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1. (10%) A plane flies horizontally at an altitude of 5 ki and passes directly over a tracking telescope on the ground.
When the angle of elevation is /3, this angle is decreasing at a rate of /6 rad/min. How fast is the plane travelling

at that time?

P the angle of elvation

Solution:
Let the angle of elevation be 0(t), and the horizontal displacement of the plane from the tracking telescope be

z(t), then from the figure we have

5
tanf(t) = ——, or equivalently, z(t) =5cot6(t)  [3 points]
x

(t)

And, we are given that

d
%G(t) . = —% [1 points]
Therefore, the velocity of the plane is
d do
d—f . =5-(-csc?9)- o Ve [4 points]
- -3
7))
= 5 -\ —= -
() (5
10
= % (km/min.) [2 points]
(The other way)
)
tanf(t) = ——  [3 points]
x(t)
de 5 dx
2 _ .
= sec GE =2y [4 points]
5 d
= 22(—1) =-= o [1 points]
6 (ﬁ) dt o-z
dz _ 107

= . o (km/min.)  [2 points]
3

[Grading Criterion]

Write down the equation correctly. [3 points]
Use the given conditions correctly. [1 points]

Differentiate the equation correctly. [4 points]
Calculate the velocity correctly. [2 points]
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2. (a) (6%) Find the linear approximation of tan™ z at the point p.
(b) (4%) Use (a) to approximate tan™ 2 with p = tan (% ).

Solution:

(a) The linear approximation L(x) of a function f(x) at a point p is given by

f(@)~ L(z) = f(p) + f'(P)(z — p).
Let f(z) = tan"' 2, then we have f'(zx) = ﬁ
Therefore, at the point p,
1

tan' z ~ tan ' p + (x-p). [6 points]

1+ p?

(b) From part (a), we have

tan’1§~tarf1 +L(§— )
5" Py \5 7P

1 s 1 3 T
=t (an(E) ey (f —tan(—))

T3 L),
6 4\5 V3
[Grading Criterion]

Part (a) Correct answer will get 6 points, otherwise, no point.
Part (b) Correct answer will get 4 points. If the steps are correct but tan(g) is evaluated wrongly, 2 points.
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3. Find the following limits.

: sin(m . z-1)"3 4 (x e : :
(a) (4%) J}LHO{ Vet ) (b) (4%) hH(l) @) P (s (c) (4%) hH(l) (cos(z?))**
xTr— xTr—

x

Solution:
(a) ~1<sin(Z) <1

Lo esin(D) ¢
e sin( %)

= <Vze <Vxe

. N ESERT
lim, o+ X5 =0 = lim, o+ \/2€
By squeeze theorem

limr_>0+ \/Eesm(%) = O
(b) lim,_o Le=1t Yol

(z-1)+(z+1)
x( 1o = a1 Yzr 1+ mz)

= limxﬁo

=lim,_, 2
z=0 \3/1‘—12—\3/7;—1 \B/m-%—1+\3/:c+12

2
3
(¢) limg_o (cos(z?))=T

. In(cos(z2
_ ellmwo w

g, use FEIUE

. 2
- sm(mz ) ow
cos(xz?)

- ellmiﬂo a3

. 2
lim —sin(z®) 1
=e =0 2 2 cos(z2)

— e
E-EToEE
(a)
HIRlim, o PG BRERIIR(RB) WBRAEE, HitESIER -1
HHlim, o+ V2 (E) = lim, g+ V7 * limg_or () 1t B2 ERARBNES, HEBMSER -2
Blim, o G BRERALARUE -2~-4(REAEINSBEURREBMMNE)
1Blim, o+ (S> ERERALBRUE 2~-4(BREEXNEBURTEENE)
IViEER -1
(b)
EtEEEER -1
FTARMBENET(AF) -1~-3 (RERRFHLEENNTENE)
(c)
SEREENAIE T EER -1
MDEHE R -2
BE In EVE1D
REEH In WERAEEEERNRNF -1
PS
EDb)(c)MBEZHEDVAT —RRLE, BD)()MBMRZERESTREMER, WHEMLD
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sinz+bln(z+1)+cif >0
e if x<0

(a) (4%) Find b, ¢ such that f(z) is continuous.
(b) (4%) Find b, ¢ such that f(x) is differentiable.
(¢) (4%) For b, cin (b), is f'(z) continuous?

4. Suppose that f(z) = {

Solution:

(a)

lim f(z) = lim [sinz+bln(z+1)+c]=c (Ipt)
z—0% r—0*
11%17 fx)= h%lﬁ e =1 (1pt)

f(0)=¢
Hence, f(z) is continuous at x =0 < c¢=1, be R. (2pt)
(b)

lim

z—0%

f(z)-f(0) _ q.  sinaz+bln (z+1)+1-1
i e —

- lim sinz+bln (z+1)

z—0* z
T sinz In (z+1) _
= lim (224 p2E0) <14 p (1pt)

22 5 22
lim L0210 — gy € L (0) BT gy 20¢7 g (1py)

z—0~ -0~ T z—0~
Hence, f(x) is differentiable at =0 < c¢=1, b=-1 (2pt)
()

For b=-1 and c=1, f(z) is differentiable everywhere, then

1
COST = 7, 20

f’((E): 2 "
2ze” <0

xli%l+ f'(z) = Ili_)%l+ [cosx - ﬁ] =0 (1pt)
lirrol_ f(x)= lir(r)l_ 2ze®” =0 (1pt), and f'(0) =0 (1pt)

Hence, f'(x) is continuous. (1pt)
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5. (15%) A steel pipe is carried down a hallway 16 meter wide. At the end of the hall there is a right angled turn into
a narrower hallway 2 meter wide. What is the length of the longest pipe that can be carried horizontally around the
corner?

$2m

16m

Solution:

Let the width of aisle is 1(6) where 6 € (0,7) is the angle between the pipe and the horizontal line. Therefore,

we can have [(0) = ﬁ + SmQ(e). We need to find the minimum of the I(#); in this way we can find the length

of the longest pipe.
1'(0) = 16sec(f) tan(f) — 2 csc(8) cot(9)
To find the minimum of the I(#), we should solve {’(6) = 0.

I'(0) = 16sec(f) tan(0) - 2 csc(0) cot(9) = 16 308 2 cost. - 16sin’ =205 0 _ ()

cos2 6 sin2f ~  sin®fcos2 0

= 16sin®0 - 2cos® 0 = 0 = tan® 6 = $ = tanf = 3 = 6 = tan"" (10 points)
We can check that {”(tan™ 2) >0 (1 point). Therefore, the minimum of the I(#) happens at 6 = tan™" 1 and we

can compute the answer [(tan™ 1) = 10+/5.(4 points)

1
2
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6. (17%) Let h(z) = z'/3(x — 4). Then h/'(z) = 4ez-1) and h'(x) = 4@+2)  Apswer the following questions by

3x2/3 9x5/3
filling each blank below. Show your work (computations and reasoning) in the space following. Put None in the
blank if the item asked does not exist, each blank is worth 2 pts.

(a) The function is increasing on the interval(s) and decreasing on the interval(s)

The local maximal point(s) (z,y) = and

The local minimal point(s) (z,y) =

(b) The function is concave upward on the interval(s) and concave downward on the

interval(s) . The inflection point(s) (x,y) =

(c) Sketch the graph of the function. Indicate, if any, where it is increasing/decreasing, where it concaves up-
ward/downward, all relative maxima/minima, inflection points and asymptotic line(s) (if any). (3%)

Solution:

(a)

1. (2pt) (1, 00)
(_007 1)
None

(13_3)

2pt

Ll T
~—~ o~ o~
~— Y ~— ~—

2pt

(b)
1. (2pt) (=00,-2),(0,00) / (=00,-2) U (0, c0)
2. (2pt) (~-2,0)
3. (2pt) (-2,6%/2),(0,0)

1. (1pt) Mark all 4 points to get this point: (-2,6/2),(0,0),(-1,3),(0,4)
2. (1pt) Draw monotonicity and concavity correct and do not draw any asymptote to get this point.

3. (1pt) Draw something like a curve to get this point.

FHEE:
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e You do not lose any points if you replace any open end by closed end, e.g. [-2,0]. But if you interchange
the two ends, e.g. (0,-2), you lose 1pt for each blank.

e Misplacing (a) 1. < 2. (a) 3. <> 4. (b) 1. <> 2. costs 2pt each pair.
e In (a) 2. (-o0,0),(0,1) is not correct, but won’t lose points.

e If (a) 4. correct and (a) 3. empty, you get 1pt for (a) 3.

e In (b) 3. missing (0, 0) costs 1pt.

e If you think the domain of z/? is [0,0), use the following grading:
(a) 1. (2pt) (1,00) 2. (1pt) (0,1) 3. (1pt) (0,0) or None 4. (2pt) (1,-3)
(b) 1. (1pt) (0,00) 2. (1pt) None 3. (1pt) None (c) (3pt) right half graph.
You get at most 12pt in this case.

e In (c), if you write x = 0 a vertical asymptote (it is actually a vertical tangent line), you lose the point of 2.

e Note that 7 < 6/2 < 8. Since we have grids for graphing, draw the point (-2,6%/2) between 7 and 8 or you
lose the point of 1.

Remarks

e —oo and oo is not a real number. We don’t use closed end like [1, 00] in real number system.
e Use (—00,-2) U (0,00). (—00,-2) N (0,00) =@

e A function f is (strictly) decreasing on (a,b) if:
For any 1,25 € (a,b), 1 <29 = f(x1) > f(x2).
We use first derivative just for test if f is differentiable. When f is not differentiable, you should check the
original definition. Since (0,0) exists, the interval (—oo,1) has this property. Basically we write the largest
interval as solution. Thanks to professor for not losing points.

e Similarly, since (0,0) exists, it is a inflection point, although h”(0) does not exist.

e In real calculus, we define z'/3 to be the inverse function of 2°. Then the domain of z'/3 is the whole real

number line, while z° is generally well defined only on z > 0 given any real number b. (But z! is good on
(=00, 00), right?)

e x =0 is a vertical tangent line at (0,0), so the curve should tangent to it. This do not cost any points since
in Textbook we do not mention this.
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7. Let the curve 2%y? + 2zy = 8 be given.

(a) (4%) Express ¢’ in terms of = and y.

(b) (4%) Find points on the curve with y = 2 and the tangent lines at these points.
(¢) (4%) Find y" at the points in (b).

Solution:

(a) (4 points) Do implicit derivative on variable z,

(2zy? + 222%yy") + (2y +229') = 0
(®y+a)y = -y -ay’

(3 points), each mistakes will minus 1 point

p__wytry  yley+l) oy
?y+x  z(xy+1)

(1 point)

(b) (4 points) Find points on the curve with y =2
22-4+42 =8 s0owe have 22 +2-2=0=(z+2)(z 1)
Hence the intersection points are

Py =(-2,2)(1 point), P, =(1,2)(1 point)

(2442 6
(-2)2-2+(-2) 6
4+2
—211:—2 (1 point)

my = =1 (1 point)

mo =

Tangent line at P;: y—-2=xz+2
Tangent line at Py: y—2=-2(zx-1)
(¢) (4 points) From (1), we have

y,,__y'.z‘—y _ 2£
z2 x2

oy = 1 (2 points)
=4 (2 points)
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8. Find the derivative of the following functions.
(a) (4%) y = (tan™* x)smz, x> 0.
(b) (4%) y=log..(tanz), 0 <z < 3.

T 5 I2 3
() (4%) y = GEPsEs, find 1/ (0).

Solution:
(a) P
d7y _ dfesinm-ln(tarf1 ) [1 points]
T T
. sinx
= (tan' )% (cosz - In(tan ) ¥ ———————— 3 points
( 1 x) ( € n( 1 x) (1 +£L’2)'tan_1x) [ p 1 ]
(b)
Intanz Intanz .
VE e T . [1 points]
hence by quotient rule,
2
d ot —Intanx )
e tT [3 points]

(c)
We can write y as
y=02x+1)%(2*+1)*Bz-2) %3+ 1)™

hence by product rule, ‘ ,
y =102z + 1)* (22 + 13z - 2) («®* + 1))

+62 (22 +1)°(2? +1)2(3z -2) ¢ (23 + 1)
182z +1)° (22 +1)*(3z - 2) "(2®* +1)™*
12222z + 1)°(2* +1)* (32 - 2) % (2® + 1)

[3 points]
1 1 19
(0)=10- — 18- (——) = — [1 point
y©=10- 518222 poimy

(The other way)
Iny =5In(2z +1) + 3In(z? + 1) - 61n(3z - 2) + 4In(z® + 1)

hence,
y 10 6x 18 1222

= + — +
y 2x+1 2241 3x-2 23+1

[3 points]

1
Y/ (0) = y(0)(10+ 0 +9 +0) = (TZ [1 points]

[Grading Criterion]

(a)(b)

Simply the functions. [1 points]

Differentiate the equation correctly. [3 points]
()

Differentiate the equation correctly. [3 points]
Get the correct value of f/(0).[1 points]
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