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1. (12%) KA y — x = 4arctan (z2) EBS (1,1,0) FITFE TR -

Vf(1,1,0) =(-1,1,-4)

Solution:
% f(r,y,2) =y —x —4tan~ ! (z2)
Vir,y2)=(-1-d—" 1, —
7y7 - 1 + (xz)Qv )

T

1+ (z2)?

(2%)

Vf(l,LO)'(l'—l,y—l,Z—O):0

)

(4%)

(6%)

2. (12%) HAEE (z,y) ZIBFER T(x,y) = 100e~* 3" WEE T LIRIE °C 5 > 2,y Ul m(AR) #F

(a) FEBE (1,—1) B2 » FEARME DT o S I d bk 2
(b) e RIEIR (L °C/m 7)) Rfil ?

\ N
(c) R T7IIREL == (1, 1)

N .
u=(%,%)

Solution:

(a) in the direction: VT'(1,—1) = 200e~*(—1,3) (2pt)
(b) fastest increasing rate: | VI'(1, —1) |= 200e~v/10 (2pt)

4
(c) directional derivative: VT'(1,—1) - (§, —) =360e~* (2pt)

Since VT = T(—2x, —6y) (3pt) = VT(1,—1) = 200e~*(—1,3) (3pt)

55
A |
. (12 > —_— .
3. (12%) 2{Z/o (/ggé1+y7dy>dx

Solution:

1171dd1y671dd
/o(/mélﬂﬂ y) x_/o /0 T+ )Y

(4 points)

(2 points)

(4 points)

(2 points)

4. (12%) Q H 2243y =0,3z+y =0 B o — 2y = 1 FrE ARV IR,

S

I://Q(a:ny)g/Q(?)ery)l/sz.
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Solution:

Use changing variable, let

u = T—2y
—3u+wv
€T =
= o ut2v (1%)
vy = T
then Jacobian is
3 1
-5 5 1
T=1| 7 §[I=z %)
77

Therefore
I = // D)2 (3e + y)V2dA  (4%)

/ / 3/2 1/2 dUdU

3 3
= = uﬂ;? du
FR
2 [,
= 9 u” du
1
= — (1

By the way, you can also write

I:/O /v u3/2v1/2~?dudvzﬁ

5. (15%) PRAE z = ye 2@ +") RUIRIEIEE, - I RE HREEE -

Solution:
Let f(z,y) =ye 3"+

fo = —aye 3@HY) (1%)
fy = =gzt (1%)
Jra = (ny y)e 3@ +y") (1%)
fyy = (yg —3y)e” 3 2+y2) (1%)
fuy (wy? —w)e 2 = £ (1%)
If we solve f, = f, = 0, which equal to solve:
zy = 0
1—y> = 0
and thus the critical points are (0, 1) and (0, —1). (4%)

Now let

Dle)=| 7o

2 |
D(0,1) = o> 0, fzz(0,1) =—e2 <0 = (0,1) is a local maximum

2 1
D(0,-1)=—=>0, fz(0,1)=e2 >0 = (0,—1) is alocal minimum (6%)
e

6. (10%) # f(z,y) = 2°y° — 2%y — y°, 2 = z(u,v), y = y(u,v).
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B 2(1,3) =2, y(1,3) = 1

ox 1 ox 1
Ea(l?)) R 811(13) 3
dy 1 dy 1
V=1 Y=g
af af
K 3 K 30 £ (u,v) = (1,3) BIE.
Solution:
We know that
of _ Ofdx  0Of 0y
du = owou  ayou P
of _ ofor ofoy .
ov Oz 8v+8y Ov (3pts).
Moreover,
of  _ 425
9 3zy° — 2xy (1pt),
of 3,4 2 2
A — — 1pt).
By Sz°y” —x” =3y~ (lpt)
Thus, when (u,v) = (1, 3),
af B 1 1 23
%'(u,v):(lﬁ) = 8x 5 +33 x ﬁ g (1pt)v
of 1 1 49
%'(u,v):(lﬁ) = 8x 5 + 33 x 1 = T (1pt).

7. (12%) K // Va2 +y2dA, Q B OTESR r =1 — cos§ BINES ©
Q

Solution:

Use polar coordinate, let x = rcosf, y = rsin 6, then we obtain

2w pl—cos@
//\/x2+y2dA:/ / r2drf  (4pt)
Q o Jo
27 _ 3
:/ (1 —cosb) o (1pt)
0

3
27 3
1 cos® 6
= - — 0 20— do
/0 3 cos ¢ + cos 3
0 24sin?g>" 1 [
=_— —sinf — 2hsm Oy f/ (1 —sin?@)dsin® (1pt,1pt,2pt,Ipt)
3 4 0 3Jo
27
5t 1 [ . singﬂ
=— — - |sinf — (1pt)
3 3 3 o
5t
= — 1pt
5 (pt)
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8. (15%) K f(z,y) = 2% + xy +y* TEME L 22 + 20y + 2% = 1 ZHBE -

Solution:
Let f(z,y) = 2> + zy +y* and g(z,y) = 2? + 20y + 22 = 1
By Lagrange theorem,V f(z,y) = AVg(z, y)[2pts]

1 1
2r +y =2z +2y) ...(1) )\:5 , =0 JYy=*t—
x+2y =2z +4y) ...(2) [3pts] = 3 \{i
2?4+ 2xy+2y2 -1 =0 ... (3) )\=§ ,x=+V2 ,iU:?ﬁ

. . 1 3
The maximum of f(x,y) is f($\/§,i—2) = 5.[2pt8}
1 1
The minimum of f(z,y) is f(0, iﬂ) =3 [2pts]
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