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(6)

(ˆ
√

x

−√
x

sin(t3) dt
)′

= sin(
√

x)3 · 1

2
√

x
− sin(−√x)3 · −1

2
√

x

= sin(
√

x)3 · 1

2
√

x
− sin(

√
x)3 · 1

2
√

x
= 0

註 sin t3 是奇函數, 積分範圍對稱於原點, 所以原定積分已等於 0.

3.3 基本積分技巧

3.3.1 分部積分法 ←→ 萊布尼茲法則�� ��習題解答 3.3.1.

取定 u = x, dv = exdx, 選擇 v = ex + m, 則
´

xex dx =
´

xd(ex + m)

= x(ex + m)−
´

ex + m dx

= xex + mx− ex −mx + C

= xex − ex + C

由上述可知, v 取成 ex + m 並不會影響答案.�� ��習題解答 3.3.2.

(
(x2 − 2x + 2)ex + C

)′
=

(
x2ex − 2xex + 2ex + C

)′

= 2xex + x2ex − (2ex + 2xex) + 2ex = x2ex

�� ��習題解答 3.3.3.

(1)
´

x3ex dx 即 E3(x), 利用例 3.3.2 公式可得

E3(x) = x3ex − 3E2(x)

= x3ex − 3(x2ex − 2(xex − ex)) + C

= x3ex − 3x2ex + 6xex − 6ex + C

(2)
´

x4ex dx 即 E4(x), 利用例 3.3.2 公式可得

E4(x) = x4ex − 4E3(x)

= x4ex − 4[x3ex − 3(x2ex − 2(xex − ex))] + C

= x4ex − 4x3ex + 12x2ex − 24xex + 24ex + C
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�� ��習題解答 3.3.4.

(1)
(

1

2
ex(sin x− cos x) + C

)′

= (
1

2
ex sin x +

1

2
ex cos x)− (

1

2
ex cos x− 1

2
ex sin x)

= ex sin x

(2)
(

1

2
ex(sin x + cos x) + C

)′

= (
1

2
ex sin x +

1

2
ex cos x) + (

1

2
ex cos x− 1

2
ex sin x)

= ex cos x

�� ��習題解答 3.3.5.

(1)
´

e2x sin x dx =
´

e2x d(− cos x) = −e2x cos x + 2
´

e2x cos x dx

∥
´

sin x d( e2x

2 ) = 1
2e2x sin x− 1

2

´

e2x cos x dx

⇒ 5
2

´

e2x cos x dx = 1
2e2x sin x + e2x cos x + C

⇒
´

e2x cos x dx =
(

1
5 sin x + 2

5 cos x
)
e2x + C

´

e2x cos x dx =
´

e2x d(sin x) = e2x sin x− 2
´

e2x sin x dx

∥
´

cos x d( e2x

2 ) = 1
2e2x cos x + 1

2

´

e2x sin x dx

⇒ 5
2

´

e2x sin x dx = e2x sin x− 1
2e2x cos x + C

⇒
´

e2x sin x dx =
(

2
5 sin x− 1

5 cos x
)
e2x + C

(2)
´

ex sin 2x dx =
´

ex d(− cos 2x
2 ) = −1

2ex cos 2x + 1
2

´

ex cos 2x dx

∥
´

sin 2x d(ex) = ex sin 2x− 2
´

ex cos 2x dx

⇒ 5
2

´

ex cos 2x dx = ex sin 2x + 1
2ex cos 2x + C

⇒
´

ex cos 2x dx =
(

2
5 sin 2x + 1

5 cos 2x
)
ex + C

1
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�� ��習題解答 3.3.4.

(1)
(

1

2
ex(sin x− cos x) + C

)′

= (
1

2
ex sin x +

1

2
ex cos x)− (

1

2
ex cos x− 1

2
ex sin x)

= ex sin x

(2)
(

1

2
ex(sin x + cos x) + C

)′

= (
1

2
ex sin x +

1

2
ex cos x) + (

1

2
ex cos x− 1

2
ex sin x)

= ex cos x

�� ��習題解答 3.3.5.

(1)
´

e2x sin x dx =
´

e2x d(− cos x) = −e2x cos x + 2
´

e2x cos x dx

∥
´

sin x d( e2x

2 ) = 1
2e2x sin x− 1

2

´

e2x cos x dx

⇒ 5
2

´

e2x cos x dx = 1
2e2x sin x + e2x cos x + C

⇒
´

e2x cos x dx =
(

1
5 sin x + 2

5 cos x
)
e2x + C

´

e2x cos x dx =
´

e2x d(sin x) = e2x sin x− 2
´

e2x sin x dx

∥
´

cos x d( e2x

2 ) = 1
2e2x cos x + 1

2

´

e2x sin x dx

⇒ 5
2

´

e2x sin x dx = e2x sin x− 1
2e2x cos x + C

⇒
´

e2x sin x dx =
(

2
5 sin x− 1

5 cos x
)
e2x + C

(2)
´

ex sin 2x dx =
´

ex d(− cos 2x
2 ) = −1

2ex cos 2x + 1
2

´

ex cos 2x dx

∥
´

sin 2x d(ex) = ex sin 2x− 2
´

ex cos 2x dx

⇒ 5
2

´

ex cos 2x dx = ex sin 2x + 1
2ex cos 2x + C

⇒
´

ex cos 2x dx =
(

2
5 sin 2x + 1

5 cos 2x
)
ex + C
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´

ex cos 2x dx =
´

e2x d( sin 2x
2 ) = 1

2ex sin 2x− 1
2

´

ex sin 2x dx

∥
´

cos 2x d(ex) = ex cos 2x + 2
´

ex sin 2x dx

⇒ 5
2

´

ex sin 2x dx = 1
2e2x sin x− ex cos 2x + C

⇒
´

ex sin 2x dx =
(

1
5 sin 2x− 2

5 cos 2x
)
ex + C�� ��習題解答 3.3.6.

(1)
ˆ

x sin x dx =

ˆ

xd(− cos x) = −x cos x +

ˆ

cos x dx = −x cos x + sin x + C

(2)
ˆ

x2 sin x dx =

ˆ

x2d(− cos x) = −x2 cos x + 2

ˆ

x cos x dx

= −x2 cos x + 2

ˆ

xd(sin x)

= −x2 cos x + 2(x sin x−
ˆ

sin x dx)

= −x2 cos x + 2x sin x + 2 cos x + C

(3)
ˆ

x ln x dx =
1

2

ˆ

ln xd(x2)

=
1

2
(x2 ln x−

ˆ

x2 · 1
x

dx) =
1

2
x2 ln x− 1

4
x2 + C

(4)
ˆ

x2 ln x dx =
1

3

ˆ

ln xd(x3)

=
1

3
(x3 ln x−

ˆ

x3 · 1
x

dx) =
1

3
x3 ln x− 1

9
x3 + C

(5)
ˆ

x2e−x dx = −
ˆ

x2d(e−x) = −(x2e−x −
ˆ

e−x2x dx)

= −(x2e−x + 2

ˆ

xd(e−x))

= −[x2e−x + 2(xe−x −
ˆ

e−x dx)]

= −x2e−x − 2xe−x − 2e−x + C
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´

ex cos 2x dx =
´

e2x d( sin 2x
2 ) = 1

2ex sin 2x− 1
2

´

ex sin 2x dx

∥
´

cos 2x d(ex) = ex cos 2x + 2
´

ex sin 2x dx

⇒ 5
2

´

ex sin 2x dx = 1
2e2x sin x− ex cos 2x + C

⇒
´

ex sin 2x dx =
(

1
5 sin 2x− 2

5 cos 2x
)
ex + C�� ��習題解答 3.3.6.

(1)
ˆ

x sin x dx =

ˆ

xd(− cos x) = −x cos x +

ˆ

cos x dx = −x cos x + sin x + C

(2)
ˆ

x2 sin x dx =

ˆ

x2d(− cos x) = −x2 cos x + 2

ˆ

x cos x dx

= −x2 cos x + 2

ˆ

xd(sin x)

= −x2 cos x + 2(x sin x−
ˆ

sin x dx)

= −x2 cos x + 2x sin x + 2 cos x + C

(3)
ˆ

x ln x dx =
1

2

ˆ

ln xd(x2)

=
1

2
(x2 ln x−

ˆ

x2 · 1
x

dx) =
1

2
x2 ln x− 1

4
x2 + C

(4)
ˆ

x2 ln x dx =
1

3

ˆ

ln xd(x3)

=
1

3
(x3 ln x−

ˆ

x3 · 1
x

dx) =
1

3
x3 ln x− 1

9
x3 + C

(5)
ˆ

x2e−x dx = −
ˆ

x2d(e−x) = −(x2e−x −
ˆ

e−x2x dx)

= −(x2e−x + 2

ˆ

xd(e−x))

= −[x2e−x + 2(xe−x −
ˆ

e−x dx)]

= −x2e−x − 2xe−x − 2e−x + C

3.3. 基本積分技巧 73

´

ex cos 2x dx =
´

e2x d( sin 2x
2 ) = 1

2ex sin 2x− 1
2

´

ex sin 2x dx

∥
´

cos 2x d(ex) = ex cos 2x + 2
´

ex sin 2x dx

⇒ 5
2

´

ex sin 2x dx = 1
2e2x sin x− ex cos 2x + C

⇒
´

ex sin 2x dx =
(

1
5 sin 2x− 2

5 cos 2x
)
ex + C�� ��習題解答 3.3.6.

(1)
ˆ

x sin x dx =

ˆ

xd(− cos x) = −x cos x +

ˆ

cos x dx = −x cos x + sin x + C

(2)
ˆ

x2 sin x dx =

ˆ

x2d(− cos x) = −x2 cos x + 2

ˆ

x cos x dx

= −x2 cos x + 2

ˆ

xd(sin x)

= −x2 cos x + 2(x sin x−
ˆ

sin x dx)

= −x2 cos x + 2x sin x + 2 cos x + C

(3)
ˆ

x ln x dx =
1

2

ˆ

ln xd(x2)

=
1

2
(x2 ln x−

ˆ

x2 · 1
x

dx) =
1

2
x2 ln x− 1

4
x2 + C

(4)
ˆ

x2 ln x dx =
1

3

ˆ

ln xd(x3)

=
1

3
(x3 ln x−

ˆ

x3 · 1
x

dx) =
1

3
x3 ln x− 1

9
x3 + C

(5)
ˆ

x2e−x dx = −
ˆ

x2d(e−x) = −(x2e−x −
ˆ

e−x2x dx)

= −(x2e−x + 2

ˆ

xd(e−x))

= −[x2e−x + 2(xe−x −
ˆ

e−x dx)]

= −x2e−x − 2xe−x − 2e−x + C
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´

ex cos 2x dx =
´

e2x d( sin 2x
2 ) = 1

2ex sin 2x− 1
2

´

ex sin 2x dx

∥
´

cos 2x d(ex) = ex cos 2x + 2
´

ex sin 2x dx

⇒ 5
2

´

ex sin 2x dx = 1
2e2x sin x− ex cos 2x + C

⇒
´

ex sin 2x dx =
(

1
5 sin 2x− 2

5 cos 2x
)
ex + C�� ��習題解答 3.3.6.

(1)
ˆ

x sin x dx =

ˆ

xd(− cos x) = −x cos x +

ˆ

cos x dx = −x cos x + sin x + C

(2)
ˆ

x2 sin x dx =

ˆ

x2d(− cos x) = −x2 cos x + 2

ˆ

x cos x dx

= −x2 cos x + 2

ˆ

xd(sin x)

= −x2 cos x + 2(x sin x−
ˆ

sin x dx)

= −x2 cos x + 2x sin x + 2 cos x + C

(3)
ˆ

x ln x dx =
1

2

ˆ

ln xd(x2)

=
1

2
(x2 ln x−

ˆ

x2 · 1
x

dx) =
1

2
x2 ln x− 1

4
x2 + C

(4)
ˆ

x2 ln x dx =
1

3

ˆ

ln xd(x3)

=
1

3
(x3 ln x−

ˆ

x3 · 1
x

dx) =
1

3
x3 ln x− 1

9
x3 + C

(5)
ˆ

x2e−x dx = −
ˆ

x2d(e−x) = −(x2e−x −
ˆ

e−x2x dx)

= −(x2e−x + 2

ˆ

xd(e−x))

= −[x2e−x + 2(xe−x −
ˆ

e−x dx)]

= −x2e−x − 2xe−x − 2e−x + C

2
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(6)
ˆ

x log2 x dx =
1

ln 2

ˆ

x ln x dx =
1

2 ln 2

ˆ

ln xd(x2)

=
1

2 ln 2
(x2 ln x−

ˆ

x2 · 1
x

dx) =
1

ln 2
(
1

2
x2 ln x− 1

4
x2) + C

�� ��習題解答 3.3.7.

ˆ

xm ln x dx =
1

m + 1

ˆ

ln xd(xm+1)

=
1

m + 1
(xm+1 ln x−

ˆ

xm+1 · 1
x

dx)

=
1

m + 1
xm+1 ln x− 1

(m + 1)2
xm+1 + C

3.3.2 變數變換法 ←→ 連鎖法則�� ��習題解答 3.3.8.

ˆ

cot x dx =

ˆ cos x

sin x
dx =

ˆ

1

sin x
d(sin x)

u=sin x
=

ˆ

1

u
du = ln |u|+ C = ln | sin x|+ C

�� ��習題解答 3.3.9.

(1)
ˆ

sin−1 x dx
x=sin u

=

ˆ

sin−1(sin x) · cos u du

=

ˆ

u cos u du =

ˆ

ud(sin u) = u sin u−
ˆ

sin u du

= u sin u + cos u + C = x sin−1 x +
√

1− x2 + C

(2)
ˆ

cos−1 x dx
x=cos u

= −
ˆ

cos−1(cos x) · sin u du

= −
ˆ

u sin u du =

ˆ

ud(cos u) = u cos u−
ˆ

cos u du

= u cos u− sin u + C = x cos−1 x−
√

1− x2 + C
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(6)
ˆ

x log2 x dx =
1

ln 2

ˆ

x ln x dx =
1

2 ln 2

ˆ

ln xd(x2)

=
1

2 ln 2
(x2 ln x−

ˆ

x2 · 1
x

dx) =
1

ln 2
(
1

2
x2 ln x− 1

4
x2) + C

�� ��習題解答 3.3.7.

ˆ

xm ln x dx =
1

m + 1

ˆ

ln xd(xm+1)

=
1

m + 1
(xm+1 ln x−

ˆ

xm+1 · 1
x

dx)

=
1

m + 1
xm+1 ln x− 1

(m + 1)2
xm+1 + C

3.3.2 變數變換法 ←→ 連鎖法則�� ��習題解答 3.3.8.

ˆ

cot x dx =

ˆ cos x

sin x
dx =

ˆ

1

sin x
d(sin x)

u=sin x
=

ˆ

1

u
du = ln |u|+ C = ln | sin x|+ C

�� ��習題解答 3.3.9.

(1)
ˆ

sin−1 x dx
x=sin u

=

ˆ

sin−1(sin x) · cos u du

=

ˆ

u cos u du =

ˆ

ud(sin u) = u sin u−
ˆ

sin u du

= u sin u + cos u + C = x sin−1 x +
√

1− x2 + C

(2)
ˆ

cos−1 x dx
x=cos u

= −
ˆ

cos−1(cos x) · sin u du

= −
ˆ

u sin u du =

ˆ

ud(cos u) = u cos u−
ˆ

cos u du

= u cos u− sin u + C = x cos−1 x−
√

1− x2 + C
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(3)
ˆ

cot−1 x dx
x=cot u

= −
ˆ

cot−1(cot x) · csc u du

= −
ˆ

u csc u du =

ˆ

ud(cot u) = u cot u−
ˆ

cot u du

= u cot u− ln | sin u|+ C = x cot−1 x +
1

2
ln (1 + x2) + C

�� ��習題解答 3.3.10.

(1)
ˆ

x sin (2x2) dx
u=2x2

=
1

4

ˆ

sin u du = −1

4
cos u + C = −1

4
cos (2x2) + C

(2)
ˆ

x
√

4− x dx
u2=4−x

=

ˆ

(4− u2) · u · 2u du

= 2

ˆ

u4 − 4u2 du =
2

5
u5 − 8

3
u3 + C

=
2

5
(4− x)

5
2 − 8

3
(4− x)

3
2 + C

(3)
ˆ

1

4 + x2
dx =

1

4

ˆ

1

1 + (x
2 )2

dx
u=x

2=
1

2

ˆ

1

1 + u2
du

=
1

2
tan−1 u + C =

1

2
tan−1 (

x

2
) + C

(4)
ˆ

1√
4− x2

dx =

ˆ

1

2
√

1− (x
2 )2

dx
u=x

2=

ˆ

1√
1− u2

du

= sin−1 u + C = sin−1 (
x

2
) + C

(5)
ˆ

1

x
√

x2 − 4
dx =

ˆ

1

2x
√

(x
2 )2 − 1

dx
u=x

2=
1

2

ˆ

1

u
√

u2 − 1
du

=
1

2
sec−1 u + C =

1

2
sec−1 (

x

2
) + C

(6)
ˆ

x2e
x3

2 dx
u=x3

2=
2

3

ˆ

eu du =
2

3
eu + C =

2

3
e

x3

2 + C

(7)
ˆ sin (

√
x + 1)√
x

dx
u=

√
x+1

= 2

ˆ

sin u du = −2 cos u + C = −2 cos (
√

x + 1) + C
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(3)
ˆ

cot−1 x dx
x=cot u

= −
ˆ

cot−1(cot x) · csc u du

= −
ˆ

u csc u du =

ˆ

ud(cot u) = u cot u−
ˆ

cot u du

= u cot u− ln | sin u|+ C = x cot−1 x +
1

2
ln (1 + x2) + C

�� ��習題解答 3.3.10.

(1)
ˆ

x sin (2x2) dx
u=2x2

=
1

4

ˆ

sin u du = −1

4
cos u + C = −1

4
cos (2x2) + C

(2)
ˆ

x
√

4− x dx
u2=4−x

=

ˆ

(4− u2) · u · 2u du

= 2

ˆ

u4 − 4u2 du =
2

5
u5 − 8

3
u3 + C

=
2

5
(4− x)

5
2 − 8

3
(4− x)

3
2 + C

(3)
ˆ

1

4 + x2
dx =

1

4

ˆ

1

1 + (x
2 )2

dx
u=x

2=
1

2

ˆ

1

1 + u2
du

=
1

2
tan−1 u + C =

1

2
tan−1 (

x

2
) + C

(4)
ˆ

1√
4− x2

dx =

ˆ

1

2
√

1− (x
2 )2

dx
u=x

2=

ˆ

1√
1− u2

du

= sin−1 u + C = sin−1 (
x

2
) + C

(5)
ˆ

1

x
√

x2 − 4
dx =

ˆ

1

2x
√

(x
2 )2 − 1

dx
u=x

2=
1

2

ˆ

1

u
√

u2 − 1
du

=
1

2
sec−1 u + C =

1

2
sec−1 (

x

2
) + C

(6)
ˆ

x2e
x3

2 dx
u=x3

2=
2

3

ˆ

eu du =
2

3
eu + C =

2

3
e

x3

2 + C

(7)
ˆ sin (

√
x + 1)√
x

dx
u=

√
x+1

= 2

ˆ

sin u du = −2 cos u + C = −2 cos (
√

x + 1) + C
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(8)
ˆ

√
3x− 1

x7
dx =

ˆ

1

x3

√
3x− 1

x
dx

u= 3x−1
x=

ˆ

(3− u)3
√

u
1

(3− u)2
du

(
因為u =

3x− 1

x
⇒ x =

1

3− u
⇒ dx =

du

(3− u)2

)

=

ˆ

(3− u)u
1
2 du = 3

ˆ

u
1
2 du−

ˆ

u
3
2 du

= 2u
3
2 − 2

5
u

5
2 + C = 2u

3
2 (1− u

5
) + C

u= 3x−1
x= 2 · 3x− 1

x
·
√

3x− 1

x
· (2x + 1

5x
) + C

=
2

5
· (6x2 + x− 1)

√
3x− 1

x5
+ C

�� ��習題解答 3.3.11.

(1)
ˆ

x sin (4− x) dx
u=4−x

= −
ˆ

(4− u) sin u du =

ˆ

(4− u)d cos u

= (4− u) cos u +

ˆ

cos u du

= (4− u) cos u + sin u + C

= x cos (4− x) + sin (4− x) + C

(2)
ˆ

sin (ln x) dx
u=ln x

=

ˆ

sin u · eu du =
1

2
eu(sin u− cos u) + C

=
x

2
(sin (ln x)− cos (ln x)) + C

(3)
ˆ tan−1x

(1 + x2)
3
2

dx =

ˆ tan−1x

(1 + x2)
1
2

dx

1 + x2

u=tan−1 x
=

ˆ

u√
1 + tan2 u

du

=

ˆ

u cos u du =

ˆ

u d(sin u)

= u sin u + cos u + C

u=tan−1 x
=

x tan−1 x + 1√
1 + x2

+ C
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(8)
ˆ

√
3x− 1

x7
dx =

ˆ

1

x3

√
3x− 1

x
dx

u= 3x−1
x=

ˆ

(3− u)3
√

u
1

(3− u)2
du

(
因為u =

3x− 1

x
⇒ x =

1

3− u
⇒ dx =

du

(3− u)2

)

=

ˆ

(3− u)u
1
2 du = 3

ˆ

u
1
2 du−

ˆ

u
3
2 du

= 2u
3
2 − 2

5
u

5
2 + C = 2u

3
2 (1− u

5
) + C

u= 3x−1
x= 2 · 3x− 1

x
·
√

3x− 1

x
· (2x + 1

5x
) + C

=
2

5
· (6x2 + x− 1)

√
3x− 1

x5
+ C

�� ��習題解答 3.3.11.

(1)
ˆ

x sin (4− x) dx
u=4−x

= −
ˆ

(4− u) sin u du =

ˆ

(4− u)d cos u

= (4− u) cos u +

ˆ

cos u du

= (4− u) cos u + sin u + C

= x cos (4− x) + sin (4− x) + C

(2)
ˆ

sin (ln x) dx
u=ln x

=

ˆ

sin u · eu du =
1

2
eu(sin u− cos u) + C

=
x

2
(sin (ln x)− cos (ln x)) + C

(3)
ˆ tan−1x

(1 + x2)
3
2

dx =

ˆ tan−1x

(1 + x2)
1
2

dx

1 + x2

u=tan−1 x
=

ˆ

u√
1 + tan2 u

du

=

ˆ

u cos u du =

ˆ

u d(sin u)

= u sin u + cos u + C

u=tan−1 x
=

x tan−1 x + 1√
1 + x2

+ C
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(4)
ˆ

e
√

x+1 dx
u=

√
x+1

=

ˆ

eu · 2u du = 2ueu − 2

ˆ

eu du

= 2ueu − 2eu + C = 2
√

x + 1 · e
√

x+1 − 2e
√

x+1 + C

(5)
ˆ

xsec−1x dx =

ˆ

sec−1x d(
x2

2
) =

1

2
x2sec−1x− 1

2

ˆ

x2 · 1

|x|
√

x2 − 1
dx

當 x > 1, 原式等於

1

2
x2sec−1x− 1

2

ˆ

x√
x2 − 1

dx =
x2sec−1x−

√
x2 − 1

2
+ C

當 x < −1, 原式等於

1

2
x2sec−1x +

1

2

ˆ

x√
x2 − 1

dx =
x2sec−1x +

√
x2 − 1

2
+ C

(6)
ˆ

xtan−1x dx =

ˆ

tan−1x d(
x2

2
) =

x2tan−1x

2
− 1

2

ˆ

x2

1 + x2
dx

=
x2tan−1x

2
− 1

2

ˆ

1− 1

1 + x2
dx

=
x2tan−1x

2
− x− tan−1x

2
+ C

=
1

2

(
(x2 + 1)tan−1x− x

)
+ C

�� ��習題解答 3.3.12.

(1)
ˆ 0

− π
4

tan x sec2 x dx =

ˆ 0

− π
4

sec x dsecx =
1

2
sec2 x

∣∣∣∣
0

− π
4

=
−1

2

(2)
ˆ 2

−1

√
2x + 3 dx =

1

2
· 2
3
(2x + 3)

3
2

∣∣∣∣
2

−1

=
1

3
(7

3
2 − 1)

(3)
ˆ 1

0
x3(1 + x4)3 dx

u=1+x4

=
1

4

ˆ 2

1
u3 du =

1

16
u4

∣∣∣∣
2

1

=
15

16

(4)
ˆ

√
3

0

4x√
x2 + 1

dx = 4
√

x2 + 1
∣∣∣
3

0
= 4

(5)
ˆ 2π

0

sin x√
4 + 3 cos x

dx
u=4+3 cos x

= =
−1

3

ˆ 7

7

1√
u

du = 0

(6)
ˆ − 1

2

−1

sin2 (1 + 1
x)

x2
dx

u=1+ 1
x=

ˆ −1

0
− sin2 u du = −

ˆ 1

0

1− cos 2u

2
du

=
−u

2
+

1

4
sin 2u

∣∣∣∣
0

−1

=
1

2
− 1

4
sin 2
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(4)
ˆ

e
√

x+1 dx
u=

√
x+1

=

ˆ

eu · 2u du = 2ueu − 2

ˆ

eu du

= 2ueu − 2eu + C = 2
√

x + 1 · e
√

x+1 − 2e
√

x+1 + C

(5)
ˆ

xsec−1x dx =

ˆ

sec−1x d(
x2

2
) =

1

2
x2sec−1x− 1

2

ˆ

x2 · 1

|x|
√

x2 − 1
dx

當 x > 1, 原式等於

1

2
x2sec−1x− 1

2

ˆ

x√
x2 − 1

dx =
x2sec−1x−

√
x2 − 1

2
+ C

當 x < −1, 原式等於

1

2
x2sec−1x +

1

2

ˆ

x√
x2 − 1

dx =
x2sec−1x +

√
x2 − 1

2
+ C

(6)
ˆ

xtan−1x dx =

ˆ

tan−1x d(
x2

2
) =

x2tan−1x

2
− 1

2

ˆ

x2

1 + x2
dx

=
x2tan−1x

2
− 1

2

ˆ

1− 1

1 + x2
dx

=
x2tan−1x

2
− x− tan−1x

2
+ C

=
1

2

(
(x2 + 1)tan−1x− x

)
+ C

�� ��習題解答 3.3.12.

(1)
ˆ 0

− π
4

tan x sec2 x dx =

ˆ 0

− π
4

sec x dsecx =
1

2
sec2 x

∣∣∣∣
0

− π
4

=
−1

2

(2)
ˆ 2

−1

√
2x + 3 dx =

1

2
· 2
3
(2x + 3)

3
2

∣∣∣∣
2

−1

=
1

3
(7

3
2 − 1)

(3)
ˆ 1

0
x3(1 + x4)3 dx

u=1+x4

=
1

4

ˆ 2

1
u3 du =

1

16
u4

∣∣∣∣
2

1

=
15

16

(4)
ˆ

√
3

0

4x√
x2 + 1

dx = 4
√

x2 + 1
∣∣∣
3

0
= 4

(5)
ˆ 2π

0

sin x√
4 + 3 cos x

dx
u=4+3 cos x

= =
−1

3

ˆ 7

7

1√
u

du = 0

(6)
ˆ − 1

2

−1

sin2 (1 + 1
x)

x2
dx

u=1+ 1
x=

ˆ −1

0
− sin2 u du = −

ˆ 1

0

1− cos 2u

2
du

=
−u

2
+

1

4
sin 2u

∣∣∣∣
0

−1

=
1

2
− 1

4
sin 2
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(4)
ˆ

e
√

x+1 dx
u=

√
x+1

=

ˆ

eu · 2u du = 2ueu − 2

ˆ

eu du

= 2ueu − 2eu + C = 2
√

x + 1 · e
√

x+1 − 2e
√

x+1 + C

(5)
ˆ

xsec−1x dx =

ˆ

sec−1x d(
x2

2
) =

1

2
x2sec−1x− 1

2

ˆ

x2 · 1

|x|
√

x2 − 1
dx

當 x > 1, 原式等於

1

2
x2sec−1x− 1

2

ˆ

x√
x2 − 1

dx =
x2sec−1x−

√
x2 − 1

2
+ C

當 x < −1, 原式等於

1

2
x2sec−1x +

1

2

ˆ

x√
x2 − 1

dx =
x2sec−1x +

√
x2 − 1

2
+ C

(6)
ˆ

xtan−1x dx =

ˆ

tan−1x d(
x2

2
) =

x2tan−1x

2
− 1

2

ˆ

x2

1 + x2
dx

=
x2tan−1x

2
− 1

2

ˆ

1− 1

1 + x2
dx

=
x2tan−1x

2
− x− tan−1x

2
+ C

=
1

2

(
(x2 + 1)tan−1x− x

)
+ C

�� ��習題解答 3.3.12.

(1)
ˆ 0

− π
4

tan x sec2 x dx =

ˆ 0

− π
4

sec x dsecx =
1

2
sec2 x

∣∣∣∣
0

− π
4

=
−1

2

(2)
ˆ 2

−1

√
2x + 3 dx =

1

2
· 2
3
(2x + 3)

3
2

∣∣∣∣
2

−1

=
1

3
(7

3
2 − 1)

(3)
ˆ 1

0
x3(1 + x4)3 dx

u=1+x4

=
1

4

ˆ 2

1
u3 du =

1

16
u4

∣∣∣∣
2

1

=
15

16

(4)
ˆ

√
3

0

4x√
x2 + 1

dx = 4
√

x2 + 1
∣∣∣
3

0
= 4

(5)
ˆ 2π

0

sin x√
4 + 3 cos x

dx
u=4+3 cos x

= =
−1

3

ˆ 7

7

1√
u

du = 0

(6)
ˆ − 1

2

−1

sin2 (1 + 1
x)

x2
dx

u=1+ 1
x=

ˆ −1

0
− sin2 u du = −

ˆ 1

0

1− cos 2u

2
du

=
−u

2
+

1

4
sin 2u

∣∣∣∣
0

−1

=
1

2
− 1

4
sin 2

3
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3. 欲證 m = k + 1 正確, 設 P (x) 次數 < k + 1, 由多項式除法知 P (x) = (x +

α)Q(x) + A, 其中 Q(x) 次數 < k. 於是

P (x)

(x + α)k+1
=

(x + α)Q(x) + A

(x + α)k+1
=

Q(x)

(x + α)k
+

A

(x + α)k+1

=
( A1

(x + α)
+

A2

(x + α)2
+ · · ·+ Ak

(x + α)k

)
+

A

(x + α)k+1

其中因 Q(x) 次數 < k, 故可用 2., 再令 Ak+1 = A，則證明結束。

(2) 對於第二式可以模仿上述數學歸納法來證明，其中關鍵步驟是用長除法得到

P (x) = (x2 + βx + γ)Q(x) + Bx + C

其中若 P (x) 次數 < 2k + 2, 則 Q(x) 次數 < 2k.

�� ��習題解答 3.3.16.

(1) 設
1

1− x2
=

1

(1 + x)(1− x)
=

A

(1 + x)
+

B

(1− x)

通分得

1 = A(1− x) + B(1 + x)

代值得

x = 1 ⇒ B =
1

2

x = −1 ⇒ A =
1

2

原式
ˆ

1

1− x2
dx =

ˆ

1

2(1 + x)
+

1

2(1− x)
dx

=
1

2
ln |x + 1| − 1

2
ln |x− 1|+ C

(2) 設
1

x(x2 − 1)
=

1

x(x− 1)(x + 1)
=

A

x
+

B

(x− 1)
+

C

(x + 1)

通分得

1 = A(x− 1)(x + 1) + Bx(x + 1) + Cx(x− 1)

代值得

x = 0 ⇒ A = −1

x = 1 ⇒ 1 = 2B ⇒ B =
1

2

x = −1 ⇒ 1 = 2C ⇒ C =
1

2
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原式

ˆ

1

x(x2 − 1)
dx =

ˆ −1

x
+

1

2(x− 1)
+

1

2(x + 1)
dx

= − ln |x|+ 1

2
ln |x− 1|+ 1

2
ln |x + 1|+ C

(3) 設
1

x2(x2 − 1)
=

1

x2(x− 1)(x + 1)
=

A

x
+

B

x2
+

C

(x− 1)
+

D

(x + 1)

通分得

1 = Ax(x− 1)(x + 1) + B(x− 1)(x + 1) + Cx2(x + 1) + Dx2(x− 1)

代值得

x = 0 ⇒ B = −1

x = 1 ⇒ 1 = 2C ⇒ C =
1

2

x = −1 ⇒ 1 = −2D ⇒ D = −1

2
A + C + D = 0 ⇒ A = 0

故原式

ˆ

1

x2(x2 − 1)
dx =

ˆ −1

x2
+

1

2(x− 1)
− 1

2(x + 1)
dx

=
1

x
+

1

2
ln |x− 1| − 1

2
ln |x + 1|+ C

(4)
x3 + 1

x(x− 1)
= x + 1 +

x + 1

x(x− 1)

設
x + 1

x(x− 1)
=

A

x
+

B

x− 1

通分得

x + 1 = A(x− 1) + Bx

代值得

x = 0 ⇒ A = −1

x = 1 ⇒ B = 2

故原式

ˆ

x3 + 1

x(x− 1)
dx =

ˆ

x + 1− 1

x
+

2

(x− 1)
dx

=
1

2
x2 + x− ln |x|+ 2 ln |x− 1|+ C
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(5) 因為 x3 − 1 = (x− 1)(x2 + x + 1), 設

1

1− x3
=
−1

x3 − 1
=

A

x− 1
+

Bx + C

x2 + x + 1

則

−1 = A(x2 + x + 1) + (Bx + C)(x− 1)

x = 1 ⇒ −1 = 3A ⇒ A =
−1

3

x = 0 ⇒ −1 = A− C ⇒ C =
2

3

x = −1 ⇒ −1 = A + (−B + C) · (−2) ⇒ B =
1

3

所以
ˆ

1

1− x3
dx = −

ˆ

1

x− 1
dx +

1

3

ˆ

x + 2

x2 + x + 1
dx

其中

ˆ

x + 2

x2 + x + 1
dx =

ˆ

x + 1
2

x2 + x + 1
dx +

ˆ 3
2

x2 + x + 1
dx

=
1

2
ln(x2 + x + 1) +

3

2
· 2√

3
tan−1

( 2√
3
(x +

1

2
)
)

+ C

因此

ˆ

1

1− x3
dx = − ln |x− 1|+ 1

6
ln(x2 + x + 1) +

1√
3

tan−1
( 2√

3
(x +

1

2
) + C

(6)
ˆ

x2

(1 + x2)2
dx =

ˆ

1 + x2 − 1

(1 + x2)2
dx =

ˆ

1

1 + x2
dx−

ˆ

1

(1 + x2)2
dx

= tan−1 x−
(1
2

tan−1 x +
1

2

x

1 + x2

)
+ C

=
1

2
tan−1 x− 1

2

x

1 + x2
+ C

也可用下面的作法：

ˆ

x2

(1 + x2)2
dx

x=tan θ
=

ˆ tan2 θ

sec4 θ
sec2 θ dθ =

ˆ

sin2 θ dθ

=

ˆ

1− cos 2θ

2
dθ =

θ

2
− 1

4
sin 2θ + C

=
θ

2
− 1

2
sin θ cos θ + C

x=tan θ
=

1

2
tan−1 x− 1

2

x

1 + x2
+ C

4
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(9)
ˆ

ex

e2x + 3ex + 2
dx

u=ex

=

ˆ

1

u2 + 3u + 2
du

設
1

u2 + 3u + 2
=

1

(u + 1)(u + 2)
=

A

(u + 1)
+

B

(u + 2)

通分得

1 = A(u + 2) + B(u + 1)

代值得

u = −2 ⇒ B = −1

u = 1 ⇒ A = 1

原式
ˆ

1

u2 + 3u + 2
du =

ˆ

1

(u + 1)
− 1

(u + 2)
du

= ln
∣∣∣∣
u + 1

u + 2

∣∣∣∣+ C
u=ex

= ln
∣∣∣∣
ex + 1

ex + 2

∣∣∣∣+ C

3.3.4 三角積分�� ��習題解答 3.3.17.
ˆ

sinm x cos2k+1 x dx =

ˆ

sinm x(cos2 x)k · cos x dx

=

ˆ

sinm x(1− sin2 x)k d(sin x)

u=sin x
=

ˆ

um(1− u2)k du

�� ��習題解答 3.3.18.

(1)
ˆ

sin x cos2 x dx =

ˆ

cos2 x d(− cos x)
u=cos x

= −
ˆ

u2 du

= −u3

3
+ C

u=cos x
= − cos3 x

3
+ C

(2)
ˆ

cos4 x dx =

ˆ

(
1 + cos 2x

2
)2 dx =

ˆ

1 + 2 cos 2x + cos2 2x

4
dx

=

ˆ

1

4
+

cos 2x

2
+

1 + cos 4x

8
dx

=
3

8
x +

sin 2x

4
+

sin 4x

32
+ C
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(9)
ˆ

ex

e2x + 3ex + 2
dx

u=ex

=

ˆ

1

u2 + 3u + 2
du

設
1

u2 + 3u + 2
=

1

(u + 1)(u + 2)
=

A

(u + 1)
+

B

(u + 2)

通分得

1 = A(u + 2) + B(u + 1)

代值得

u = −2 ⇒ B = −1

u = 1 ⇒ A = 1

原式
ˆ

1

u2 + 3u + 2
du =

ˆ

1

(u + 1)
− 1

(u + 2)
du

= ln
∣∣∣∣
u + 1

u + 2

∣∣∣∣+ C
u=ex

= ln
∣∣∣∣
ex + 1

ex + 2

∣∣∣∣+ C

3.3.4 三角積分�� ��習題解答 3.3.17.
ˆ

sinm x cos2k+1 x dx =

ˆ

sinm x(cos2 x)k · cos x dx

=

ˆ

sinm x(1− sin2 x)k d(sin x)

u=sin x
=

ˆ

um(1− u2)k du

�� ��習題解答 3.3.18.

(1)
ˆ

sin x cos2 x dx =

ˆ

cos2 x d(− cos x)
u=cos x

= −
ˆ

u2 du

= −u3

3
+ C

u=cos x
= − cos3 x

3
+ C

(2)
ˆ

cos4 x dx =

ˆ

(
1 + cos 2x

2
)2 dx =

ˆ

1 + 2 cos 2x + cos2 2x

4
dx

=

ˆ

1

4
+

cos 2x

2
+

1 + cos 4x

8
dx

=
3

8
x +

sin 2x

4
+

sin 4x

32
+ C
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(3)
ˆ

sec x csc x dx =

ˆ

1

cos x sin x
dx =

ˆ sin x

cos x
+

cos x

sin x
dx

=

ˆ

tan x + cot x dx = ln | sec x| − ln | csc x|+ C

另外也可透過

ˆ

1

cos x sin x
dx =

ˆ

1

cos2 x sin x
cos x dx

u=sin x
=

ˆ

1

u(1− u2)
du

應用三角積分與有理積分解題.
(4)

ˆ

tan x sec2 x dx =

ˆ

tan x d(tan x) =
tan2 x

2
+ C

或者

ˆ

tan x sec2 x dx =

ˆ

sec x · tan x sec x dx =

ˆ

sec x d(sec x) =
sec2 x

2
+ C

（想想看, 為什麼會有兩個看起來不一樣的答案）

�� ��習題解答 3.3.19.

(1)
ˆ √

1− x2 dx
x=sin θ

=

ˆ

cos2 θ dθ =

ˆ

1 + cos 2θ

2
dθ

=
θ

2
+

1

4
sin 2θ + C

x=sin θ
=

1

2
sin−1x +

1

2
x
√

1− x2 + C

(2)
ˆ √

x2 − 1 dx
x=sec θ

=

ˆ

tan2 θ sec θ dθ

=
1

2
(tan θ sec θ − ln | tan θ + sec θ|) + C (課本)

x=sec θ
=

1

2

(
x
√

x2 − 1 − ln
∣∣x +

√
x2 − 1

∣∣ )+ C

(3)
ˆ

1√
x2 − 1

dx
x=sec θ

=

ˆ

1

tan θ
· sec θ tan θ dθ

= ln | sec θ + tan θ|+ C = ln
∣∣∣x +

√
x2 − 1

∣∣∣+ C
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(4)
ˆ

1

x
√

1− x2
dx

x=sin θ
=

ˆ

1

sin θ cos θ
· cos θ dθ

= − ln | csc θ + cot θ|+ C = − ln
∣∣∣∣∣
1

x
+

√
1

x2
− 1

∣∣∣∣∣+ C

(5)
ˆ

1

x
√

1 + x2
dx

x=tan θ
=

ˆ

1

tan θ sec θ
· sec2 θ dθ =

ˆ

csc θ dθ

= − ln | csc θ + cot θ|+ C = − ln
∣∣∣∣∣
1

x
+

√
1

x2
+ 1

∣∣∣∣∣+ C

(6)
ˆ

√
x2 − 1

x
dx

x=sec θ
=

ˆ tan θ

sec θ
· sec θ tan θ dθ =

ˆ

tan2 θ dθ

=

ˆ

sec2 θ − 1 dθ = tan θ − θ + C =
√

x2 − 1− sec−1x + C

(7)
ˆ

√
x2 + 1

x
dx

x=tan θ
=

ˆ sec θ

tan θ
sec2 θ dθ =

ˆ sec2 θ

tan2 θ
· tan θ sec θ dθ

=

ˆ (
1 +

1

tan2 θ

)
· tan θ sec θ dθ

=

ˆ

tan θ sec θ dθ +

ˆ

csc θ dθ = sec θ − ln |cscθ + cot θ|+ C

x=tan θ
=

√
1 + x2 − ln

∣∣∣1 +
√

1 + x2

x

∣∣∣+ C
(

=
√

1 + x2 − ln
∣∣1 +

√
1 + x2

∣∣+ ln |x|+ C
)

(8)
ˆ

√
1− x2

x
dx

x=sin θ
=

ˆ cos θ

sin θ
cos θ dθ =

ˆ

1− sin2 θ

sin θ
dθ

=

ˆ

csc θ − sin θ dθ = − ln | csc θ + cot θ|+ cos θ + C

x=sin θ
= − ln

∣∣∣1 +
√

1− x2

x

∣∣∣+
√

1− x2 + C
(

= ln |x| − ln
(
1 +

√
1− x2

)
+
√

1− x2 + C
)

(當然你也可用標準程序, 將積分化為有理積分
´

u2

u2−1
du 來解題. )
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(4)
ˆ

1

x
√

1− x2
dx

x=sin θ
=

ˆ

1

sin θ cos θ
· cos θ dθ

= − ln | csc θ + cot θ|+ C = − ln
∣∣∣∣∣
1

x
+

√
1

x2
− 1

∣∣∣∣∣+ C

(5)
ˆ

1

x
√

1 + x2
dx

x=tan θ
=

ˆ

1

tan θ sec θ
· sec2 θ dθ =

ˆ

csc θ dθ

= − ln | csc θ + cot θ|+ C = − ln
∣∣∣∣∣
1

x
+

√
1

x2
+ 1

∣∣∣∣∣+ C

(6)
ˆ

√
x2 − 1

x
dx

x=sec θ
=

ˆ tan θ

sec θ
· sec θ tan θ dθ =

ˆ

tan2 θ dθ

=

ˆ

sec2 θ − 1 dθ = tan θ − θ + C =
√

x2 − 1− sec−1x + C

(7)
ˆ

√
x2 + 1

x
dx

x=tan θ
=

ˆ sec θ

tan θ
sec2 θ dθ =

ˆ sec2 θ

tan2 θ
· tan θ sec θ dθ

=

ˆ (
1 +

1

tan2 θ

)
· tan θ sec θ dθ

=

ˆ

tan θ sec θ dθ +

ˆ

csc θ dθ = sec θ − ln |cscθ + cot θ|+ C

x=tan θ
=

√
1 + x2 − ln

∣∣∣1 +
√

1 + x2

x

∣∣∣+ C
(

=
√

1 + x2 − ln
∣∣1 +

√
1 + x2

∣∣+ ln |x|+ C
)

(8)
ˆ

√
1− x2

x
dx

x=sin θ
=

ˆ cos θ

sin θ
cos θ dθ =

ˆ

1− sin2 θ

sin θ
dθ

=

ˆ

csc θ − sin θ dθ = − ln | csc θ + cot θ|+ cos θ + C

x=sin θ
= − ln

∣∣∣1 +
√

1− x2

x

∣∣∣+
√

1− x2 + C
(

= ln |x| − ln
(
1 +

√
1− x2

)
+
√

1− x2 + C
)

(當然你也可用標準程序, 將積分化為有理積分
´

u2

u2−1
du 來解題. )
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�� ��習題解答 3.3.20.

(1)

ˆ √
1 + x + x2 dx

=

ˆ

√
(x +

1

2
)2 +

3

4
dx

=

ˆ

√
3

4
·
(4

3
(x +

1

2
)2 + 1

)
dx

=

√
3

2

ˆ

√
( 2√

3
(x +

1

2
)
)2

+ 1 dx

u= 2√
3
(x+ 1

2
)

=

√
3

2

ˆ √
u2 + 1 ·

√
3

2
du

=
3

4

(1
2
(u
√

u2 + 1 + ln(u +
√

u2 + 1))
)

+ C

u= 2√
3
(x+ 1

2
)

=
3

8

( 2√
3
(x +

1

2
) · 2√

3

√
x2 + x + 1

+ ln
( 2√

3
(x +

1

2
) +

2√
3

√
x2 + x + 1

))
+ C

=
1

2
(x +

1

2
)
√

x2 + x + 1 +
3

8
ln(x +

1

2
+
√

x2 + x + 1) + C

(2)

ˆ √
x2 − 3x + 2 dx

=

ˆ

√
(x− 3

2
)2 − 1

4
dx

=

ˆ

√
1

4

(
4(x− 3

2
)2 − 1

)
dx

=
1

2

ˆ √
(2x− 3)2 − 1 dx

u=2x−3
=

1

2

ˆ √
u2 − 1 · 1

2
du

=
1

4

(1
2
(u
√

u2 − 1 + ln |u−
√

u2 − 1|)
)

+ C

u=2x−3
=

1

8

(
(2x− 3) · 2

√
x2 − 3x + 2 + ln |2x− 3− 2

√
x2 − 3x + 2|

)
+ C

=
1

4
(2x− 3)

√
x2 − 3x + 2 +

1

8
ln
∣∣x− 3

2
−
√

x2 − 3x + 2
∣∣+ C

5



3.3. 基本積分技巧 87

�� ��習題解答 3.3.20.

(1)

ˆ √
1 + x + x2 dx

=

ˆ

√
(x +

1

2
)2 +

3

4
dx

=

ˆ

√
3

4
·
(4

3
(x +

1

2
)2 + 1

)
dx

=

√
3

2

ˆ

√
( 2√

3
(x +

1

2
)
)2

+ 1 dx

u= 2√
3
(x+ 1

2
)

=

√
3

2

ˆ √
u2 + 1 ·

√
3

2
du

=
3

4

(1
2
(u
√

u2 + 1 + ln(u +
√

u2 + 1))
)

+ C

u= 2√
3
(x+ 1

2
)

=
3

8

( 2√
3
(x +

1

2
) · 2√

3

√
x2 + x + 1

+ ln
( 2√

3
(x +

1

2
) +

2√
3

√
x2 + x + 1

))
+ C

=
1

2
(x +

1

2
)
√

x2 + x + 1 +
3

8
ln(x +

1

2
+
√

x2 + x + 1) + C

(2)

ˆ √
x2 − 3x + 2 dx

=

ˆ

√
(x− 3

2
)2 − 1

4
dx

=

ˆ

√
1

4

(
4(x− 3

2
)2 − 1

)
dx

=
1

2

ˆ √
(2x− 3)2 − 1 dx

u=2x−3
=

1

2

ˆ √
u2 − 1 · 1

2
du

=
1

4

(1
2
(u
√

u2 − 1 + ln |u−
√

u2 − 1|)
)

+ C

u=2x−3
=

1

8

(
(2x− 3) · 2

√
x2 − 3x + 2 + ln |2x− 3− 2

√
x2 − 3x + 2|

)
+ C

=
1

4
(2x− 3)

√
x2 − 3x + 2 +

1

8
ln
∣∣x− 3

2
−
√

x2 − 3x + 2
∣∣+ C

88 第 3 章 積分

(3)

ˆ √
2− 3x− 2x2 dx

=
√

2

ˆ

√
25

16
− (x +

3

4
)2 dx =

5
√

2

4

ˆ

√
1− (

4

5
x +

3

5
)2 dx

u= 4
5
x+ 3

5=
5
√

2

4

ˆ √
1− u2 · 5

4
du =

25
√

2

16

ˆ √
1− u2 du

=
25
√

2

16

(1
2
(sin−1 u + u

√
1− u2)

)
+ C

u= 4
5
x+ 3

5=
25
√

2

32

(
sin−1(

4

5
x +

3

5
) + (

4

5
x +

3

5
) · 2
√

2

5

√
2− 3x− 2x2

)
+ C

=
25
√

2

32
sin−1(

4

5
x +

3

5
) +

1

8
(4x + 3)

√
2− 3x− 2x2 + C

(4)

ˆ

1√
x2 − 2x

dx =

ˆ

1√
(x− 1)2 − 1

dx

u=x−1
=

ˆ

1√
u2 − 1

du = ln |u +
√

u2 − 1|+ C

u=x−1
= ln |x− 1 +

√
x2 − 2x |+ C

(5)

ˆ

1

x2
√

x2 + 1
dx

x=tan θ
=

ˆ

1

tan2 θ sec θ
sec2 θ dθ =

ˆ

1

sin2 θ
cos θ dθ

u=sin θ
=

ˆ

1

u2
du = −1

u
+ C

u= x√
1+x2

= −
√

1 + x2

x
+ C

(6)

ˆ

1

x
√

4 + ln2 x
dx

u= ln x
2=

ˆ

1

2
√

u2 + 1
· 2 du

= ln |u +
√

u2 + 1|+ C

u= ln x
2= ln

∣∣∣ ln x

2
+

√

1 + (
ln2 x

4
)2
∣∣∣+ C

= ln | ln x +
√

4 + ln2 x|+ C
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(7)
ˆ

1

x
√

x− 2
dx

u=
√

x−2
=

ˆ

1

u(u2 + 2)
· 2u du = 2

ˆ

1

2
(
( u√

2
)2 + 1

) du

v= u√
2

=

ˆ

1

1 + v2
·
√

2 dv =
√

2 tan−1 v + C

v= u√
2

=
√

2 tan−1
( u√

2

)
+ C

u=
√

x−2
=

√
2 tan−1

(√x− 2

2

)
+ C

(8)
ˆ

1

x
√

x + 2
dx

u=
√

x+2
=

ˆ

1

u(u2 − 2)
· 2u du

=
1√
2

ˆ

1

u−
√

2
− 1

u +
√

2
du =

1√
2

ln
∣∣∣u−

√
2

u +
√

2

∣∣∣+ C

u=
√

x+2
=

1√
2

ln
∣∣∣
√

x + 2−
√

2√
x + 2 +

√
2

∣∣∣+ C =
1√
2

ln
∣∣∣(
√

x + 2−
√

2)2

x

∣∣∣+ C

=
√

2 ln |
√

x + 2−
√

2| − 1√
2

ln |x|+ C

(9)
ˆ

1

1 + sin x
dx =

ˆ

1− sin x

1− sin2 x
dx

=

ˆ

sec2 x− tan x sec x dx = tan x− sec x + C

�� ��習題解答 3.3.21.

(1)

Sn(x) =

ˆ

sinn x dx =

ˆ

sinn−1 x d(− cos x)

= − cos x sinn−1 x + (n− 1)

ˆ

(1− sin2 x) sinn−2 x dx

= − cos x sinn−1 x + (n− 1)

ˆ

sinn−2 x− sinn x dx

= − cos x sinn−1 x + (n− 1)Sn−2(x)− (n− 1)Sn(x)

⇒ Sn(x) = − 1

n
cos x sinn−1 x +

n− 1

n
Sn−2(x)
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(2) 已知 S0(x) =
´

1 dx = x + C, S1(x) =
´

sin x dx = − cos x + C, 因此
ˆ

sin2 x dx = S2(x) = −1

2
cos x sin x +

1

2
S0(x) = −1

2
cos x sin x +

1

2
x + C

ˆ

sin3 x dx = S3(x) = −1

3
cos x sin2 x +

2

3
S1(x)

= −1

3
cos x sin2 x− 2

3
cos x + C

ˆ

sin4 x dx = S4(x) = −1

4
cos x sin3 x +

3

4
S2(x)

= −1

4
cos x sin3 x +

3

4
(−1

2
cos x sin x +

1

2
x) + C

= −1

4
cos x sin3 x− 3

8
cos x sin x +

3

8
x + C

�� ��習題解答 3.3.22.

(1) 直接計算如下
ˆ 2π

0
cosk x dx =

ˆ 2π

0
cosk−1 x d(sin x)

= sin x cosk−1 x
∣∣∣
2π

0
−
ˆ 2π

0
sin x · (cosk−1 x)′ dx

= 0 + (k − 1) ·
ˆ 2π

0
sin2 x cosk−2 x dx

= (k − 1) ·
ˆ 2π

0
(1− cos2 x) cosk−2 x dx

= (k − 1)

ˆ 2π

0
cosk−2 x dx− (k − 1)

ˆ 2π

0
cosk x dx

移項合併整理得

ˆ 2π

0
cosk x dx =

k − 1

k

ˆ 2π

0
cosk−2 x dx, k ≥ 2.

(2) 由 (1) 可得
ˆ 2π

0
cos2k x dx =

2k − 1

2k
·
ˆ 2π

0
cos2k−2 x dx

=
(2k − 1) · (2k − 3)

2k · (2k − 2)
·
ˆ 2π

0
cos2k−4 x dx = · · ·

=
(2k − 1) · (2k − 3) · · · 3 · 1

2k · (2k − 2) · · · 4 · 2 ·
ˆ 2π

0
1 dx

=
(2k)!

(2k · (2k − 2) · · · 4 · 2)2
· 2π =

(2k)! π

22k−1(k!)2

6
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(2) 已知 S0(x) =
´

1 dx = x + C, S1(x) =
´

sin x dx = − cos x + C, 因此
ˆ

sin2 x dx = S2(x) = −1

2
cos x sin x +

1

2
S0(x) = −1

2
cos x sin x +

1

2
x + C

ˆ

sin3 x dx = S3(x) = −1

3
cos x sin2 x +

2

3
S1(x)

= −1

3
cos x sin2 x− 2

3
cos x + C

ˆ

sin4 x dx = S4(x) = −1

4
cos x sin3 x +

3

4
S2(x)

= −1

4
cos x sin3 x +

3

4
(−1

2
cos x sin x +

1

2
x) + C

= −1

4
cos x sin3 x− 3

8
cos x sin x +

3

8
x + C

�� ��習題解答 3.3.22.

(1) 直接計算如下
ˆ 2π

0
cosk x dx =

ˆ 2π

0
cosk−1 x d(sin x)

= sin x cosk−1 x
∣∣∣
2π

0
−
ˆ 2π

0
sin x · (cosk−1 x)′ dx

= 0 + (k − 1) ·
ˆ 2π

0
sin2 x cosk−2 x dx

= (k − 1) ·
ˆ 2π

0
(1− cos2 x) cosk−2 x dx

= (k − 1)

ˆ 2π

0
cosk−2 x dx− (k − 1)

ˆ 2π

0
cosk x dx

移項合併整理得

ˆ 2π

0
cosk x dx =

k − 1

k

ˆ 2π

0
cosk−2 x dx, k ≥ 2.

(2) 由 (1) 可得
ˆ 2π

0
cos2k x dx =

2k − 1

2k
·
ˆ 2π

0
cos2k−2 x dx

=
(2k − 1) · (2k − 3)

2k · (2k − 2)
·
ˆ 2π

0
cos2k−4 x dx = · · ·

=
(2k − 1) · (2k − 3) · · · 3 · 1

2k · (2k − 2) · · · 4 · 2 ·
ˆ 2π

0
1 dx

=
(2k)!

(2k · (2k − 2) · · · 4 · 2)2
· 2π =

(2k)! π

22k−1(k!)2
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ˆ 2π

0
cos2k+1 x dx =

2k

2k + 1
·
ˆ 2π

0
cos2k−1 x dx = · · ·

=
2k · (2k − 2) · · · 4 · 2

(2k + 1) · (2k − 1) · · · 5 · 3 ·
ˆ 2π

0
cos x dx = 0

�� ��習題解答 3.3.23.

ˆ

1

(1 + x2)3
dx

x=tan θ
=

ˆ

1

sec6 θ
sec2 θ dθ =

ˆ

cos4 θ dθ

=

ˆ

(cos θ)2 dθ =

ˆ (1 + cos 2θ

2

)2
dθ

=

ˆ (1

4
+

cos 2θ

2

)
dθ +

1

4

ˆ

cos2 2θ dθ

=
θ

4
+

sin 2θ

4
+

1

4

ˆ (1 + cos 4θ

2

)
dθ

=
3

8
θ +

sin 2θ

4
+

1

8
· sin 4θ

4
+ C

x=tan θ
=

3

8
tan−1 x +

x

2(x2 + 1)
+

1

8

x(1− x2)

(1 + x2)2
+ C

以上用到

sin 4θ = 2 sin 2θ cos 2θ = 4 cos4 θ · tan θ(1− tan2 θ) = 4
tan θ(1− tan2 θ)

sec4 θ

�� ��習題解答 3.3.24.

m = 2k + 1:
ˆ

tan2k+1 x secn x dx =

ˆ

tan2k x secn−1 x · tan x sec x dx

=

ˆ

(sec2 x− 1)k secn−1 x d(sec x)

u=sec x
=

ˆ

(u2 − 1)k un−1 du

n = 2k:
ˆ

tanm x sec2k x dx =

ˆ

tanm x sec2k−2 x · sec2 x dx

=

ˆ

tanm x(1 + tan2 x)k−1x d(tan x)

u=tan x
=

ˆ

um(1 + u2)k−1 du
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ˆ 2π

0
cos2k+1 x dx =

2k

2k + 1
·
ˆ 2π

0
cos2k−1 x dx = · · ·

=
2k · (2k − 2) · · · 4 · 2

(2k + 1) · (2k − 1) · · · 5 · 3 ·
ˆ 2π

0
cos x dx = 0

�� ��習題解答 3.3.23.

ˆ

1

(1 + x2)3
dx

x=tan θ
=

ˆ

1

sec6 θ
sec2 θ dθ =

ˆ

cos4 θ dθ

=

ˆ

(cos θ)2 dθ =

ˆ (1 + cos 2θ

2

)2
dθ

=

ˆ (1

4
+

cos 2θ

2

)
dθ +

1

4

ˆ

cos2 2θ dθ

=
θ

4
+

sin 2θ

4
+

1

4

ˆ (1 + cos 4θ

2

)
dθ

=
3

8
θ +

sin 2θ

4
+

1

8
· sin 4θ

4
+ C

x=tan θ
=

3

8
tan−1 x +

x

2(x2 + 1)
+

1

8

x(1− x2)

(1 + x2)2
+ C

以上用到

sin 4θ = 2 sin 2θ cos 2θ = 4 cos4 θ · tan θ(1− tan2 θ) = 4
tan θ(1− tan2 θ)

sec4 θ

�� ��習題解答 3.3.24.

m = 2k + 1:
ˆ

tan2k+1 x secn x dx =

ˆ

tan2k x secn−1 x · tan x sec x dx

=

ˆ

(sec2 x− 1)k secn−1 x d(sec x)

u=sec x
=

ˆ

(u2 − 1)k un−1 du

n = 2k:
ˆ

tanm x sec2k x dx =

ˆ

tanm x sec2k−2 x · sec2 x dx

=

ˆ

tanm x(1 + tan2 x)k−1x d(tan x)

u=tan x
=

ˆ

um(1 + u2)k−1 du

7


