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v 3dt
1. (8%) Evaluate hr% “————— (You may use the Mean Value Theorem for Integrals.)
r— €T
Solution:
Method1.

By the Mean Value Theorem, there is ¢ between x and tanx such that

[i® T+ Pda

tanxz —x

=V1+c3 (3pts)

By the Squeeze Theorem,
limz =0, lirr(l)tan:r =0
xr—

T

imply
liH(l)C =0 (1pt)

Now we evaluate

VTR [T Pl tana o
m-—-——-- = 1m

z—0 3 -0 tanz — 3
. tanx —x
= limV1+ed ———
z—0 1’3

2
. secx —1
= limvV1+e ——
z—0 3z2

. — tan’zx
= limV1+c3- 5

z—0 3x

=, S 1

= lim\/1+c5(bmx)2
-0 3 2
z x cos?x
1

V140312 —

3-12
1

3 (4pt)

Method2.

By the Fundamental Theorem of Calculus,

[T+ Bda I V1+tan® rsec? x — V1 + a3
= im
3

}cl—I}(I) T a0 32 (3pts)
3tan® zsec’ x 2 3 .. 2, _32°
iy 2VIrters sec*x + V1+tan’ z-2tanxsec” Ve
= 61 (2pts)
. (1 tanzsect tanx+1 1+ tan® tanz 5 T )
= lim(- - an’x sec” ¥ — ————
=04 /1 +tanz = 3 x A1+ 23
. (3pts)
= = s
3 p

Remark.
No point if you are with intent to evaluate f V1 +t3dt.

Calculation error: (-1pt) to (-3pts) each part.
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2. (8%) Let F(z) = /Ow (/OM f(t)dt) du and G(z) = fOQJS f(u)(z - ¥/u)du, x> 0. Show that F(z) =G (x) for z > 0.

Solution:

From

3

- [ st (2pts)

dG(z) d

20— [T ) -

_ j(x In f(U)dU)—jx [ty (2pts)

- (fom Fw)du+a- f(2%)-32 ) F(2*) Y2332

= Ar fw)du (3pts)

d d d
dr (F(z)-G(z)) = %F(x) - %G(ﬂﬂ)

3

fomsf(t)dt— fo Flu)du =0

we have
F(z)-G(z)=C

for some constant C.

Since
F(0) = /(;O(/;usf(t)dt)du:o
03
GO) = [ @)= )du=0

we have C =0. (1pt)

Therefore, F'(z) = G(x).

Remark.

Lo 4 F) - Yadu= )~ V) = 0+ (-5pts).

Wrong calculation

Calculation error: (—lpt) or (-3pts) each part.

3. (16%) Three of these six antiderivatives are elementary. Compute them.

(a) fxcosxd:z: (b) /‘co;‘xdx
[lnx (d)fln(§2)dx
() [ Va-1vava+lde 0) [ Va-1Va+Tnd
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Solution:

(a)

fwcosgcdx:xsinx—/Sinxdx:xsinx+cosx+0.

2
(d) Put u =In(2?), du= = dz. So,
x

2 2 2112
fde:fydu:1+C:M+a
T 2 4 4

(f) Put u=2*-1, du = 2zdz. So,

3
2

fmmgsdm:[xmmv:f\éadu:uj+c (96 -1)

3
T EE:
(1) EXRENEHESENRHSR STEARN-BRESSH, 529
(2) EE(H)BA=/RBEFRStan (sec”! o) (NEMBELRTR) BB, 129
(3) BREFVBEIEH. FELBREH. CENBRMEHESTEEE, BHEEREER, M9,
(4) BED). (o). (¢)MIEAIELIBIR2MELEE D W

4. (16% Evaluate the integral f
(16%) (a) e

(3% +1)

(b) Evaluate the integral f m €

Solution:
[6pts] f
\/—
Solution.
-/ TV ;%Gd 1
= f rar T (letu:\/xﬁ—ldu:?)(xﬁ—l)%ﬁdx)
B 1 udu
- 3J (u2+1)u
1 du
- 3) @ [+4pts]
1
= 3 tan™! Vab -1+ C [+2pts]
note:
/ o (let x3=sect3z? = sect tan tdt)
AVA A
secttantdt 2
= f sect[tant] (Vab -1=Vtan®t = |tant|) [+5pts]
sec t|tan
(b) [10 ts]f M
p (€22 +1)2
Solution.
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3741 N
(e + Ddz (letu = e®du = €*dx)

(2% +1)2
(u® +1)du
— +2pt
u(u2+122 [+2pts]
fl U— u+1 J [+3pts]
= - - - u s
u w2+l (u?+1)2 P
1 1 1 1
_ -1 2
= In|u| + tan u—gln(u +1)+§u2+1— (u2+1)2du [+2pts]
1 1 ., 1 e”
————du=-tan 'e"+ = ——— 1+ C 3pt
(f(u2+1)2 usptan et st O [+3pts]
1 1
= Inle”|+tante” - —In(e* + 1) + = ——
2e2r +1
€
——tante” - = +C
21 2e27 +1 11 e
= z--In(e*+1)+-tan'e” + = c
2 2 2e2® 4+ 1

AEFEDRE +C 1I—2

5. (8%) Find the values of s such that F(s) = f sint e”*'dt converges and evaluate the integrals.
0

Solution:
t 1
s+ 0" fsmt e tdt = sm —_—+ = fcost e Stdt

sint 1
=-—— - —cost e‘“——/smte stt
s s

— f sint e *'dt = (ssint e™*' + cost e™*") (3%)
, 1+ 82
= lim sint e *'dt = lim (ssinb e + cost e™*%) +
b—oo JO 1ir52 b—oo 1+s2
— [ sintetdt=] 752 570 (2%)
0 diverge $<0 (1%)
7s=0" F(0) = [ sint dt = blim (—cosb+1) diverges (2%)
0 — 00

6. (8%) Find the length of the loop of the curve 3ay® = z(a - x)?, a > 0.

Solution:

3ay? = x(a—$)27a >0
— Gayy' = (a-)? -2z(a-2) = (a-2)(a-3z)
, (a-z)(a-3z) (a-3x)

p— = =
¥ = 6ay vV 12ax

a a _ 2
Length — 2[ \/1+(3—z)2dx:2f0 \/1+%d:ﬁ (2%)

a
= [ \(z/;ﬁ \/1?)_/0 (az™? + 321/?) da (3%)
ax a

- ﬁ (3%)

7. (20%) Let C be the curve y =Inz, 0 <z <1 and R be the region bounded by z-axis, y-axis and the curve C.

(a) Compute the area of R if it is finite.

(b) Compute the arc length of C if it is finite.

(c) Rotate C about the y-axis. Compute the area of the generated surface if it is finite.

(d) Rotate R about the line y = . Compute the volume of the generated solid if it is finite.
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Solution:

1
(5%)(a) Area(R) —[) Inz dx (3%)
= —tli%i(:clnx ~z)|}
=1 +tlir51+tlnt (1%)
=1 (1%)
1
(5%)(b) Length(C) = fo V1+ ()2 de (3%)
1
:f \/14—(1)2 dx
0 ) x
> fo —do (1%)
=00 (1%)
1
(5%)(c —27rf x ds
—27Tf \/1+( )2 dx let = = tan @, dz = sec? 0df (2%)
:27Tf0 sec® 0 df ] (1%)
2 B
= 7(se09tan0 +1n|sec + tand)|)
0
=7(vV2+In(V2+1)) (2%)
1
(5%)(d) z :—fo xzlnx dz/Area(R)
2 1
= —( im (X 1_ x
1(tlir(1)1+( 5 Inx)|; [) 5 dz)/1
= . (2%)
- _ 1 2
] =5 fo (Inz)* dz/Area(R)
Lo 241 !
__§(t1i%1+(x(lna:) )z —Qfo Inz dx)/1
=1 (2%)
5
The distance from (Z,7) to the line y = z is ——
e distance from (Z, %) to the line y = x is Vi
By Puppus Theorem, volume = 27— Area(R) = °Y 2 (1%)
y Puppus e,vue—7r4\/_ == o

8. (8%)

(a) Sketch the curve with polar equation 7 = 1 + 2 cos 26.

(b) Find the area of the region inside both curves r =1 and r = 1 + 2 cos 26.

Solution:

(a) First find some values of r for different 6 :

2
GOzzzﬂrﬁﬂﬂ
41312113 |4
r -1

3

[y

Since the graph is symmetric about the x-axis, so it looks like:(2 pts)
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_2 1 1 1 1 1 1
-3 -2 -1 0 1 2 3

(13 \\\\ // //
04 \ / /
\\ //// /
\ \
B,
(a) I (b) 11 (c) III

The areas of these three parts are represented by the following integrals: (1pt for each)

I 12.7- 457 _
360°

T
8
i1 )
L. f 5 (1+2c0s26)2d9
4

™

51 1 | 5
T fz 5 (1+2c0s20)%d0 = (30 + 2sin20 + - sin46| ") = =
= 2 2 2 T4

Hence the area is 4( I + II + III)
+2 [(3 (1+2cos26)?dh+ 2 ﬂQ (1+2cos26)df
I H

[N I R

42 [f(l +2c0s20)2d0
a

Page 6 of 8




1 r
::2@9+2$n29+7sm4q2):2(§w—§w—2)+f::2w—4.@pm)
2 x 20 4 2

9. (10%) An inverted cycloid is defined by the parametried equations

x(0) =r(0 -sinb), y(0) =-r(1-cosh), 0<6<2x.

Consider the motion of a particle without friction and rolling down the inverted cycloid released from (z(a),y(«)),
where « € [0,7]. By the conservation of energy, the velocity of the particle at (x(6),y(0)) is given by

v= E =\/2gr(cos a — cos 6) (%)

where s is the arc length function and o <6 < 7.

db
(a) Derive a separable differential equation for s from (*).

(b) Compute the time T' = fe dt for the particle to get to the lowest point (a(m),y(m)).

Solution:
(a) (4 points)

We found d—ﬁ and @ first:
do do
d

@
— was r —rcos ¢, and —= was —rsin ¢.

S(0) - [\/%)2 ZZ)Qdé

:J}L\fiﬁfm.

ds_dsdd
Tdt dodt
d9 ds df
dt T dtds
Therefore, ad = M
dt r(1-cosf)

(b) (6 E)ronits)
T- [ a

[ _r(1-cost) o
0= g(cosa —cosf)

Con81derf\l T(I_COSG) do
cosa—cos@)
-1 .46
Let A =cosa, u—cosf and du = — sin — df
2 2 1 2

The above equation = —2\/5/ —du
VA+1-2u2

2 2
Then, Let sint:\/A 1u and costdt—\/A 1du

-2 A+1 t
The above equation = v2 - [ o8
VA1V cost”

= -2t . 0

= —2sin! - COos —
( cos 5 2 )

Consequently,

1
T:\/?(—Qsin_l( = -cosg))|g
g cos 5 2
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Vi
=T —.
g

Other proper methods are permitted to solve these problems.

2 3
10. (8%) Solve the differential equation y' + —y = y—z (Hint: let y* =
oz

)

SR

Solution:

2 1

y'+ P(x)y = Q(x)y", where P(x) = =, Q(x) = — and n=3.
x x

We found that this equation is Bernoulli equation.

Consequently, we mutiplied > at both sides.

2 1
The original equation = y 3y’ +y73(=y) = -
x x
_ _ 1
=>y7y+ Sy =
x x

1
Let y? = —, that is, u =y 2.
u
After that, we calculated and found that v’ = -2y 73y’

Therefore, the above equation = —u’+ —u = —. (3 ponits )
r

The integral factor: I(z) = e/ #49% = ¢=4ne = =4, (2 points)

We mutiplied ™ on both sides of above equation, and we got: —z *u’ + 42>y = 227°.

= i(—9:74u) =220

dx
We integrated both sides, and we had: —z 4 = [ 227 %dx + C, where C is a constant.
2
=~z = Z27% + C, where C is a constant.
2

= —u=—+Cz’
o5z
1
We known that u = —.
Yy
2
Terefore, the solution of this problem is that y2 = T +Cz*, where C is a constant.
x
1
=2 = T where C' is a constant. (3 points)
5 + cx

Other proper methods are permitted to solve this problem.
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