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1. (12%) Evaluate the integrals.

(a) / b g (b) / tan™ ! (v/z)dz.

sin z cos? x

Solution:
(a) Method 1.

1 sinx
— 5 dI — 5 5 de
sinx cos? z sin”® x cos? x

(Let u = cosx, du = —sinzdz.)

7/ du

) wu—-1D(u+1)

- 1y2 -2

= | = +Fu—1+u+1du (3%)
1 1 1

—a+§1n|u—1|—§1n|u+1|+0

1 cosx — 1
:secx—l—iln _—

1
/ —— dz = [ cscxsec® zdx

sin x cos?
Let u =cscz, dv = sec® dz

‘+c (2%)

cosx + 1

Method 2.

du = — cscx cot zdx, v = tanzx.

=cscxtanz — /tan x(—cscxcotz)dr  (2%)

:secx—l—/cscxdx

=secx —Infescx +cotz| +C  (3%)

Method 3.
2t 1—¢2 2

€T .
Let t = tan(g) = sinx = H—tQ, COST = m, dx = H——tQ

. (1%)

1 1 2
= dx= dt
/sin:vcosQ:v . /( o )(1_t2)21+t2

1+t2 1+t2

O (2%)

-+
o
=}
—~
WIS | —
~—
|
—_
-+
o
=}
—~
WIS | —
~—
+
—

Method 4.

1 .9 2
/ . dx:/sm. T + cos xd:z: (1%)
sin z cos? x sin z cos? x
i 1
:/ sm;c d:v—i—/ L
cos? x sinx

_ / —d(cosz) | / cscadr  (2%)

cos? x
1

COST

—Injescz+cotz|+C  (3%)

HADEE:
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(b) Method 1.

Let u = vz, du = %dx. (2%)

/tan_l(ﬁ)dx: /2utan_1 udu

2 1 u’ %
—u‘tan "u— | ——d 3
u’tan” " u / T2 (3%)

1
:thanlu—/<1— m) du

=uw’tan tu—u+tan tu+C
=@+ Dtan (Vo) =V +C  (1%)

Method 2.
Let vz =tanf. = z =tan®#, dz = 2tanfsec?0dd.  (2%)

/tanfl(\/E)da: = /9d(tan2 0)
=ftan?0 — /tan2 6do

= ftan? 6 — /(sec2 6 —1)do
=0tan’0 —tanf+0+C  (3%)
=(@+Dtan™ ' (V2) =V +C  (1%)
FoEH:
o REEZRBIFNEREIAL NEFRRB +CH 1D
o WAOEEHEN 2 2
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2. (12%) Evaluate the integrals.

(a) / 2V/8 + 20 — 22da (b) / (:Cidx

22 + 2x + 2)?

Solution:
(a) Let x = 1 + 3sin6, where —g <0< g Then dx = 3 cos0df. Thus we have

/xmdx
- / o9~ (&~ 1)de

/(1 +3sin#) - 3cosh - 3cosfdl (2pts)

/ (9 cos? O + 27 sin ) cos? 0)do

/(9 . H#s(%) + 27 sin 6 cos® 9)d6‘

o1 1,
= 9(29+481n(29)) + 27 3 cos 0+C (2pts)
= §9+§Sin6‘COS€—9COS39+C

I N iTa ] 23
= sin ( 3 )—|—2(x vV8+2x—x 3(8+29c z°)2 +C (2pts)

(b) Let z = —1 4 tan 6, where —g <f< g Then dx = sec? #df. Thus we have

/ 2 -1 d
R
(22 4 2z + 2)?

22 —1
- /<<x+1>2+1>2‘“”

tanf — 1) — 1
= /% -sec?0df  (2pts)
sec

= /(sin2 0 — 2sin 6 cos 0)do

1 1
= 59 1 sin(26) + cos? 6+ C  (2pts)

1 1 a+1 1
= Ztan~ 1)—=. o
R CRRY Rl R prvs e S - ey s g
1 1 rx—1
= Ztan~ N-— """ L (2pt
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3. (10%) Find the reduction formula I,, = /(ln x)"dxz, where n is a positive number.(i.e. write I,, in terms of I,,_1.)

1
Evaluate the improper integral / (Inz)"dz or explain why it is divergent.
0

Solution:
Let u = (Inx)", dv=dx
1
du = n(lnz)"*=dz, v =
x
/(ln xz)"dz = z(lnx)" — n/(ln )" tdz  (2%)
Therefore,

I, =xz(lnz)" —nl,_;.

1

1
—n/ (Inz)"'dz
¢

=1-(In1)" —¢(lnt)" — n/l(lnx)"_ld:v

1(111 z)"dz = z(lnz)"
/

t

1
= —t(lnt)" — n/ (Inz)"~'dz.
t

1
Claim: The improper integral [ (Inz)"dz converges for all n € N. Proof. We prove the claim by mathematical

0
induction. First, consider the case n =1,

1 1
/ (Inz)dx = lim (Inz)dx
0

t—0t t
= lim —t(Int) —1

t—0+
1
. Int L’Hospital’s rule .. n
= lim _T_l = lim —_Ll—l
t—0+ (?) t—0+ =

= lim ¢t —1 = —1 converges.  (2%)
t—0+

1
Suppose that for n = k — 1, the improper integral / (In a:)kflda: converges. Consider the case n = k, we have
0

1 1
/ (Inz)*dz = lim (Inz)~dx
0

t—0t Jy

= lim (—t(lnt)k —k/tl(ln:v)kldx).

t—0+

By L’Hospital’s rule, the limit

=

Int . 1
im —7 = lim ———— = lim —kt* =0
t—0+ t—1/ t—0+ —Tlt—z—l t—0+

1
since k is a positive integer implies that % > 0.

Hence, the limit

k k
A ko (nt)* ~( Int _ Int B
t1—1>%l+ tint)” = t1—1>%l+ (7 )k N t1—1>%1+ t=1k ) t1—1>%l+ t=vk ) 0. (%)

and the improper integral

1 1
/ (Inz)*dz = lim (—t(ln t)k — k/ (In a:)kld:c)
0 t—0t ¢

1
= < lim —t(Int)* — k lim (hlx)kld:z:)

t—0+t t—0t Jy

1
= —k/ (Inz)*~'da converges.
0
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1
Therefore, by mathematical induction, we have shown that the improper integral / (Inz)"dz converges for all
0

n € N, and it converges to
1 1 1
/ (Inz)"dx = —n/ (Inz)"'dz = —n[—(n — 1)]/ (Inz)"2dz
0 0 0

:“;:—M—W—lM—W—2M—W—3ﬂJ—&@Q%A(MxMx
=(=1)"n!  (3%)

BT

1 1
o / (Inz)"dr RBEREREWEERE lim (Inz)*dz 301 2
0 t—0+ t

o BERBEESE lim —t(Ind)" = 0 WBREH 2 5

t—0t
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4. (12%) Find the values of a and b for which the improper integral

/oo e—aw d /1 e—aT d N /oo e—aT 4
— —dz = — —da ——dx converges.
o xP(1+z2) o x(1+ z2) 1 (1 + 22) &

Hint: Discuss cases a = 0 and a # 0, respectively.

Solution:

(1) (4pt) If a = 0, we have

1
On the interval [0, 1], since = < < 1, we have
1422
1 1 1
_ <
20 — 2b(1 +22) — ab
| ! 1
Since / —;dx is convergent if and only if b < 1 (notice that the integral / — 5 dz is a definite
0z o z¥(1+2?)

1
integral if b < 0, so it is a finite value), we get / mdw is convergent if and only if b < 1 by the
0 X X

convergent theorem.

On the interval [1, 00), since x>

> 2°, we have

1 . 1 < 1!
20012 = (1 4 22) — b2’

<1
Since the improper integral / md:c is convergent if and only if b+ 2 > 1 (that is, b > —1),
1 x

e 1
/1 mdx is convergent if and only if b > —1.

Therefore, if a = 0 and —1 < b < 1, the improper integral is convergent.

—ax

(2) (4pt) If a < 0, since zlgrolo m = 00, the improper intergral is divergent for any b € R.

—ax

(3) (4pt) If @ > 0, since 16—

e is continuous on [0, 1] by the Extreme Value Theorem, there exist m and M
x

e—aw

such that m <
1+

2SM,SO
T

e*(lil)

— <
xb(1+22) =

%3
i

<

1 1

1 1

Since / —;dx is convergent if and only if b < 1, we get / —5 73y de is convergent if and only if b < 1
0o o a(1+a?)

by the comparison theorem.

—ax

On the interval [1,00), since lim — _ —0for any b € R, there exists zy such that for all
z—00 xb(l + 552)

vl

x > xg, we have < 1.

e
zb(1 4 z2)

o0

o0
and e~ 2%dz is convergent, _
| e / (1 +27)
Therefore, if a > 0 and b < 1, the improper integral is convergent.

dz is convergent for all b € R.
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5. (12%) Find the volume of Gulliver’s Tunnel (#&5I#55&3&), which is half of the solids of revolution obtained by rotating

2
the region bounded by y = ,y=0,z= -3 In3, and x = In 2, about the z-axis.

14 e3®

2
*51113 In2

Figure 1: Find the volume of Gulliver’s Tunnel.

Solution:

1. The volume by disk method is

- In2 1 2
Volume = 5/%1n3 <W> dx (5ptb) .

1
Let u = €. Then du = 3¢ dz or dr = ™ du (1pt). The upper limit is v = 8 and the lower limit is
u

1
u=g (1pt). Thus

1 T

8 8
™ A B C
Vol = — ——du = — — du (2pts) .
olume 6/{1) MEESNE U 6/{1) u+1+u+(1+u)2 u (2pts)

From A(1 4 u)? + Bu(l + u) + Cu = 1 we determine A =1, B = —1 and C' = —1 and so

8 8
m 1 1 1 m 1

Volume =~ [ = - - du="|lnu —In(1

olume 6/(1) w Ttu (1P u 6|:Ilu n( +u)+1+u]

1
9
10 1 9 T 80 71
(ln8+ln9—ln9+ln?+§—1—0> = E (ln?—%> (3ptS) .

2. The volume by disk method is

S

T In 2 1 2
Volume = 5/%1n3 <W> dx (5ptS) .

Letu—;,or:r_%ln<l—1). Then dx =

1
T+ oo " du (1pt). The upper limit is u = g and the

1
3(u? —u)

9
lower limit is u = 10 (1pt). Thus

1
T [ wu T [P 1
Vol = — du = — 1 du (2pt
olume 6/%u—1u 6/9 —i—u_lu(ps)

3. The volume by disk method is

Volume =
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Let tanf = e3%. Then sec? 0

and the lower limit is 6 = tan™

3 3, 2 sec? 0
df = 562 dx, or dr = 3 om0

df (1pt). The upper limit is § = tan™

1
!~ (1pt). Thus

'8

3
tan71\/§ 2 tanfl\/g 3
™ 1 2sec” 6 m cos” 0
Volume = =~ - IR T T d6 (1pt
oHme =5 /tan1% sectf 3 tan @ 3 /tan1% sin ¢ (Lpts)
tan” ' /8 -2 tan~' /8
™ 1 —sin“ 0 ™ 1
= — ————d(sinf) (2pts) = = |1 ) — = sin? 6 2pt
3 /tanlé -~ (sinf) (2pts) 3 [n(sm ) 2sm Lan1% (2pts)
T 8 1 18 11 m [ 80 71
=—[(ln—-In— — = —— | == ——— .
3 3 V100 29 0 210 6 9
1 1 1 1 2 9
4. Fromy:mwehavex:§ln - -1 (1pt).At:vzln?,y=§andat:v:—gln?),y:l—o(1pt).
e Y

Thus the volume by cylindrical shell method is

1
- -1

1 5 2 /1
Volume = — 27r/ y[{In2—(—==1In3) dy+27r/ y|=In

We integrate by parts to get

) - (—§1n3)) dy] (5pts) .

1 y? y?
/yln(;—l) dyz;ln( ) /EyQ dy (3pts)
2
(1 1 1
=3 In (y 1> 2/1—i— 1dy (1pts)
2 1
—%ln<§—1>—%——ln|y—1|(lpts)
Thus
1 2 /1. /1 2
Volume 25[2 1n2—(—§ln3)> dy+27r/% y<§ln(§—1)—(—§ln3)> dy}
2 s 1o 1 2 o
=n|ln2+-In3 / ydy—l—ﬁ/ yln|-—-1 dy+—7rln3/ ydy
3 . 3/, Y 3 ,
2 2 é 2 1 % 2 2 %
Y Ty Y 7T Y
—a(m2+im3) L] + 0L m(=—1) - -1 Tm3|L
7T<m +3n){2]0+3[2 n<y ) 2 3 |L+3n[2];

80
9

:%(m _9_)
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6. (12%)

a) Find the orthogonal trajectories of the family of curves y = /23 4 ¢, where ¢ is an arbitrary constant.
Find the orth 1 trajectories of the family of v a? h i bit tant
(b) Solve the initial-value problem

y' + (tanz)y = sec® x, y(0) = 1.

Solution:
(a) Differentiating y = v/ 23 + ¢ yields

dy 1 322 x? x?
dr = 3 103 ($3+C)%(p) 7 (1Pt

Alternatively, differentiating y* = 2> + ¢ yields the same result:

dy dy 2
2—( = 2 _— = —
3y Ir 3z°  so i (2pts)

We want to find a family of curves C' : (z,y(z)) such that

dy _ v

dr a2 (2pts)

This is a separable equation, we compute

1dy 1 1 dy 1 11
— W apt W= [ dr = -~ =~ 4 C (1pt) .
S = > [ e / o= =2 =2 +C (1py)

Thus the family of orthogonal trajectories of y = /3 + ¢ is

(b) The integrating factor is

el tanx dx (2pts) = e Isecel (1pt) =secx ( you can pick any sort of integrating factor)

Multiply the integrating factor we get

secxy +secrtanz -y = sect r = d—(secx-y) =secz
x

Thus
secx -y = /sec4:cd:c (1pt)
=sec’rdtanz = /(tan2 x+1)dtanz = % tan® z + tanz + C (1pt)
The initial condition y(0) = 1 implies C' =1 (1pt). Thus the solution is
Yy = 3 cos x tan® z + sinx + cos x.

Alternatively, integrating by parts yields

/ sect x dx

=sec’ zdtanz = sec’ z tanx — /tan x(2sec? x tan x) dr

:secQ:rtan:c—2/seCQ:c(seczx—l)dx:secQ:rtanx—2/sec4:1:da:+2tan:c

Thus ) 5
/sec4:cd:c =3 sec? ztanx + 3 tanz + C (1pt)

The initial condition y(0) = 1 implies C' =1 (1pt). Thus the solution is

1 2
Y= gsecxtanx—i— gsinx—i—cosx.
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7. (12%) Consider the plum flower-like curve (#87€) as Figure 2. It is characterized by the polar equation

r*§+cos §9
2 27 )"

3
(a) Find the slopes of the tangent lines of the curve at the intersection point P(r,0) = <§, g)
(b) Set up an integral that represents the length of the whole curve. You don’t need to evaluate the integral.

(¢) Find the area of the shaded region.

polar axis

Figure 2: The plum flower-like curve.

Solution:

-0.5

(a) (method 1)

. 3 5 . 5. (5
Since r = 3 + cos (59), we have 1’ = —gsin (59) .(1%)

Therefore dy _ % = M(l%) = —5sin (50) sinf + § cos§ + cos (50) cosf
T dx g—z 7’ cosf — rsinf _%Sm(%e)COSe—%Sine—cos(%b’)sine

3 3 11

The slopes at P = —,E ==, T are
2°5 2" 5
5 i T 3 LT 5 . 3

Wl oy = TEME ST g W gy - 2SR E 055

dzo—z —3cos§ —gsing Az |g_11x ScosZ —3sinZ

(method 2)

3 5 3 1 7 1 3
r=rcosf = §c056’+cos (59) cosf <0r = 560594— 5005 <§9) + 5(305 (59)>, and
7
2

1 1
y=rsinf = gsint?—l-cos (29) sin 6 <or = gsin9—|— §sin< 9) - isin <g€>>
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Therefore, dy @ _ %5111(?)9) sin 6 + 23C(.)s@—i-cos(?)e) C.OSH
25111(29) cos — 3 sinf — cos (50) sin 6

3
(2%) <0r= i .

dx :
dx 9 —3 7 sin
3 7 3 1w
The slopes at P= |-, = | = | =, — | are:
25 2" 5
inT 4+ 3 s 5 ™, 3 g
dy 1% —5sin ¢ + 5cos ¢ ddy 1% _ 3sing + 5COS 3
dz |, (1%) = “ScosIT — gz O dz ( 0)_§cosﬁ—§" I
-z 5COS g — 5sin ¢ PEEE: 5 £ — 5sin g
3 s 7 s 3 3 3 17 7 T 3
ord—y 5 COS 5 4 7 COS 17 — 7 COS 75 nd—y - 5cos?—zcoslo+4cosw
_3qpT _ 7 T 3 3T T3 ir . 7 T 4 3 3
dz|y_= gsin  — gsin 45 — 7sin 15 dx p=11x 5 sin - + ¢ sin + 3 sin 10

(b) L = /0477 V2 4 (11)2d0(2%) = /OM \/(g + Cos §9))2 + (—g sin (39»2019

oo o (Ga)) () o= G ()

(¢) By symmetry, the area will be

F13 5.\1° REBUE! 5\1°

(T LT) (e (3) 4ot (30) )
( 2”5) (9+3cos<g ) 1+cos(59))d9

e 2+
1 5
o 1)
0

2T

}_n

U‘ICTD

(ge) (1%) + 1% sm(59>(1%)] <

5 .
——sin

2

5

2
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8. (10%) Let f(x) be a differentiable and increasing function on [a, b], where a > 0. Find a horizontal line y = L that

b FHL) b
will minimize the function F(L) = / x|f(x) — L] dz = / (L — f(z))dx +/ x(f(x) — L)dax.

L)

Y

a fHL) b

b
Figure 3: Find y = L to minimize the function F(L) = / z|f(z) — L| da.

Solution:
FHL) FHL) b b
F(L) = L/a wdzr —/a of (x)dz + /fl(L) of(z)da — L/fl(L) adz (1pt)
P = [ " oD D) L)
FE) L M) — ) L )
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9. (12%)
(a) Suppose that f(t) is piecewise continuous on [0, c0) and of exponential order. Let F(s) = £{f(t)} be the Laplace
transform of f(¢). Show that £{f(t — a)U(t — a)} = e”**F(s), where U(t — a) is the unit step function defined
0, f0<t<a
) .

asU(t —a) = Hi> g

toifo<t<l
(b) Express g(t) = { 1 ift>1

(c) Solve the differential equation y” + 4y = g(t), where y(0) = 1 and 3'(0) = 0.

in terms of unit step functions.

Solution:

(a) (3 points) By the definition of the Laplace transform, we have
L{ﬂt—aﬂﬂt—aﬂ:i/ efﬁﬂt—aﬂﬂt—aﬁh:i/ e S f(t —a)dt
0 a

= /00 e 3Ha) £(y) du = e /00 e S f(t)dt = e F(s),
0 0

where u =1t — a,du = dt.
e Partial credits: 1 point for the definition of the Laplace transform, 1 point for changing the variable.

(b) (2 points) g(t) =t — (t — D)U(t — 1).

(¢) (7 points) We take Laplace transform on both sides of the differential equation and get

Y ()~ 5(0) ~ ¥/ (0) + 4V (5) = 5~ 5= (1)
= (s +4)Y(s) = s+ i(1 —e %))=Y (s) = i ! (1—e7%).

52 82+4+52(52—|—4)

A B OUs+D
s2(s2+4) s 82 5244

1 1
Ad§+4)+3@2+®+%Cs+Dﬁ2:LamﬁtmmMSA:OJBZZJ?:O@mdD:—Z.&nwhwe

Consider the partial fraction for some constants A, B,C, and D. We will solve

Hence the solution of the differential equation is

y(t) = cos(2t) + it - ésin(?t) - (% tU(t) — %sin(?t)bl(t)) ’

t—t—1

= cos(2t) + it - %sin(%) - G(t —DUE-1) - %sin@(t — D)) Ut - 1)> .

e Grading policy: 3 points for transforming the equation, 4 points for converting back to function in ¢: 1 point
each for ¢, sine term, cosine term, and shifting operation.
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9. (12%) Find the center of mass (Z,7, 2) of the hemisphere S = {(z,y, 2)|2> + y*> + 2* = 1,2 > 0}.
Hint: The center of mass of an object is the average of the coordinates functions. You can consider the hemisphere
as a surface of revolution obtained by rotating the curve y = /1 — 22, > 0, about the z-axis.

Figure 4: Find the center of mass (,9, 2) of the hemisphere S = {(z,y,2)|2* + y> + 2° = 1,2 > 0}.

Solution:

By symmetry, § = Z = 0. (2 points)

Viewing the hemisphere as a surface of revolution of a quarter circle y = /1 — 22,z > 0, about the z-axis, the
average of the function x over the surface is

r=1
x-2myds
= f””:f_l—wy (3 points)
[, 2myds
where y = /1 — 22 dy T and ds =4/ (1 + @)2 dx = #dx (3 points)
Tde 1= 22 dx V1 — 2 '

The denominator (2 points):

1
it is just the surface area, which is 5(47‘1’ . 12) = 27 by known formula, or by integration

= 2.

r=1 1
/ 27ryds:27r/ V11— 22
x 0

=0

R
Vv1— 22

The numerator (z-weighted surface; 2 points):

z=1 1 1
1
x~2ﬂ'yds:27r/ I-\/l—I27dI:27T/ xdx = T.
/I:o 0 V1—2? 0

1 1

Therefore, T = 21 =35 and the center of mass is located at (z,y,2) = (5, 0,0).
™

(Note: if you misunderstood the problem and you correctly found the center of mass of the solid hemisphere

22 +y?+22<1,2>0tobe (g, 0,0), 8 points will be credited.)
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