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1. (18%) Test the series for absolute convergence, conditional convergence or divergence.

oo 71 n oo . - )
(a) nZ::Q n((ln')n)2 ’ (b) né:l(—l) tan % (C) nzl 12 +(221+) +—5
Solution:

(a) (Total: 6 points)
SR
hn(lnn)’
1 -1|7
d —

gj(lnm)Q x_EQ ln2

D" |_

Step (1): Apply Integral Test to Z 5
n(lnn)

n=2

(3 points).

Step (2): Correctly calculate the integral f
2

1 n
Step (3): Thus by Integral Test, Z 7)2 is absolutely convergent.
n=2n (lnn)

(3 points).

’ Grading Policies: ‘

(1) As long as you applied Integral Test, you are granted 3 points regardless of the correctness of your

oo 1
calculation of the integral f — dx.
2

z (Inz)?
oo 1
(2) If your calculation of the integral / W dz is wrong, 1 or 2 points is granted depending on
z(Inx
how many errors you make in that calculation.
oo _1 n
(3) If you correctly proved that “Z (7)2 is convergent” by Alternating Series Test, you are also

n=2n(Inn)
granted 3 points. However, these 3 points do not stack with points granted from Step (1) or Step (2).

(b) (Total: 6 points)

oo

Step (1): Apply Limit Comparison Test to Z

n=1

1 1 =1

(-1)" tan — ‘ Z tanf to compare it with Z — (1 points).
n n=1 n=1"

1

ta
Step (2): Correctly derive the limit: lim ——* =1 (1 points).

n—oo

n

1
Step (3): Correctly state that ) = is divergent. (1 points).
n

n=1

ad 1
Step (4): Thus by Limit Comparison Test, Z tan — is divergent.
n

n=1

ad 1
Step (5): Apply Alternating Series Test to Z (-1)"tan —. (1 points).
n

1
Step (6): Correctly state that: lim tan — =0 (1 points).
n

n—oo

Step (7): Correctly state that: tan 1 is decreasing. (1 points).

ad 1
Step (8): Thus by Alternating Series Test, Z (-1)™tan — is convergent.
n

n=1
. 1
Step (9): Therefore, Z (-1)" tan — is conditionally convergent.
n=1 n

’ Grading Policies: ‘

Step (1) to Step (4) can be replaced by the following:

1 1
Step (1’): Apply Comparison Test to Z tan — to compare it with Z (1 points).
n

n=1 n=1

Step (2'): Correctly state that: tan = > X, Vn (1 points).
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=1
Step (3’): Correctly state that Z — is divergent. (1 points).
n

n=1

s 1
Step (4’): Thus by Comparison Test, Z tan — is divergent.
n

n=1

(¢) (Total: 6 points)

1 n
Step (1): Correctly state that: lim % # 0. (6 points). (For example, by p-series, p =2 > 1, we
1zt n?

1 1 1 =1
have Tll_{go (? tog e ﬁ) = Z: e is finite. So the above limit follows.)
. ad (- .
Step (2): Thus by Test for Divergence, Z S is divergent.

n=11z tyz t+.35

’ Grading Policies: ‘

(1) If you only correctly proved the divergence of

M8

7, you are granted 3 points.
nZ

1
T 1
noliz taz ot

n

1
(2) If you applied Alternating Series Test and claimed that “because lim T 1 ° 0, i.e., the
- n—oo 1 ;— 7%7 + cee + ﬁ
conditions for Alternating Series Test is not satisfied, therefore Z 1# is divergent”, you

1 1
n=l 1z taz Feet g

will be deducted 3 points because the logic is incorrect.

2. (10%)

(a) Find the Maclaurin series for cos™ . (Write down the general term explicitly.)
(b) What is the radius of convergence of the series in (a).
(¢) Let f(z) = cos™ (x?). Find f(19(0).

Solution:
(a) Observe that dc‘?f; L= —\/117?, so it suffices to find the Maclaurin series for \/1177
1 on-12 & (‘1) N
=(1-= = 2 ) (-~
= =) =2 (1) ()
- -1} . (=3
(2) o, G) () oy
=1+ 11 (_‘r ) 21 (—SC ) ot
-1).(=3 1
() () (F-n+1) (_xz)"+
n!
L Loa 13 1-3--(2n-1) 4,
2-1 22.2| 2m . nl
© 13- (2n-1) ,
=1+ n
nZ::l 2n - nl
=> (2n) 2x2” (another expression)
n=0 (2n . n')
Thus
< (2n)! >, 2n)!
cos—Lz = f B (2n) szndx __ ( 2”) 22 o
n=0 (27 -n!) n=0 (27 -n)" (2n +1)
Now since cos™10 = 5, we have C' = 7. Therefore
o _T_ i (2n)! 2+l
2 @2 n)?(2n+1)
(b) R=1
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_ - x n)! 2n+1 ﬂ. x n)! n .
(C) By (3)7 we have cos 1 (IQ) =9~ Z %(IQ) =9~ g W 4 +2. Thus f(lo)(()) 1S

obtained when n = 2, and then f<1 ( () -10!.
DB
1) =ZERADBIR6D. 22F22,
EEBSERNLID ST EHEINLD,
)\ BB MERBEID.
CNBRALEEE-TRETHED.

2

(1)
(2)
(3)
(4)

4

3. (8%) Find the interval of convergence of the series Y. (n+ 3)z", and compute the sum.

n=0

Solution:

We can use the ratio test to find the radius of convergence (1 point), since

n+4
lim

=1,
n-oo  + 3

the radius is 1 (1 point). To get the inteval of convergence , we need to check the end points, 1 and —1. Since

lim (n+3)

n—o0

and
lim (-1)"(n +3)

n—>00
are both nonzero, the series is not convergent at —1 and 1. So the inteval of convergence is [-1,1] (2 points).
To get the sum, we can find what 372 ,3z" and X7 gnz™ are. Since X2 32" = ﬁ (1 point),

3
¥ 03t = ——.
=09% l—x

And if we put S =X na”,
(1-z2)S=zx+az?+a%+. = a

l1-z

S =

- :1:) (2 points).

3 T

+
-z (1-2)°

So the sum of the series is
(1 point).

4. (8%) Compute the sum of the series

S=()()+(1- )G+ (-4 DG+ (=341 - DG + (-2 -2+ ()

(Hint: imitate the method of deriving the sum of a geometric series.)

Solution:
Let the sum be S, then

1 3 1 1.13% 1.15°5 1,17 1,12
1_75:75’:,_,7 —(— - —(—= — - (2 ints).
( 4) 1573 3(2) +5(2) 7(2) ( ) =+ (2 points)
Let 1. 1. 1. 1
f(x):m—§x3+fx5—fx7+§m9—

) 7
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1
flx)=1-a?+a* a8 +28 ... = T a2 (2 points).

Then
f(x) = ff'(a:) dz = arctanz + C

where the constant C' is clearly 0 (2 points). So

4 1
S = 3 arctani (2 points).

5. (8%) A curve consists of two pieces of curves:
Cr:r(t)= (2 +3t)i+ (12 -4t +1)j, t <0,
Cy: y=p(x), x>0, where p(x) is a polynomial of degree 2.

Find the polynomial p(z) so that this curve is continuous and has continuous slope and continuous curvature.

Solution:
Let p(x) = ax? + bz + ¢ for some parameters a, b, and c to be specified.

Consider x =0 when t = 0, this curve is continuous.
r(t=0)=<0?+3x0,0°-4x0+1>=<0,1>,
and
<z =0,y=p(x=0)>=<0,a0% + b0+ c>=<0,c> .

Let (1) equals (2), we get ¢ = 1.
Get 1 points with (1) or the conclusion c= 1.

Consider x = 0 when ¢ = 0, this curve has continuous slope.

da't=0 " dzli=0 " 943 1t=0 " 3
and
dy 2
%’FOZQ‘M +b1;=0:b

Let (3) equals (4), we get b=—3.

Get 1 points with (3) or »'(0) =< 3,-4 >.

4
3
Consider x =0 when ¢ = 0, this curve has continuous curvature.

Get 1 points with the conclusion b = -

e’ xr”| | <2t+3,3t2-4,0>x<2,6t,0> |
Y |<2t+3,32-4,0>
B |[12¢% + 18t — 6¢° + §|
(42 +12t+9+ 9t — 2412 + 16) 3

Then,
8 8
H’t:O T 953 125
and
Get 2 points with (7).
p" ()| 2]

2]

K _— = =
o0 (1+p’(x)2)%|120 (1+(2ax+b)2)%|ﬂv=0 (1+b2)2
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Let (7) equals (8), we get |a] = (%)(%)(%) = 2%.
Get 2 points with (8).

Two polynomials of degree 2 are our solutions.

= —a?- g+l 9
pi(@) = o - ©)
4 4
p2(z) = —5962 —gr+l (10)
Get 1 points with two solutions.
6. (12%) Find the limit, if it exists, or show that the limit does not exist.
. P +zly? b i eTYZ_q '
(@) ) T (2.02)(0,0.0) TV
Solution:
(a) The limit does not exist, because the limit approaches different values along with x = 0 and 22 = 3.
Along with = =0,
0% +02%y3 0
lim —— Y~ lim =0, (11)
y—=0 0% +9y6  y->090
for all y # 0.
Get 3 points with one of limit value like equation (11).
Along with 2 = 3,
15/2 , .6 ,3/2
32 oy YRy oyt 12
fxy) = f(y”",y) Y 5 (12)
241 0+1 1
lim T2 (13)
y=0 2 2 2
Get another 3 points with another limit value like equation (13).
(b) The limit approaches to zero.
Case 1: zyz = 0. Because (x,y,2) - (0,0,0) means (z,y,2) # (0,0,0) and 2% + y? + 2% # 0. Then,
e’ -1
TR = — = 0. ]‘4
few2) = s (14)
Case 2: zyz # 0.
Transfer Cartesian coordinates to spherical coordinate.
x =7rsinf cos ¢,
y = rsinfsin ¢,
z=rcosb, (15)
where r > 0 because of xyz # 0. Then,
exp{r3d} -1
L (16)
where 8 = sin? f cos ¢ sin ¢ cos . By L’Hospital’s Rule,
36} -1 36}3r20 30 K
li SRAOF =L Ao B0eerioy (17)
r—0 T2 r—0 2r r—0 2

for all ¢ is finite.

Get 1 point if you conclude the limit 0 only through a specific direction like =z = 0, y = 0,

rz=z=0,orz=y=2z, ...

Get 5 points if you proof the limit 0 by transforming spherical coordinate but with only wrong

spherical expression.

Get 0 point if you try to proof the limit 0 with wrong logical derivations.
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— f 0,0
7. (10%) Let f(z,y)=1a2+y2 (z,y) #(0,0)
0, for (z,y) = (0,0).

() Find f,(z,) and £,(z,9).
(b) Are the functions f, and f, continuous at (0,0)?

Solution:
(a) (3pts) For (z,y) # (0,0),

Fo(any) = 322 ~ 22 (23 - y3) _ xt + 32%y? + 2293
T x2 + 72 (22 +y2)2 (22 +y2)2 ’
P . G 0 Tk
Yy x2 + 72 (22 +y2)2 (22 +y2)2
(3pts) For (z,y) = (0,0),
=lim ———————% =lim — - - =1
N Y
1 f(O,k)—f(0,0)_ : k3 1_
14(0,0) = Jim k St h

(b) (4pts) If f,, f, is continuous at (0,0), then ( l)m% ) fz and ( l)lH% ) [y exist and their values equal 1 and
) z,y)—(0,0 x,y)—(0,0
—1 respectively. But along x =0,
lim  f.(x )—limf(()a)—limg—()
()00 Y T R TR = (a7

which conflicts to f;(0,0) computed in (a). Similarily along y = 0,

. . .0
($7y1)1f%070) fy(x,y) - %1_{% fy(b7 0) - }}_{T& b74 - 07

which isn’t equal to -1(= f,(0,0) = -1).

8. (8%) Find the tangent plane of the surface

4 z
- arctan% =22+ f zyV'1+t3dt
zy

™

at the point (1,2,2).

Solution:
Let F(x,y,2) = 2%+ 2y f;y V1+t3 dt— % arctan 3. Note that VF'(zo,%o, 20) is normal to the point (zo,%0,20) on

the surface F'(z,y,z) = 0. Thus we compute VF at first,
z
F,=2x+ y[ VI+t3 dt+azy(\/1+ (2y)®-(-y)), (2pts)
zy
F, :gcf VI8 dt+ay(V1+ (29)? - (~2)),  (2pts)
zy

4 1 1
Fo=ayV1+25- == ———— . (2pt
WV T W)

Hence, VF(1,2,2) = (2+0-4v1+23 -2v1+23,2V/1+23 - 2(:1)) = (-10,-6,6 - £) (1pt), and the tangent

plane at (1,2,2) is —=10(z - 1) -6(y—2) + (6 - %)(z -2)=0. (1pt)

9. (8%) Find all points at which the direction of fastest change of the function f(x,y,2) = 2% +y* + 22 - 22 — 4y — 62 is
i+2j+3k.

Page 6 of 7



Solution:
When Vf =2(z-1,y—2,2-3) is parallel to (1,2,3)[ 1 pt |

x—1 _ y-2 _ 2-3

correct ans: {ét, Q_t, ?it)_:t SR} [ 8 pts ]
{(t,2¢,3t) : t e R\{1}}

Note, “fastest” means increasing or decreasing most drastically.
Thus if you only consider the case:
t,2t,3t) :teR,t>0
{(x,2¢,31) ! } you'll get [7 pts]
{(¢,2t,3t) : t e R\{1},¢t >0}

If you only write one or two points, such as (1,2,3), you'll get [ 2 pts ]

10. (10%) Let g(z,y) = 42 - 13y® + 62%y + 3xy® — 1222 - 122y - 30y>. Find the critical points of g(x,y), and classify
them.

Solution:
vf=0 [1pt]
critical points: (0,0),(2,0), (%, %4), (%, ‘?4 [ 1 pt for each]

If you mentioned D(x,y) [ 1 pt ]
(0,0), D(0,0) >0, gzs < 0,local maximum
(2,0),D(2,0) < 0,saddle point

1 pt f h
(2,22, D(2,72) < 0,saddle point [1pt for each]

3'73 3'73
%, %),D(%, _?4) >0, gz > 0,local minimum

11. (10%) Find the points on the intersection of the plane x +y + 2z = 2 and the paraboloid z = 2% + y? that are nearest
to and farthest from the origin.

Solution:

Set,
f(@y,2) =2 +y* +2°

g(z,y,2)=x+y+22-2
h(z,y,z) =22 +y* - 2.

Assume that Vf + A\1Vg+ A2Vh =0. Then we obtain

2I+)\1+2>\21‘:0
2y+A1+2A2y:0
2Z+2)\1—)\2=0.

We also have

TH+Y+22=2
x2+y2—z:0.

Hence we can yield critical points are (%,%,%) and (-1,-1,2). Since f(%,%,%) = % and f(-1,-1,2) = 6, we
can conclude that (%, %, %) is the point on the intersection nearest to the origin and (-1,-1,2) is the point on the
intersection farthest to the origin.

Ho1EE: HEBREBELUR Largrange’s multiplier RWERS R BMREA, E81G4%, HEAIEH, BHEDBHBESE
EAEEE(EVEER), FETEERHEERESNI(KENEERED), RREREMERSRKER, BEXRR
NVER, WRVWERERR, RER THEAEN4I%, REFHFHASHEDNS, MEEDH2%, EXHZTHEAETHBRRES
N A
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