sin θ,

∂2f

∂x ∂y
cos θ +

∂2f

∂y2
sin θ

)
· (cos θ, sin θ)

=
∂2f

∂x2
cos2 θ + 2

∂2f

∂x ∂y
cos θ sin θ +

∂2f

∂y2
sin2 θ
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�� ��習題解答 5.5.4.

(1) 不是諧和函數. ∂2f

∂x2
+

∂2f

∂y2
= 2 + 2 = 4 ̸= 0.

(2) 是諧和函數. ∂2f

∂x2
+

∂2f

∂y2
= 2− 2 = 0.

(3) 是諧和函數.

∂2f

∂x2
+

∂2f

∂y2
=

∂(3x2 + 12xy − 3y2)

∂x
+

∂(6x2 − 6xy − 6y2)

∂y

= (6x− 12y) + (−6x− 12y) = 0

(4) 不是諧和函數.

∂2f

∂x2
=

∂
(
(−x) · (x2 + y2)− 3

2

)

∂x

= −(x2 + y2)− 3
2 + (−x) · (−3

2
) · (2x) · (x2 + y2)− 5

2

= (−(x2 + y2) + 3x2) · (x2 + y2)− 5
2

= (2x2 − y2) · (x2 + y2)− 5
2

同理

∂2f

∂y2
= (2y2 − x2) · (x2 + y2)− 5

2

所以

∂2f

∂x2
+

∂2f

∂y2
= (x2 + y2)− 3

2 ̸= 0

(5) 是諧和函數.

∂2f

∂x2
=

∂
(

x
x2+y2

)

∂x
=

x2 + y2 − 2x2

x2 + y2
=

y2 − x2

x2 + y2

∂2f

∂y2
=

∂
( y

x2+y2

)

∂y
=

x2 − y2

x2 + y2

∂2f

∂x2
+

∂2f

∂y2
=

(y2 − x2) + (x2 − y2)

x2 + y2
= 0

(6) 是諧和函數.

∂2f

∂x2
=

∂
( −y

x2+y2

)

∂x
=

2xy

x2 + y2

∂2f

∂y2
=

∂
(

x
x2+y2

)

∂y
=
−2xy

x2 + y2

∂2f

∂x2
+

∂2f

∂y2
=

(2xy) + (−2xy)

x2 + y2
= 0
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�� ��習題解答 5.5.4.

(1) 不是諧和函數. ∂2f

∂x2
+

∂2f

∂y2
= 2 + 2 = 4 ̸= 0.

(2) 是諧和函數. ∂2f

∂x2
+

∂2f

∂y2
= 2− 2 = 0.

(3) 是諧和函數.

∂2f

∂x2
+

∂2f

∂y2
=

∂(3x2 + 12xy − 3y2)

∂x
+

∂(6x2 − 6xy − 6y2)

∂y

= (6x− 12y) + (−6x− 12y) = 0

(4) 不是諧和函數.

∂2f

∂x2
=

∂
(
(−x) · (x2 + y2)− 3

2

)

∂x

= −(x2 + y2)− 3
2 + (−x) · (−3

2
) · (2x) · (x2 + y2)− 5

2

= (−(x2 + y2) + 3x2) · (x2 + y2)− 5
2

= (2x2 − y2) · (x2 + y2)− 5
2

同理

∂2f

∂y2
= (2y2 − x2) · (x2 + y2)− 5

2

所以

∂2f

∂x2
+

∂2f

∂y2
= (x2 + y2)− 3

2 ̸= 0

(5) 是諧和函數.

∂2f

∂x2
=

∂
(

x
x2+y2

)

∂x
=

x2 + y2 − 2x2

x2 + y2
=

y2 − x2

x2 + y2

∂2f

∂y2
=

∂
( y

x2+y2

)

∂y
=

x2 − y2

x2 + y2

∂2f

∂x2
+

∂2f

∂y2
=

(y2 − x2) + (x2 − y2)

x2 + y2
= 0

(6) 是諧和函數.

∂2f

∂x2
=

∂
( −y

x2+y2

)

∂x
=

2xy

x2 + y2

∂2f

∂y2
=

∂
(

x
x2+y2

)

∂y
=
−2xy

x2 + y2

∂2f

∂x2
+

∂2f

∂y2
=

(2xy) + (−2xy)

x2 + y2
= 0

1
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5.5.2 泰勒展式�� ��習題解答 5.5.7.

考慮「多項式」乘積

(1 + x +
x2

2!
+ · · ·+ xn

n!
+ · · · )(1 + y +

y2

2!
+ · · ·+ yn

n!
+ · · · )

中的「k 次項」：

k∑

i=0

xiyk−i

i!(k − i)!
=

k∑

i=0

k!

i!(k − i)!
· x

iyk−i

k!
=

∑k
i=0 Ck

i x
iyk−i

k!
=

(x + y)k

k!

因此乘積可以表示為

1 + (x + y) +
(x + y)2

2!
+ · · ·+ (x + y)n

n!
+ · · · = ex+y

�� ��習題解答 5.5.8.

(1)
∂f

∂x
= 3x2 + 2xy − 3y2 ⇒ ∂f

∂x
(1, 2) = −5

∂f

∂y
= x2 − 6xy + 3y2 ⇒ ∂f

∂y
(1, 2) = 1

∂2f

∂x2
= 6x + 2y ⇒ ∂2f

∂x2
(1, 2) = 10

∂2f

∂x ∂y
= 2x− 6y ⇒ ∂2f

∂x ∂y
(1, 2) = −10

∂2f

∂y2
= −6x + 6y ⇒ ∂2f

∂y2
(1, 2) = 6

又
∂f

∂x3
= 6,

∂f

∂x2∂y
= 6,

∂f

∂x∂y2
= −6,

∂f

∂y3
= 6,

且 f(1, 2) = −1. 故其三階泰勒多項式為

P3(x, y) = −1− 5(x− 1) + (y − 2) +
1

2

(
10(x− 1)2

+2 · (−10)(x− 1)(y − 2) + 6(y − 2)2
)

+
1

6

(
6(x− 1)3 + 3 · 2(x− 1)2(y − 2)

+3 · (−6)(x− 1)(y − 2)2 + 6(y − 2)3
)

= −1− 5(x− 1) + (y − 2)

+5(x− 1)2 − 10(x− 1)(y − 2) + 3(y − 2)2

+(x− 1)3 + (x− 1)2(y − 2)− 3(x− 1)(y − 2)2 + (y − 2)3
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(2) ex+y 的任何偏導數都是 ex+y, 所以代入 (1, 1) 都是 e2. 所以三階泰勒多項式為

P3(x, y) = e2 + e2((x− 1) + (y − 1))

+
e2

2

(
(x− 1)2 + 2(x− 1)(y − 1) + (y − 1)2

)

+
e2

6

(
x− 1)3 + 3(x− 1)2(y − 1) + 3(x− 1)(y − 1)2 + (y − 1)3

)

(
= e2

(
1 + (x + y − 2) +

(x + y − 2)2

2
+

(x + y − 2)3

6

) )

�� ��習題解答 5.5.9.

(1) 猜測: ex+2y ∼ 1 + (x + 2y) +
(x + 2y)2

2!
+ · · ·+ (x + 2y)n

n!
+ · · ·. 現 f(0, 0) = 1, 且

∂f

∂x
= ex+2y ⇒ ∂f

∂x
(0, 0) = 1

∂f

∂y
= 2ex+2y ⇒ ∂f

∂y
(0, 0) = 2

∂2f

∂x2
= ex+2y ⇒ ∂2f

∂x2
(0, 0) = 1

∂2f

∂x ∂y
= 2ex+2y ⇒ ∂2f

∂x ∂y
(0, 0) = 2

∂2f

∂y2
= 4ex+2y ⇒ ∂2f

∂y2
(0, 0) = 4

所以其二階泰勒多項式為符合猜測的

P2(x, y) = 1 + x + 2y +
1

2
(x2 + 2 · 2xy + 4y2) = 1 + (x + 2y) +

(x + 2y)2

2

(2) 猜測: sin xy ∼ (xy)

1!
+

(xy)3

3!
− (xy)5

5!
+ · · ·. f(0, 0) = 0, 且

∂f

∂x
= y cos xy ⇒ ∂f

∂x
(0, 0) = 0

∂f

∂y
= x cos xy ⇒ ∂f

∂y
(0, 0) = 0

∂2f

∂x2
= −y2 sin xy ⇒ ∂2f

∂x2
(0, 0) = 0

∂2f

∂x ∂y
= cos xy − xy sin xy ⇒ ∂2f

∂x ∂y
(0, 0) = 1

∂2f

∂y2
= −x2 sin xy ⇒ ∂2f

∂y2
(0, 0)0

所以其二階泰勒多項式為符合猜測的

P2(x, y) = 0 + 0 +
1

2
(0 + 2 · xy + 0) = xy
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(3) 猜測:

sin x cos y ∼ (x− x3

3!
+

x5

5!
+ · · · )(1− y2

2!
+

y4

4!
+ · · · ) = x− xy2

2
+

x3

6

f(0, 0) = 0, 且

∂f

∂x
= cos x cos y ⇒ ∂f

∂x
(0, 0) = 1

∂f

∂y
= − sin x sin y ⇒ ∂f

∂y
(0, 0) = 0

∂2f

∂x2
= − sin x cos y ⇒ ∂2f

∂x2
(0, 0) = 0

∂2f

∂x ∂y
= − cos x sin y ⇒ ∂2f

∂x ∂y
(0, 0) = 0

∂2f

∂y2
= − sin x cos y ⇒ ∂2f

∂y2
(0, 0) = 0

所以其二階泰勒多項式為符合猜測的

P2(x, y) = 0 + x + 0 = x

(4) 猜測: sin x− cos y ∼ −1 + x + y2

2 − x3

3! + · · · . f(0, 0) = −1, 且

∂f

∂x
= cos x ⇒ ∂f

∂x
(0, 0) = 1

∂f

∂y
= sin y ⇒ ∂f

∂y
(0, 0) = 0

∂2f

∂x2
= − sin x ⇒ ∂2f

∂x2
(0, 0) = 0

∂2f

∂x ∂y
= 0 ⇒ ∂2f

∂x ∂y
(0, 0) = 0

∂2f

∂y2
= cos y ⇒ ∂2f

∂y2
(0, 0) = 1

所以其二階泰勒多項式為符合猜測的

P2(x, y) = −1 + 1x + 0y +
1

2
(0x2 + 2 · 0xy + y2) = −1 + x +

y2

2

2
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(5) 猜測: ln 1 + 2x− y ∼ (2x− y)− (2x−y)2

2 + (2x−y)3

3 + · · · . f(0, 0) = 0, 且

∂f

∂x
=

2

1 + 2x− y
⇒ ∂f

∂x
(0, 0) = 2

∂f

∂y
=

−1

1 + 2x− y
⇒ ∂f

∂y
(0, 0) = −1

∂2f

∂x2
=

−4

(1 + 2x− y)2
⇒ ∂2f

∂x2
(0, 0) = −4

∂2f

∂x ∂y
=

2

(1 + 2x− y)2
⇒ ∂2f

∂x ∂y
(0, 0) = 2

∂2f

∂y2
=

−1

(1 + 2x− y)2
⇒ ∂2f

∂y2
(0, 0) = 1

所以其二階泰勒多項式為符合猜測的

P2(x, y) = 0 + 2x− y +
1

2
(−4x2 + 2 · 2xy + 1y2) = (2x− y) +

(2x− y)2

2

(6) 猜測:
√

1 + x2 + y2 ∼ 1 + 1
2(x2 + y2) + C

1
2
2 (x2 + y2)2 + · · · . f(0, 0) = 1, 且

∂f

∂x
= x(1 + x2 + y2)− 1

2 ⇒ ∂f

∂x
(0, 0) = 0

∂f

∂y
= y(1 + x2 + y2)− 1

2 ⇒ ∂f

∂y
(0, 0) = 0

∂2f

∂x2
= (1− x2)(1 + x2 + y2)− 3

2 ⇒ ∂2f

∂x2
(0, 0) = 1

∂2f

∂x ∂y
= −xy(1 + x2 + y2)− 3

2 ⇒ ∂2f

∂x ∂y
(0, 0) = 0

∂2f

∂y2
= (1− y2)(1 + x2 + y2)− 3

2 ⇒ ∂2f

∂y2
(0, 0) = 1

所以其二階泰勒多項式為符合猜測的

P2(x, y) = 1 + 0 +
1

2
(x2 + 2 · 0xy + y2) = 1 +

1

2
(x2 + y2)

�� ��習題解答 5.5.10.

任取一點 (a, b), 由泰勒定理

f(x, y)− f(a, b) =
∂f

∂x
(ξx, ξy)(x− a) +

∂f

∂y
(ξx, ξy)(x− a)

(ξx, ξy) = (1 − ξ)(a, b) + ξ(x, y), 其中 0 < ξ < 1. 由於 ∂f
∂x (x, y) = 0, ∂f

∂y (x, y) = 0, 所以
f(x, y) = f(a, b) 是常數函數.

3


