102215 Z.01-05FE I K & &
1. (12%) SR o = (1 —vy), WEWEEE t =n2, y=2.

Solution:

v =y (1—y)

/
:>y2(1y_ly):1
é/yQ(yld—ty) :/dt
+ [ sy =t+e

1 1 1
= -+ 5+—)=t+C
y oy 1-y
1

¢1n|y|f§fln|1fy|:t+0

The solution satisfies y(In2) = 2, so

1
:>1n|2\—§—ln|—1|:1n2+0

1
C=—-
= 2

(3 points)
(3 points)

(3 points)

(3 points)
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2. (12%) BHTTTHE o +y = sint.

Solution:
times integrating factor e’ (2%)
y +y = sint
= ey +ely = e'sint
= (e'y) = e'sint
= ely = /et sintdt  (2%)
1y, . .
= 3€ (sint —cost) + C, C is a constant
1, . ¢ .
= y = E(smt —cost)+ Ce™", Cis aconstant (3%)
Moreover,
/et sintdt = —e'cost+ /et costdt
= —e'cost+e'sint — /et sin tdt
1
= /et sintdt = §et(sint —cost) (5%)

Page 2 of 8



3. (15%) &RBE A, B FRBF M B EMEREE X, v, #2880 %, BEAEY, FIEDSHIE a,b > 0.
(o) BoHh X, Y 2 PR,
(b) B X, v 2B AR,
(c) 3k P(X 2Y).

Solution:
(a) [5pts] X
X ~ exponential(\) = fx(x) = Xe ™ forz > 0= E(X) = X [2pts]
Therefore,
BlX]=a= fx(z)=—c%
EY]=b= fr(y)=ye™ [3pts
(b) [5pts]
fxy(z,y) = fx(z) - fy(y) (Since X and Y be independent.)  [2pts]
frr(e,) = e G D) ap]
(c) [5pts]
/ { x-y=0
/X
PrX2Y) = PrX -y 20 = [ [T @@y 29t
0 Yy
T a+b [3pts]
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4. (12%) LHZHEM, & 10 48 5 o RHEST Poisson 731 o B 4 S8 TLEMAER DM 2 X 4 FARET 2 #F
TLHEMHIER R ] 2

Solution:
Let A be the average number of incidents per year
1
A= o ==
10 2
and the time interval T' = 4.

Since it follows the Poisson distribution, the probability of k incidents in the time interval T is

WD s 28,

o e M = e (8%)
and thus
20
P(0 incidents in 4 year) = ae_Q =e? (2%)
22
P(2 incidents in 4 year) = 5672 =22 (2%)
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5. (12%) #% fx(t) =Ae™™, ¢t >0 H X B—Kit 0 ZHE. REEWEE VX 2T EHEL

Solution:
First find CDF of Y = VX

Fy(y) =P <y)=PO0<X <y’ = /Oy Ae™Mdt (8 pt)

then fy(y) = 2y)\e*’\y2 for y > 0 (4 pt)
in fact , you may check it is a PDF
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6. (12%) FEH > MEEE 1000 A » $HL 80 A © isr %A 100 5 o DE1IF 65 4 » WEE 25 592 - AL E R A %R

fliEt » BEREE BRELZ B 1>

Solution:

We know that

P (|X —E(X)| > ky/Var(X ) ki (4pts)

and
E(X) =065 (2pts).
Note that
1
P (X ~B(X) > k«/Var(X)) <P (\X ~E(X)| > kMVar(X)) <5
1
If k statisfies — < 80 then k = 5 (4pts). Therefore,
2 = 1000° V2
5 1 8
PlX—-65>—74V2| < —=—.
( =2 ) = %27 100

25
Hense, X > 65+ — (2pts).

V2
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7. (10%) B / N %"j Heb > 0, B  [EGRL ?
1

Solution:
Casel: p>0,p# 1:

1 al™P 1
—dz = i — —(5pt
/; gjpx alanolol—p l—p(p)

hence when p # 1, p > 1 implies integral converges(4pt)
Case2 p=1

/ ld:v = lim lna = co(1pt)
1

T a—00
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8. (15%) BEMSEE X, v 4 BIBUE {1,2) X {1,2,3}.

a’iP(X:l,Y:l):%, P(X=1Y=2)= > P(X=1Y=3) =~
P(X:Q,Y:l):%, P(X=2Y =9)= . P(X=2,Y =3) =

(a) (5%) K E(X), E(Y),
(b) (5%) 3K Var(X), Var(Y),
(c) (5%) M X, Y &L ?

Solution:

PX = 1) :134 , P(X:2):%

P(Y =1) :%, P(Y:2):% , P(Y:?,):%

) 9 519

EX)=1 114+2 ﬂ*g (2pts)

EY)=1 5—1—2 ?+3-ﬁ—7 (3pts)

b

) , , 20 19, 45

Var(X) = E(X®) = (B(X))" = 37— (37)" = 155 (219

Var(Y) = B(v?) - (B(V)) = 2 - (57 =55 (3ots)

(c)

PX=1Y=1)= % (1pts)

(
9
P(X = 1)P(Y =1) = o (1pts)
PX=1Y=1)#PX=1)P(Y =1) (3pts)
Hence, X and Y are NOT independent.
If you are not explain ”Why X and Y are not independent?”
You can’t get any credit.
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