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(2) 由

y′ = 3(x + 1)2(x− 1)4 + 4(x + 1)3(x− 1)3 = 0 ⇒ x = 1, −1, −1

7

y′′ = 6(x + 1)(x− 1)4 + 24(x + 1)2(x− 1)3 + 12(x + 1)3(x− 1)2

⇒ x = 1, −1,
−1± 2

√
2

7

由測試知 x = −1

7
為極大值, x =

−1± 2
√

2

7
為反曲點. 但 x = 1, −1 需要做高階測

試.

y′′′ = 6(x− 1)4 + 72(x + 1)(x− 1)3 + 108(x + 1)2(x− 1)2 + 24(x + 1)3(x− 1)

⇒ y′′′(1) = 0, y′′′(−1) = 96 ̸= 0 ⇒ x = −1是反曲點

y(4) = (· · · )(x− 1) + 24(x + 1)3

⇒ y(4)(1) = 192 > 0 ⇒ x = 1是極小值

如上右圖.

�� ��習題解答 4.4.2.

(1) 計算如下

f ′(x) = − sin x + x = 0 ⇒ x = 0 (第二章第二節例題)

f ′′(x) = − cos x + 1 ⇒ f ′′(0) = 0

f ′′′(x) = sin x ⇒ f ′′′(0) = 0

f (4)(x) = cos x ⇒ f (4)(0) = 1 > 0

所以連續函數 f(x) = cos x− (1− x2

2 ) 在 x = 0 有唯一極小值, 因此是最小值.
(2) 由於 f(x) = cos x− (1− x2

2 ) 在 x = 0 為最小值, 因此 f(x) ≥ f(0) = 0.
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4.4.2 l’Hôpital 法則�� ��習題解答 4.4.3.

由定理 4.4.1 知道, 最後極限的形式的確是 f (k)(a)

g(k)(a)
（其中分子或分母至少有一不為 0）,

而且在 k 之前的 f (i)(a)

g(i)(a)
, 0 ≤ i ≤ k − 1, 則一定是 0

0 的形式. 所以依照第二形式定理的規
則, 將會從 i = 0 開始, 一直進行到 i = k 才因為破壞 0

0 的形式而停止, 也因此得到正確
的極限.�� ��習題解答 4.4.4.

(1) lim
x→0

ex − e−x

x
= lim

x→0

ex + e−x

1
= 2

(2) lim
x→0

x− tan−1x

x3
= lim

x→0

1− 1
1+x2

3x2
= lim

x→0

1

3(1 + x2)
=

1

3

(3) lim
x→0

ln(1 + x2)

1− cos x
= lim

x→0

2x
1+x2

sin x
= ( lim

x→0

x

sin x
) · ( lim

x→0

2

1 + x2
) = 2

(4) lim
x→3

x2 − 9

ln(x− 2)
= lim

x→3

2x
1

x−2

=
6

1
= 6

(5) lim
x→0

7x − 1

2x − 1
= lim

x→0

ln 7 · 7x

ln 2 · 2x
=

ln 7

ln 2

(6) lim
x→1

x− 1

ln x− sin πx
= lim

x→1

1
1
x − π cos πx

=
1

1 + π

(7) lim
x→0

x2

ln sec x
= lim

x→0

2x
sec x tan x

sec x

= 2 lim
x→0

x

tan x
= 2 lim

x→0

1

sec2 x
= 2

(8) lim
x→0

esin x − 1

sin x
= lim

x→0

cos x · esin x

cos x
= 1

�� ��習題解答 4.4.5.

(1) lim
x→∞

log3 x

ln(x2 + 1)
= lim

x→∞

1
ln 3·x
2x

x2+1

=
1

2 ln 3
lim

x→∞
x2 + 1

x2
=

1

2 ln 3

(2) lim
x→∞

´ x
1 ln x dx

x ln x
= lim

x→∞
ln x

ln x + x · 1
x

= 1

(3) lim
x→∞

x2 + x + 1

ex
= lim

x→∞
2x + 1

ex
= lim

x→∞
2

ex
= 0

(4) lim
x→∞

ln3 x

x
= lim

x→∞
3 ln2 x

x

1
= lim

x→∞
6 ln x

x

1
= 6 lim

x→∞

1
x

1
= 0

�� ��習題解答 4.4.6.

(1) lim
x→∞

(ln 3x− ln(x + 1)) = lim
x→∞

ln 3x

x + 1
= ln( lim

x→∞
3x

x + 1
) = ln 3

(2) lim
x→0

(
1

x2
− 1

sin x
) = lim

x→0

sin x− x2

x2 sin x
= lim

x→0

cos x− 2x

2x sin x + x2 cos x
= lim

x→0

1

0
,

故極限不存在.
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) = ln 3

(2) lim
x→0

(
1

x2
− 1

sin x
) = lim

x→0

sin x− x2

x2 sin x
= lim

x→0

cos x− 2x

2x sin x + x2 cos x
= lim

x→0

1

0
,

故極限不存在.
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4.4.2 l’Hôpital 法則�� ��習題解答 4.4.3.

由定理 4.4.1 知道, 最後極限的形式的確是 f (k)(a)

g(k)(a)
（其中分子或分母至少有一不為 0）,

而且在 k 之前的 f (i)(a)

g(i)(a)
, 0 ≤ i ≤ k − 1, 則一定是 0

0 的形式. 所以依照第二形式定理的規
則, 將會從 i = 0 開始, 一直進行到 i = k 才因為破壞 0

0 的形式而停止, 也因此得到正確
的極限.�� ��習題解答 4.4.4.

(1) lim
x→0

ex − e−x

x
= lim

x→0

ex + e−x

1
= 2

(2) lim
x→0

x− tan−1x

x3
= lim

x→0

1− 1
1+x2

3x2
= lim

x→0

1

3(1 + x2)
=

1

3

(3) lim
x→0

ln(1 + x2)

1− cos x
= lim

x→0

2x
1+x2

sin x
= ( lim

x→0

x

sin x
) · ( lim

x→0

2

1 + x2
) = 2

(4) lim
x→3

x2 − 9

ln(x− 2)
= lim

x→3

2x
1

x−2

=
6

1
= 6

(5) lim
x→0

7x − 1

2x − 1
= lim

x→0

ln 7 · 7x

ln 2 · 2x
=

ln 7

ln 2

(6) lim
x→1

x− 1

ln x− sin πx
= lim

x→1

1
1
x − π cos πx

=
1

1 + π

(7) lim
x→0

x2

ln sec x
= lim

x→0

2x
sec x tan x

sec x

= 2 lim
x→0

x

tan x
= 2 lim

x→0

1

sec2 x
= 2

(8) lim
x→0

esin x − 1

sin x
= lim

x→0

cos x · esin x

cos x
= 1

�� ��習題解答 4.4.5.

(1) lim
x→∞

log3 x

ln(x2 + 1)
= lim

x→∞

1
ln 3·x
2x

x2+1

=
1

2 ln 3
lim

x→∞
x2 + 1

x2
=

1

2 ln 3

(2) lim
x→∞

´ x
1 ln x dx

x ln x
= lim

x→∞
ln x

ln x + x · 1
x

= 1

(3) lim
x→∞

x2 + x + 1

ex
= lim

x→∞
2x + 1

ex
= lim

x→∞
2

ex
= 0

(4) lim
x→∞

ln3 x

x
= lim

x→∞
3 ln2 x

x

1
= lim

x→∞
6 ln x

x

1
= 6 lim

x→∞

1
x

1
= 0

�� ��習題解答 4.4.6.

(1) lim
x→∞

(ln 3x− ln(x + 1)) = lim
x→∞

ln 3x

x + 1
= ln( lim

x→∞
3x

x + 1
) = ln 3

(2) lim
x→0

(
1

x2
− 1

sin x
) = lim

x→0

sin x− x2

x2 sin x
= lim

x→0

cos x− 2x

2x sin x + x2 cos x
= lim

x→0

1

0
,

故極限不存在.
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(3)

lim
x→1

(
1

x− 1
− 1

ln x
) = lim

x→1

ln x− x + 1

(x− 1) ln x
= lim

x→1

1
x − 1

ln x + x−1
x

= lim
x→1

1− x

x ln x + x− 1
= lim

x→1

−1

ln x + 1 + 1
= −1

2

(4) lim
x→∞

xx = e
lim

x→∞
x ln x

=∞

(5) lim
x→0

xx = e
lim
x→0

x ln x, 但

lim
x→0

x ln x = lim
x→0

ln x
1
x

= lim
x→0

1
x

−1
x2

= lim
x→0

(−x) = 0

所以

lim
x→0

xx = e
lim
x→0

x ln x
= e0 = 1

(6) lim
x→∞

(1 + x)
1
x = e

lim
x→∞

ln(1+x)
x = e

lim
x→∞

1
1+x = e0 = 1

�� ��習題解答 4.4.7.

(1) lim
x→∞

xn

ex
= lim

x→∞
xxn−1

ex
= lim

x→∞
n(n− 1)xn−2

ex
= · · · = lim

x→∞
n!

ex
= 0

(2) lim
x→∞

lnn x

x
= lim

x→∞
n lnn−1 x

x
= lim

x→∞
n(n− 1) lnn−2 x

x
= · · · = lim

x→∞
n!

x
= 0

4.4.3 解微分方程�� ��習題解答 4.4.8.

(1) 由 f(x) = a0 + a1x + a2x
2 + a3x

3 + · · · ,

f ′(x) = a1 + 2a2x + 3a3x
2 + · · ·

−xf(x) = −a0x− a1x
2 − a2x

3 + · · ·

又 f(0) = 1⇒ a0 = 1, 比較係數得

⇒ a1 = 0

2a2 = −a0 ⇒ a2 = −1

2
3a3 = −a1 ⇒ a3 = 0

4a4 = −a2 ⇒ a4 =
1

2 · 4
5a5 = −a3 ⇒ a5 = 0

6a6 = −a4 ⇒ a6 = − 1

2 · 4 · 6...

1


