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1. (10%) Find the volume of the solid bounded below by the cone 2% = 4(2? + y?) and above by the ellipsoid
A(z® +y*) + 2% =8.

Solution:

Method 1 Use cylindrical coordinates:
Note that the region is bounded below by the cone and above by the ellipsoid, so it only consist
of the part above the zy-plane!

Ve[| AT - AT ey
22+y2<1

2w
/ / V2 —r2— 2r) rdrdf

=T (Wi-1)

Scoring to parts of this method:
Integral domain z2 4+ 3% < 1: 2 pts
Upper bound of z , i.e. /8 — 4(22 + y2): get 2 pts

Lower bound of z , i.e. \/4(z? + y?): get 2 pts

Jacobian of polar coordinates: get 2 pts

A A

Your result fits the correct answer: get 2 pts, if you make a slight mistake, get 1 pt.

Method 2 Use spherical coordinates:
Let (z,y,2) = (V2rsin ¢ cos 0, v2r sin ¢ sin 0, 2v/2r cos ¢). The Jacobian is

V2singcos  V2rsingsind  2v2cos ¢

|J (u,v)| = | Ei g’¢;\—] —V2rsingsinf /2rsin ¢ cos 0 \
V2rcosgcos  V2rcospsingd —2v/2rsin
= 4V/2r? sin ¢
Then the corresponding domain is
0<r<i1
0§¢§%
0<0<2r

T m2r pl
V_/M/‘/@@ﬁmwmmw
0 0 0

Scoring to parts of this method:

1. Integral domain for r: 2 pts
2. Integral domain for ¢: get 2 pts

3. Jacobian of spherical coordinate: get 4 pts, and if you miss the multiple before 2 sin ¢, get
2 pts.

4. Your result fits the correct answer: get 2 pts, if you make a slight mistake, get 1 pt.
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2. (12%) Evaluate // e_4x2_9y2dxdy, where () is the region satisfying 2z < 3y and z > 0.
Q

Solution:
Let ,
r = —cosf
' 0 (3%)
Yy = gSln
then .
Therefore

//64129y2d:1;dy

7r/(22 oo )
:/ / e~ | T|drdo  (3%)
7_7[3'/4 0
= 5 %)
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3. (12%) Evaluate the surface integral //(352 + y?)zdo, where S is the part of the plane z = 4 + z + y that

S
lies inside the cylinder 22 + y? = 4.

Solution:
To parametrize this surface: r = (x,y,4 4+ = + y), where 22 + y* < 4.

A 02\ 2
Sodo =[] + (=) +1-dedy=3dxdy
Ox y

/(gr2 +y*)zdo
S
= // (22 + y*) (4 + z + y)V3drdy
x24y2<4
2m 2
= / / (r%)(4 + 7 cos 0 + rsin 0)v/3rdrdd
o Jo

— /27r /2(r2)(4)\/§7“drd9 (by symmetry)
o Jo

27 2
- / / 4/3r3drdf
0 0

27
- / 16v/3d6

0
= 32V/37
4T
A5 i T 2Bl 247
B H BT AY Jacobian: 247
T R R P R EEL RO RE 20 =X, o 3 HLE e BEAAR 43 (R 440

FHRED: 490
HErsha &M

AR A — R & — A G 1!
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4. (12%) Find the line integral

/ (2x sin(my) — 7)) da + (m2? cos(my) — 3€*) dy — xe® dz
c

along the curve C = {(:U,y,z)|z =lnyV1i+a22 y=2,0<z< 1}.

Solution:

Since F = (2zsin(ry) — e*)i + (72 cos(my) — 3¢*)j — xe”k has
F 4 3¢*j = V(a? sin(my) — ze?) (4 points), so
1
/ F.dr=—-2 —/ 3e*dy (3 points)
C 0

1
=-V2- 3/ V' 1+ 22dz (3 points)
0

= —(5v2 4 31In(v/2 +1))/2 (2 points)
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5. (10%) Evaluate §£ (z%y + y)dx — (zy® — 2)dy with the curve oriented counterclockwise.

r=1—cos @

Solution:

By Green’s theorem,

315 (2%y + y)dz — (zy* — 2)dy = // —(2% +y*)dA
r=1—cos 0 Q

27 1—cosf
:/ / —r2 . rdrdd
0 0
1

2m
:—/ (1 —cosh)*df
4 Jo

35
— .
16

Green’s thm : 3pts , region : 3pts ,Jacobian : 2pts , computation : 2pts.
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6. (12%) Let V = (2 —1v)i+ (2y+2)j+2%y?2%k and let S be the upper half of the ellipsoid ——i— +.o=

9 25
Find the flux of curlV in the direction of the upper unit normal n (pointing away from the origin.).

Solution:

Solution 1
By using Stokes’ Theorem,

//VXV nds—yg\f( )dr (4 points)
0) = 2cosfi + 3sinbj , 0 € [0, 27]

2m
55 V(r)dr :/ (10sin @ cos f + 6sin® @) df (4 points)
C 0

1
= [g(— cos20) + 3(0 — 5 sin 20)] 3™

= 67. (4 points)

Solution 2

VXV =(2yz?22 —1)i + (—2zy%2%)j + k. (3points)
V- (VX V)=0 (2points)

By using divergence theorem,

//(VXV nds—/// (VxV)dv=0 (3points)

In the suface of the buttom, n = — (1points)
We can find that the solution is 0 — [—( -3m)] = 6m.  (3points)

ps. Using Stokes’ Theorem twice is permitted.
ps2. If students observe the unit normal of the bottom surface, and they only calculate the k-component
of curl V. They do NOT pay for without calculating other components.
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7. (12%) Evaluate the flux of
1
V(z,y,2) = (22z + y?2)i + <3y3 + ztan 33) i+ (%2 +22+ 1k

across S: the upper half sphere 22 + 2 + 22 = 1, z > 0 with normal pointing away from the origin.

Solution:

upward.

2 2 2

=1

g Tty +z
0<z

=0
S 22 9 downward.
z*+y* <1
2 2 2
Q- Ty + 27 <
0<z

Let
T = psin¢cosf
y = psin¢gsinf
Z = pcos¢

Then

0<p<1
p2§1 SP>

Q: = 0<¢<n/2
0 < pcos¢
0<6<2nr

p*=1 r-
S =0<¢p<7/2
0 < pcosog
0<0<2r

Let

T =rcosb
y =rsinf

=z

Then

z=0

=0

5’1:{2 =>d0<r<i1 darea = —k rdrdf
- 0<o<2m

By divergent theorem,

// V-Vdvolumn:// V~darea://V-darea—|—/ V -darea (2 pts).
Q 0N=5+51 S S1
// V'Vdvolumn:///z2+y2+x2dvolumn:///p2~p281n¢dpd¢d6’
Q Q Q

2 pm/2 pl

= / / prsinpdpdpdd (3 pts)
6=0J¢=0 Jp=0
91 /2

L

) )o (—cos¢) 0

2
21 = =T (1 pt)
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/ V-darea—// —(2®z+y* +1) rdrdd
Sl Sl

2m 1
= _/ / ((r sin #)? + 1) rdrdf (3 pts)
0=0 Jr=0

rit 3
:>//V-darea:// V-Vdvolumn—/ V -darea
S Q S1
_1971'

=0 (2 pts)
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8. (10%) Find stationary points of f = 3zy—2>—1>+2. Determine which are local maximum, local minimum
or a saddle point.

Solution:

Vf=3y—32%3z—3y*) = (0,0) = y = 2% and = = ¢*

= (x,y) = (0,0) and (1, 1) (stationary points)

D = fuufyy — f2, = 362y —9

D(0,0) = -9 < 0= (0,0) is a saddle point.

D(1,1) =27 >0 and fz2(1,1) = —6 < 0= (1,1) is a local maximum.
2 pts if stationary points are all wrong.

5 pts if D is wrong or you just get one stationary point.

6 — 8 pts if you have some mistakes.
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9. (10%) Use Lagrange multiplier to find the maximum and the minimum of f(z,y) = 3z% — 2y for z, y on
the curve 222 — 2zy + y? = 1. (You don’t have to give the locations of these extrema.)

Solution:

by Lagrange multiplier, we have
6z = M4z — 2y) and —4y = A\(—2z + 2y) and 22% — 2zy + 1> =1
if A\ =0 then z = y = 0 it is not satisfies 222 — 22y + 3> = 1

80, A # 0 we get

6 —4
%—4&::—2yandTy—2y2—2xand2x2—2xy+y2:1
-4 -2
- —
—4
—9 3 -
= A=2o0r -3

if)\:2thenx:2yandy:§

2 2 2 2 2 9 1
from 2z° — 2zy +y“ =1 we get 8y* — 4y +y“=1=y :g
x? 4

=1l=222==

d22—27
and 2x ZE+4 5

50, 322 — 2y* = 2 (maximum)
i)\ — _ _Y
1f)\——3then3x—yandx—§

1
from2w2—2wy+y2:1weget2w2—6m2+9w2:1:>x2:5

no point if you don’t use Lagrange multiplier.
2 — 3 pts if you don’t get any extreme values.
5 pts if both extreme values are wrong.

7 — 8 pts if one of the extreme values is wrong.
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