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1. (15% total)
(a) (5%) Derive the MacLaurin series of tan™" z.

sin(az) -sinz —tan' .
is finite.

(b) (5%) Find the value of a € R such that the limit hné

23
(¢) (5%) Evaluate the above limit.
Solution:
(a) (tan'z) = ! (1%)
1+ 22
1 1 S (iatde =3 [ (1itide - 31 e (3%)
tan” x:f dx:f 1)z dx = f 1)z dx = -1 - +c (3%
1+22 = o fours 27 +1

3 5
(PS. tan 'z =z - % + % + ... by caleulate f'(0), ..., f®(0) (2%)).

Let 2 =0, c=tan™' 0 = 0. Its radius of convergence is 1. |z <1 (1%)

3 5 3

(b) sinx:x—% +%—... (3%) (P.S. sinx:x—%+... (2%))
sin(az) —sinz — tan™' z 1 1-a® 1 9
1’3 :(a—2)?+{7+§}+0(m )

Thus, a =2. (2%)

1 1 -5
The limit is =(1-8)+ - =— (5
(c) The limit is 6( )+3 G (56%)
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2. (10% total) Consider the power series Y (i Din(ne1)’
n n(n

n=1
(a) (5%) Determine its radius of convergence.

(b) (5%) Determine its interval of convergence.

Solution:
(-1)" .
(a) Let ¢, = ———=——. Use Ratio Test we have
(n+1)In(n+1)

- n+1 11 1

lim [enia™ ] = |z| lim n+lin(n+l) =lz|-1<1

n—oo |Cn.'15n| n—oo M + 2 ln(n + 2)

1 1 2
Where lim nn+l) g, nt =1.

n—oo In(n +2) n—eon+1
Thus the radius of convergence R = 1.

(b) Let by, = ey
Try z =1. (i) b, clearly decreasing (ii) lim b, =0 obviously.

n—oo

Thus by Alternating Series Test Y (~1)"b, converges.
n=1
Try « = -1. (i) b, positive (ii) b, decreasing (iii) f(n) = b, continuous

Then by Integral Test, [ f(z)dz = Inln(z +1)[7° diverges implies ) b, diverges.
1 1

Therefore the interval of convergence is (-1,1].

Grading
(a) (2 pts) State correct test.

(2 pts) Correct calculation.

(1 pt) Correct answer
(b) (1 pt) Case x =1, state correct test.
(1 pt) Case x =1, correct calculation
(1 pt) Case x = —1, state correct test.
(1 pt) Case x = -1, correct calculation
(1 pt) Correct answer

Remarks

o If lim " = 0, then an converges implies Z a, converges, but an diverges means nothing.

n—oo
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23
3. (20% total) Consider the space curve r(t) = i+ t%j + ?k.

(a) (5%) Find the arc length of the curve from ¢ =0 to t = a.
(b) (5%) Find the curvature x(0) at ¢ = 0.
(¢) (%) Find the unit tangent T(0) at ¢ = 0.
(d) (5%) Find the unit normal N(0) at ¢ = 0.
Solution:
(a)
r'(t) = (1,2t,2t%)  (2%)
[r'(t)] = V1+4t2 +4t4=2t> + 1 (1%)
if a>0
_ . _ “ 2 _ g 3
5= fo I ()| dt = fo (26 +1)dt = a*+a (2%)
if a<0
0 0
5= /a Ir'(t)|dt = [l (2t* +1)dt = —%a?’ -a
(b)
(Method I)
ar 4
e KN =K = ()] (1%)
w1 2
T = I’ (t)] _(2t2+1’2t2+1’1 2t2+1)
, —4t 412 + 2 4t
T® = ((2t2 +1)27 (212 +1)27 (212 + 1)2) (2%)
[T"(0)] _ [€0,2,0)|
0) = = =2 2%
O o oo 2 #Y
(Method II)
= |r|:/|§| (1%)
r(8) = (1,26,26%)  +'(0) = (1,0,0)
r(t) = (0,2,4t) r"(0) =(0,2,0)
[7(0) xr"(0)[ =1(0,0,2)| =2 (2%)
[ (O)F = 1(1,0,0)" =1
_ [r(0) xr"(0)] _
k(0) = O 2 (2%)
BERAt=0302%
()
r'(0)
T(0) = =(1,0,0 5%
ERFIE (1), |r' (1) BEMERT(0)ENEND
BERAtL=0302%
(d)
N(0) [ T7(0) = (0,2,0)  (3%)
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EREE (1), | (t)], T'(¢) BETEET (0) B &30

~(0,2,0)
N(0) = (020" (0,1,0) (2%)

BERA=042%
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4. (11%) Let z = f(x,y) and x = rcosf, y = rsinf.

0z
(a) (6%) Express — in terms of r, # and partial derivatives with respect r, 6.
x

2

0°z
(b) (5%) Express — in terms of r, § and partial derivatives with respect r, 6.

Ox?
Solution:
-1y
(a). Note that r = /22 +y2 and § = tan™' Z.
x
oz
Ox
0z 0r 0z 00
S 2 (a3
87’8x+898x (+ 3%)
0z x 0z -y
= — —_ . 2
or w/x2+y2+89 :c2+y2( %)
0 0 inf
a—cos@ a—; s;n (# 1%)
0 0 sinf 0
(b). From above, we knowa—cos % 50
o
Ox?
0 sin€ 0\ (0z Jz —sinf
= 30— — — || = cosO+— - &3
(COb or r 80)(87’C% +5‘9 r )( %)
—&00529— 0%z Sin9c059+%sin90059+sin9 B 0%z cos@+%sin9+&sme+%cose
© Or2 ordl T 00  r? T ordb or 0% r a0 r
_@COSQ B 0%z 251n9€050+&sin29+%Sin29+%28in90089 (4 2%)
e o0 r 80> 2 “ar r 98 2 ’
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5. (20% total) Let f(z,y,2) = (% + 2?)sin %xy +y2z? and a point p = (1,1,-1). Answer the following:
(a)
(b)
(c)
(d)

(5%) Find the gradient of f at p.

(5%) Find the approximate value of f(0.98,1.02,-0.97).

(5%) Find the plane tangent to the level surface through p defined by f(z,y,2) = f(p) = 3.
(5%)

s

5%) If a bird flies through p directly to the point (2,-1,1) with speed 5, what is the rate of change of f as
een by the bird at p?

Solution:

(a)

or :[stinw—w+(m2+z2)(cosw—w)ly] =2
oz 2 2
(1,1,-1) (1,1,-1)
or = (x2+z2)(cos7r—xy)ﬁ+zz] =1
oy 2 2
(1,1,-1) (1,1,-1)
0
a—JZC =[2zsin % + 2yz] =—4
(1,1,-1) (1,1,-1)
.'.vf(l,l,—l):[a—fﬂngr%k =2i+j-4k
or 0Oy~ 0z |
(1,1,-1)
Remark: (4%) for the partial derivatives; (1%) for evaluation of the gradient
(b) The linear approximation L(z,y,z) of f(x,y,z) at the point p =(1,1,-1) is
0 3 0
Loy =fn-0+ 22 @y Y ey

(1,1,-1) (1,1,-1) (1,1,-1)
=3+2(z-1)+(y-1)-4(z+1) (3%)
- f(0.98,1.02,-0.97) ~ L(0.98,1.02,-0.97) = 3+ 2(-0.02) + 0.02 — 4(0.03) = 2.86  (2%)

(c¢) Notice that f(p) = f(1,1,-1) = 3, which means that the plane tangent to the level surface is the tangent
plane of f(x,y,z) at the point p. Therefore, the tangent plane equation is

2@ -1)+(y-1)-4(z+1)=0  (5%)

(d) The unit vector u from point p = (1,1,-1) to point q = (2,-1,1) is

q-p 1 22
us= =(=,——, = 1%
a=pl (3:-33) (%)

Then, the directional derivative

2

D=3 W)

w| oo

Duf(P) = V1(p) 0= (2:1,4) (5>

The rate of change of f as seen by the bird at p with speed v =5 is

40

Duf(p)xv=-— (1%)
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6. (12%) Find the local extreme values and saddle points of f(z,y) = 2%y — zy* + zy — y>.

Solution:
{fmz 20y -y +y = y(2z-y+1)=0 (%)
Jy= - 2myrr-2y = (z+D)(z-2)=0 (1)

For (x):

i. fy=0, then z(z+1) =0 from (f) =z =0or -1.
Hence, we have (0,0),(-1,0).

2
ii. If y = 2z + 1, then 32% + 52 +2=0 from () =z =-1or 3

2 1
Hence, we have (-1,-1), (—g,—g).

Note that we can get the same result by considering (). Therefore, the critical points are| (0,0), (-1,0), (-1,-1),(-%

W=

(1% for each point)
Since
fm:2:y, fwy:fwaQx_Qy"'lv fyy:_Qx_Zv

we now have

D(z,y) = foxfyy - fij =—4d(z+1)y- 2z -2y + 1)2.

i. D(0,0)=-1<0 :>] (0,0) is a saddle point. \ (2%)
ii. D(-1,0)=-1<0 = |(-1,0) is a saddle point. | (2%)
iil. D(-1,-1)=-1<0 =|(-1,-1) is a saddle point. | (2%)

2 1. 1 2 1. 2
iv. D(=2,-2)= =50, faa(-2,-2) === <0
iv. D(=3,-3)= 3> 0, faa(=3,-3) = =3 <
= | f(z,y) has a local maximum at(-2,-1). (1%)
. 2 1., 2 1. [
And the local maximum value at (—g,—g) is f(—g,—g) =| 57 | (1%)
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7. (12%) Find the maximum and the minimum of the function f(z,y) = 32 - 2y® on the curve 2z% - 2zy + y* = 1.

Solution:

Let g(x,y) = 222 — 22y +y*> — 1 = 0 By applying the method of Lagrange multipliers, we need to solve

Vf=AVg [2points] and g(z,y)=0

6z = A4z -2y) (1) [6 points]
or {—-4y=A-2z+2y) (2) (1 points per coefficient in (1)(2))
22% —2zy+y2-1=0 (3)

Clearly, x #0, y #0, A £ 0, or g(«,y) fails to be 0. So, dividing (1) by (2) gives

3 2x —
ST 2T L 8 Tay+ 22 =0
-2y —x+y

Bx-y)(x-2y)=0 .3rx=yoraz=2y

e Case 1: 3z =y. Plug this into (3) can get

3 18
= 15,07 =05 < f(ay) =30t -2 = o - == o
e Case 2: z =2y. Plug this into (3) can get
12 2
y?=1/5,2% =4[5 . f(x,y) =322 -2y° = 52

Since the extreme value must exist, 2 is the absolute maximum [2 points]

and -3 is the absolute minimum  [2 points]
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