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1. (12%) Determine whether the statement is true of false. Fill T (true) or F (false) in the blanks. If the statement is

false, write down a reason, or give a correct statement, or find a counterexample.

(a) Let Flay) = Pla,y)i +Q(a,)j. 1t 0

F(z,y) is independent of path on the domaln.

OP
=3 throughout the domain of F(z,y), then the line integrals of

(b) Let f(x,y) be a smooth function. Suppose that a smooth curve C' gives an orientation from initial point p to
terminal point ¢. If —C denotes the curve consisting of the same points as C' but with the opposite orientation

(from initial point ¢ to terminal point p), then / f(z,y)ds = —/ f(z,y)ds.
-c c

(¢) For a unit circle C : 22 + y? = 1, we have 515 xdy = 0 by symmetry.
c

(d) Any smooth function f(z,y, 2) satisfies div(V f) = 0.

Solution:

(a) F (1 point)
The domain of F(z,y) should be open simply-connected (2 points)
(b) F (1 point)
[ s = [ s 2 poins)
o] c

(¢) F (1 point)

xdy =the area of the unit circle= 7 (2 points)
c

(d) F (1 point)
A counterexample by f(z,y, z) = 22, then div(Vf) = 2 (2 points)

2. (12%) Evaluate the following integrals.

// tan(z dxdy
V2 px 2 Vi—z?
)/ / 1dyd:v—|—/ / ldyd:v—i—/ / 1dydz.
75 JVI—a? 1 Jo v2J0

Solution:

(a) / tan (xz)dx is not an elementary function, so we must change the order of integration.

1,1
/ / tan (a:Q)d:rdy
0 Jy
1 x
= / / tan (2*)dydz  (3pts)
0o Jo

= /:Ctan(xz)dx (1pt)
0
1

= % In (sec(1)) (2pts)
0

1
= Eln‘sec (172)’
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(b) The region is easily described using polar coordinates.

1 T V2 ez 2 Vi—z2
/ / 1dydx+/ / 1dydx+/ / ldydx
5/ V1-a? 1 0 Vv2J0
/ / rdrdf (4pts)

3. (12%) Evaluate the following integrals.

a) /// ycos((y — 2)%)dV, where E is the solid tetrahedron bounded by four planes z = 1,y = 1,z = 0, and
E
x+y—z=1, as Figure 1.

e

X

Figure 1: The tetrahedron.

Vi—z2 pl4a? +y
/ / / 1dzdydz.
12+y

Solution:

1oy gl
a). / / / ycos ((y — 2)?) dedzdy (4%, including the correct order)
1—y+=z

- / 1 / <y — 2)ycos ((y — )?) dzdy

1
:/ iysin (v?) dy

0

zl—lcosl (2%)

w/2 1472
/ / / 1-rdzdrdf (4%)
2r

/ (1+r2—27°)d7°
0

- 48 (2%)

1
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4. (10%) Evaluate the double integral // 37+ dA, where R is the region inside the ellipse 322 + 3% = 1 and above
R

the lines y = x and y = —v/3 z, as Figure 2.

y=—VBa

T A T x

Figure 2: The region R.

Solution:

1
Let 1 = — - rcosf,y = rsinf

V3

// 3+ dzxdy
R

3w/4 pl 1
= / e % -rdrdf (2% for deformation, 2% for polar coordinate, 1% for Jacobian determinant, and
w/6 0
3% for correct intervals)
1 7
=— . —7(le—1)(2
7 3ymle— D)

5. (12%) Evaluate the surface integral // Va2 +y2dS, where S is the part of the surface z = tan™* (E) inside the
S x

circular cylinder z? 4+ 32 = 1 and in the first octant.

Solution:
Stepl.

We can write the parametric equations of S as

r=rcosf y=rsinf z=20
where the parameter domain is

D={(r0)o<r<1,0<60< g}

and the vector equation is

r(r,0) = rcosbi+ rsin0j + 6k
(3pts)
Step2.

Find |r, X rg].

r, = cos6i + sin 0j + 0k
rg = —rsinfi+ rcosfj + 1k

= r, X rg =sinéi+ (—cosf)j + rk

= r. Xrgl =+v1+7r2 (3pts)
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6. (12%) Let F(z,y) =

Step3.

Evaluate // Vo2 +y2dS.
s

// Va2 + y2dS // V/(rcos0)2 + (rsinf)? - |r, x rg|drdd (3pts)
S D
z M
/ / rv 1+ r2drdd
o Jo

1 il
= /7’\/1+7’2d7’/2d9
0 0

1 s
3 2
-0
0 0

1 :
= (1+r2)§

3
=28 -1) (3pts)

Tty " +ty.
2 + y2 2 + y2 J-
(a) Is F(z,y) conservative on the half plane D = {(z,y)|z > 0}?

(b) Evaluate the line integral / F - dr, where C; is the part of the parabola y = (z — 2)? from (2,0) to (4,4).
Cy

(c) Evaluate the line integral / F-dr, where C; is the unit circle 22 +y? = 1 oriented counterclockwise. Is F(z,y)
Ca
conservative on R* — {(0,0)}?

Solution:
F— r+y —r+ty
- x2—|—y2’:c2—|—y2
(a)
(Method 1)
—T+y 1 2, 2 1,y
/x2—|—y2 d ziln(x +y°) —tan (E)—I—C(,T)
2., ,2 1 _ Tty
Let 3 {—hl(:v +y°) —tan" (Z) + O )} R
~y
T — r—+vy
x Cl —
I2+y2 1+ %)2—’_ () :C2_|_y2
= C'(z) =

= C(z) = K is a constant.
We already find a function
oz, y) = % In(z? + y?) — tan_l(%) +K  (3%)
such that
F=V¢
for all (z,y) in D. Therefore, F is conservative on D. (1%)

(Method 2)

Let
x4y —r+y
P =———and Q = -

Since D is an open simply-connected region, P and ) have continuous first-order partial derivatives, and
OP  x*—2zy—y*  0Q

o= @ e o P
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through out D, we conclude that F is conservative on D. (1%)

(b)
(Method 1) Since the path Cy lies in D, we have
[ Feir=o o0 (%
Cy

3
:§m2—£ (1%)

(Method 2) Because F is conservative on D, / F - dr is independent of path on D. We can choose paths

a:2<z<4,y=0,and B:2=4,0 <y <4such that the path « U goes from (2,0) to (4,0) horizontally and
then goes from (4, 0) to (4,4) vertically. Therefore,

/ F-dr:/F~dr+/F~dr
Ch « ﬁ

4 4
1 —4+y
— —d = d 2
/x:zx ‘”+/7,_016+y2 y (%)

4 _1y41 24
:mML—Mn(ﬂL+§MM+y)O (1%)

4
3
:§m2_£ (1%)

(¢c) We can parametrize Cy : r(f) = (cosf,sinf),0 < § < 27w, and the vector field becomes F(cos#,sinf) =
(cos B + sinf, — cosf + sin ) on Cy. (1%)

Then,

2
yg F-dr= / (cosB 4 sin @, — cos + sin f) - (—sin b, cos §)db
Ca =0

27
= / —sin?0 — cos?0df = -2 (2%)
6=0

Remark: You can also observe that the normal vector (x,y) of the circle is perpendicular to (dz,dy), and then

implif
simplify , » o 2 2
F~dr:y§ <7,7) dzx,dy :/ —sin“ 6 — cos” 0df = —2.
ygcg o, \ 22 +y? 2% 2 ( ) 6=0

F - dr # 0, which implies that / F - dr is not independent

Note that Cy is a closed path on R?\{(0,0)} but 515
c

C2
of path on R?\{(0,0)}. Therefore, F is not conservative on R?\{(0,0)}. (1%)

7. (12%) Find the value k € R such that the line integral

I(k):/ (1+y? +ye™)do + (22 +y+xe™)dy
Ck

achieves the minimum value, where C}, is the curve y = ksinz from (0,0) to (m,0).

Solution:
Let F(z,y) = (1 +y° +ye™) i+ 2z + y + xe™) ]
and Cj : r(t) = ti where ¢ from 7 to 0
P(z,y) = 1+ y? +ye™, Q(x,y) = 2z + y + xe™¥
= I(k) +/ F.dr = // (8—P - 8—Q)dA (5 points)
o p 0y ox
3P 0Q

To achieve I(k) minimum value is to achieve / — = a—)dA minimum value
x
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[ =5 = [l er-2ms
//szy_zdydx

(k*sin® x — 2k sin x)dx

= —k*—4dk
72r 4 8
— Z(p_2Iy_Z i
= 2(k 7T) - (6 points)

..k = — (1 point)

=1|~>

8. (13%) Compute the line integral

/ 22dz — 22 dy + 2yzdz,
c

where C' is the curve of intersection of the upper half sphere z = \/4 — 22 — y2 and the circular cylinder z? 43> = 2y,
orientated counterclockwise viewed from the above, as Figure 3.

z

Figure 3: The curve C.

Solution:

MethodI| Straightforward Computation with F = (zz, —a?, 2yz)
Solution 1 Parameterize C by r(t) = (cos t,1+sint,v/2 — 2sin t), t from 0 to 2.
Then F = (2 — 2sint, —cos?t,2(1 + sint)v/2 — QSint)

r’(t)—( sint, cost, ——51 )
T V2= 2sint

So we compute /

27
F.dr= / —9sint + 2sin®t — cos® t — 2cost — 2sint cost dt
c 0

27 27
:/ QSinztdtz/ 1 — cos2tdt = 2.
0 0

t
Solution 2 Parameterize C by r(t) = (sint, 1+ cost,2sin 5), t from 27 to 0.

t t
Then F = (4 sin? U sin? ¢,4(1 + cost) sin 5)

t
r'(t) = <cos t,—sint, cos 5)
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0
t t t
So we compute / F- dr = / 4 cost sin’ 3 +sin® ¢t + 4(1 + cost) sin 5 C085 dt
2

C

0 0
t
:/ 4costsin2§dt:/ 2cost(l — cost)dt

2m

27 27
:/ QCOS2tdt=/ 1+ cos2tdt = 2m.
0 0

Solution 3 Parameterize C by r(t) = (sin2t,2 sin?t, 2| cost]), t from 0 to .

Then F = (4 cos? t, — sin” 2t, 8 sin® | cos t|)

—sin2t
r'(t) = 2 cos 2¢, 2 8in 2, —
| cost|

So we compute / F.dr= 8 cos 2t cos® t — 2sin® 2t — 8sin? ¢ sin 2t dt

c
8 cos 2t cos® t dt = / 4 cos2t(1 4 cos2t) dt
0
4cos2t + 4cos® 2t dt = / 4 cos® 2t dt
0

2+ 2cos4dtdt = 2.

MethodII| Applying the Stokes Theorem with F = (22, —z2, 2yz), curlF = (22,22, —2x)
Solution 1 Let S be the portion of the sphere with boundary C. By Stokes’ Theorem, we have

/F-dr://curlF-dS:// curlF - n ;d:rdy
c s D - K|

- //D (222 -20) (3.5 3 %d“’d% D:a?+(y-17%<1

2m 1 2 1
= // 2ydxdy = / / 2(1 + rsinf)rdrdf = / / 2r drdf = 2.
D o Jo o Jo

Solution 2 Let S be the portion of the sphere with boundary C. Parameterize S by r(x,y) where
r(xvy):(xayav4_x2_y2)a x2+(y—1)2§1
—x
ro(z,y) = (1,0, ————
(z,y) ( h_ﬁ_yrz)
-y
ry(z,y) = (01, ——2%
(2, y) ( 1.7 y2>

Y
22 — 2

1) , pointing upward

x
z X = )
Iy X Ty <\/4—:C2—y2 \/4_

curlF = (24— 22 =2, 20/1— 2% — 7, ~20)

By Stokes’ Theorem, we have

/ F- dr://curlF- dSZ//curlF-rw x 1y dzdy
C S S
27 1 27 1
= // 2y dxdy = / / 2(1 4 rsinf)rdrdd = / / 2r drdf = 2.
224 (y—1)2<1 o Jo o Jo
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Solution 3 Let S be the portion of the sphere with boundary C. Parameterize S by r(u,v) where

r(u,v) = (ucosv,l—i—usinv, V3 —u? —2usinv), 0<u<1,0<v <2

. —u — sinv
ry(u,v) = [ cosv,sinv,
2 =
V3 —u? —2usinv
. —U COSV
ry(u,v) = | —usinv, ucoswv,
V3 —u? —2usinv
u2 cos v u~+ u?sinv Lt q
r, XTI, = — — u |, pointing upwar
V3 —u?2 —2usinv’ V3 — u2 — 2usinw

curlF = (2\/3 —u2 — 2usinv, 2¢/3 — u2 — 2usinv, —2u cosv)

By Stokes’ Theorem, we have

/ F- dr://curlF- dsS ://curlF~ru X T, dudv
c S S
27 1 27 1
= / / 2u 4 2u? sin v dudv = / / 2u dudv = 2.
0 0 0 0

Solution 4 Let S be the portion of the sphere with boundary C. Parameterize S by r(u,v) where
r(u,v) = (ucosv,usinv, V4 - u2) , 0<u<2sinv,0<v<m

) u
ry(u,v) = (cos v,sinwv, —ﬁ)

ry(u,v) = (—usinv, ucosv, 0)

u?cosv wu?sinv o
Iy XTIy = , pointing upward

3 7u
VA —u? V4 —u?
curlF = (2\/4 — u?, 2v/4 — u?, —2ucosv)

By Stokes’ Theorem, we have

/F-dr://curlF-dS://curlF-ruxrvdudU
c s s

T 2sin v 16 T
= / / 212 sin v dudv = 3/ sin v dv
o Jo 0
16 1

= — — —4cos2v+1—cosdv) av = 2.
3 3 2—4 2 1 4v) d 2
0

Solution 5 Let S be the portion of the sphere with boundary C. Parameterize S by r(u,v) where

. . . T
r(u,v) = (2sinucosv,2sinusinv,2cosu), 0<u< 5 U <v<m—u.

ry(u,v) = (2cosucosv,2cosusinv, —2sinu)
ry(u,v) = (—2sinusinv, 2sinu cosv, 0)
ry XTIy = (4 sin® u cos v, 4 sin? usin v, 4 sin u cos u) , pointing upward

curlF = (4 cosu, 4 cosu, —4 sinu cosv)

By Stokes’ Theorem, we have

/CF-dr_//
_/O :

3 3 3
=/ 16sin2ucosu[2005u] du=8/ sin22udu=4/ 1 — cos4u du = 2m.
0 0 0

curlF - dS = // curlF - r, X r, dudv
s

[SIE %)

T—Uu
2
/ 16 sin® u cos u sin v dvdu = / 16sin® ucosu [—cosv]|T " du
u 0

FoIESE:
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| EEBHERES, BESH r(t) . HE F,r'(t) LKA / F. dr EE79, #@EsEEREE6D, B8
C
r(t),F,r'(t) DEHR. HERARERAERSETD,

2. BIEM Stokes EIEAI, BHSE r(u,v). EE cwlF,r,,r,,ry, X1, (X n,dS ) WHHRA / curlF - dS IEFE
s
88D, REBEHEI®BEED, B%E culF,r,,r,,r, xr, PEIOHER SAERELRAERIESD.

X

9. (15%) Consider the vector field F(x) = P that is,
X
x ) Y ) z
F(z,y,2) = i+ -]+ -k
) el Erer Al @)
2 1 2
(a) Evaluate // F - dS, where S; is the part of the sphere 22 + y? + 2% = 1 inside the cone z = + with
S1

upward orientation.

2 1 .2 1
(b) Evaluate // F - dS, where S; is the part of the cone z = 4/ z ;—y between planes z = 3 and z =
Sa

outward orientation.

with

Sl

6 — 2,2
(¢) Use the Divergence Theorem to evaluate // F - dS, where S3 is the part of the paraboloid z = i
S3

o 2 +y? . .
inside the cone z = 3 with upward orientation.

&

S2
N S,

Figure 4: Parts of sphere, cone, and paraboloid.

Solution:

(a) Method 1:

3
Let Dy = {(u,v) | u*+* < (\/7_)2} Then S; can be deseribed as

r(u,v) = (u,v,v1—u?—v?)on D;. (2 pts)

So m F.dS = //D F(r(u,v)) - (ry % 7) dA. Note that

F(r(u,v)) = r(u,v)

u v

ruxrv:(\/l_uz_UQ,\/1_u2_v2,1)<—(2pts)
Thus
1 21 r/3/2 -
//SIF-dS_//Dl\/ﬁdA_/O | ﬁdrcw:w.@pts)
Method 2:

Observe that S; can be desribed as
r(u,v) = (sinucosv ,sinusinv ,cosu) (2 pts)

for 0 <u <7/3, 0 <v <27 Since
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(b)

F(r(u,v)) = r(u,v)

Tu X Ty = sinu - r(u,v), + (2 pts)

2r /3
// F-dS = / / r(u,v) - sinw - r(u,v) dudv = 7 (2 pts)
EA o Jo
Method 3:

Observe that div(F) = 0. So by divergence theorem,
// F~dS:// F-ds,
S1 Ry

1
r(u,v) = (ucosv ,usinv '3 ) (2 pts)

we obtain

where R; is the surface

for()gug?,()_vgwr. Note that
F(r(u,v)) = (u2 + 1/4)_3/2 - r(u,v)
ru X Ty = (0,0 ,u ) +(2 pts)
Thus
1 27 V3/2 u
F-dS=- ———— dudv = w. (2 pts
. o A AR = v (2 pis)
Method 1:

3
Let Dy = {(u ,v ) | (£)2 < u? +v? <(2)%}. Then S, can be described as

2
2, .2
r(u,v)z(u,v,\/u ;—v ) on Ds. (2 pts)

Note that
F(r(u,v) = (5 (% + %) r(u,0)
Fu X 1y = (3(u? +02) V2 (—u , —v ,/3(u? + 0v2) ) (2 pts)
So
// F-dS:// 0dA=0. (1 pt)
52 D2
Method 2:

Observe that S5 can be described as

U
r(u,v) = (ucosv ,usinv , — ) (2 pts
(w,0) = ( 75 (2 pts)
3
for§§u§2,0§v§2w.Notethat

F(r(u,v)) = (%u2)73/2 -r(u,v)

1 1
Ty X 7y = (—=ucosv , —usinv , —u) < (2 pts)

V3 V3

//S2F.ds_//F(r(u,v)).(rvx,,u) JA =0 (1 pt)

Method 3:
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Observe that div(F) = 0. So by divergence theorem,

//F-dSZ// F-dS—/ F-ds,
So Ry Ra

where R; is as in method 3, (a), and Rs is the surface
(u,v) = (ucos si 2 ) (2 pts)
r(u,v) = (ucosv ,usinv , —
/3 p

for 0 <u <2,0<wv <27 Note that

F(r(u,v)) = (u? +4/3)7%2 . r(u,v)
Ty X Ty = (0,0 ,u ) <(2 pts)

So
2 27 2 u
F-dS=— ———— dudv =m, (1 pt
I, Al ) i (1v9
ie.
// F-dS=nmn—7m=0
Sa
(you will lose 1 pt if your answer is not 0 in this step)
Method 1:

Observe that, by the divergence theorem,

//SSF.dS—i-//SzF.dS—//S]F.dS:///91+52+SSdiV(F) dV.

(1 pt) (1 pt)
Since div(F) = 0 (2 pts) by a simple calculation, we obtain

//F-dS:// F-dS—// F.-dS=7n—-0=m.
S3 S1 Sa
Method 2:

Since div(F) = 0 (2 pts), we have

//SSF.dS_//R2F.d&

where Ry is as in method 3, (b). Now again by method 3, (b), we obtain

// F-dS:// F-dS =m. (2 pts)
53 R2
Method 3:

Observe that S5 can be described as

u?

6 —
r(u,v) = (ucosv ,usinv , ———). (2 pts
(w,0) = ( 75 (2 pts)

for 0 <u <2,0<wv <27 Note that

ut —9u? +36, _
F(r(u,v) = (2 B0 )
y (2u2 cosv  2u?cosv )
Ty Ty = P , W),
V3 V3

Thus

2 3
u® + 6u
JL ¥ =om [ g v @)
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