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1. (15%) Sketch the region bounded by the curves z'/® + ¢'/3 = 1 and x +y = 1. Locate the centroid of
the region and find the volume generated by revolving the region about each of the coordinate axes.

Solution:
(a) Sketch of the picture (3 points).

() 1
Jo z[(1—2) = (1 —2'3)]da

X=y =22 ]
area of the region ’ (1)
where
1
area of the region :/ (1—x)—(1—23)3dx )
0
1
:/ 1—a2—[1-32"3+32%% — 2] =9/20 (3)
0
and

/01 w[1—2)—(1- xl/?’)ﬂ dz = 9/56. (4)

So X =Y = 5/14. (5 points)
(c) (7 points)

The volumn generated by rotating the region with respect to x-axis
=21 - Y - area of the region = 97/28;
The volumn generated by rotating the region with respect to y-axis

=27 - X - area of the region = 97/28.
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. (15%)

(a) Evaluate / Inz dz.

(b) Show that the function f(z) = Inz is increasing in x > 0.

(c) Consider the definite integrals of f(x) =Inz on [1,n] and [1,n + 1]. By comparing the upper sum
and the lower sum for f(z) = Inz with regular partition of length Ax = 1, derive the inequalities

n n+1
/ 1nmdw<ln1+ln2+---+lnn</ Inz dz.
1 1

Sketch a graph if necessary.

(d) Prove that (2> <o <n+ > :

€ (& €

Solution:
2.

(a) We use the integration by part to get

[mede—ste a0

for some constant C € R.

(b) There are two methods you can choose

(1) If 29 > 21 > 0, 72 1, then we have
x1

In (ﬁ) >0 or
x1
T2 dt )
[
T t

d 1
. nx .:1:>O

Inzg —Inxy =

(2) For z > 0, we have

Then we can derive the result by applying the Mean Value Thm.
(c¢) From part (b), we observe that In1+41n2+4---+41Inn = the upper sum on [1,n|. Thus, we have

ln1+1n2—|—---+lnn>/ Inxdx |3 points |
1

Similarly, In1 +1n2+ --- + Inn = the lower sum on [1,n + 1]. Thus, we have

n+1
ln1+ln2+--~+lnn</ Inxdx |3 points |
1

Therefore, we conclude that

n n+1
/ 1n:1:<1n1—|—ln2+---+lnn</ Inzdz.
1 1
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(d) From part (a), we evaluate

n

/lnmd:v = zlhhz—2x
1 1

= nlhn—-—n-+1

= In (eZ:)’

n+1
/ Inzder = zlnz—=
1 1
= (n+1)In(n+1)—n

(n+1)n+1 .

= In{——— 2 t
o (), o]
Inl+mn2+---4+Inn=Inn! .

Then, from part (b) and the inequality of part (c), we have

n+1

and

n" | (n+ 1)t
o1 < n!< e—”

<n)n n! <n+ 1>"+1
— < — <K .
e e e

So it implies
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o+ 2% + 1
(1 lcul :
3. (15%) Calculate / o 1)(x2+1)2dx

Solution:
rt 4223 + 1 x
/(m—l)(a:2+1)2 de =In|z — 1| + arctanz — o] +C
14223 +1
Write vk At 5 into partial fraction by letting

(x—1)(x2+1)
423+ 1 A Br+C Dx+FE

G- D)@+1)P 2-1" 2+1  (@11p

then 2* +22° +1 = A(2* + 1) + (Bx + C)(z — 1)(2® + 1) + (Dx + E)(x — 1)
.Putx=i,weget2—-2i=(Di+E)(i—1)=(—D—FE)+ (D — E)i, then D=0, E = -2
.Putz =1, we get 4 =4A, then A=1
. Putrz=0,weget 1l =A—-—C—-—FE=3—-C,then C =2
.Putz=—-1,weget 0=4A—-4(B+C)—2(—D+FE)=—4B, then B=0
So,

xt + 223 + 1 1 2 —2

G- D@+1? -1 211 @12

Integrate each term,

1
/ de =Injz -1+ C
r—1

2
/ 2+1dm:2ar0tanx—|—0
T

-2
For / ———  dux, substitute = tanu, dz = sec? udu, we have
(224 1)2

—2
———d
/ (@17
1 2
= -2 | ——5—— sec” udu
(tanu® + 1)

1 2
= — /W sec” udu

1
:—2/ 5 du
sec? u

1
:—2/coszudu: —2/5(1+0082u)du

in 2
:_2(7_L+Sln4 u)+C:—u—sinucosu+C
¢ ! ¢ ¢ ' 4o
= —arctanx — = —arctanxr —
\/$2+1\/ZL‘2+1 2+ 1

So,

x4+ 223 + 1 T
/(x_1)(x2+1)2dx:ln|:v—1]+arctanx—xz_i_l—i—C’
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4. (15%) Solve the initial-value problem

{ (cos? 7))y’ — (secx + sin® v)y* = 2secx — 2cos® x + 2,

y(0) = V2.

Solution:

(cos? 1)y’ — (secx + sin? x)y* = 2secx + 2(1 — cos® 7)

(cos®2)y’ = (y* + 2)(secz + sin” z)

Around z = 0, cosz # 0. So

1 d
T 2d_y =5eC T+ 1ANT T oo (6 pts)
Y x
1 3 2
7T 2dy = (sec’ z + tan” x)dz
1
/ 5 +2dy = /(sec3x+tan2 x)dx
)
1
Etan_l(%) = /(Sec3a: F a2 Z)AT oo (3 pts)
1 1, Y
—tan (=) = [ sec® xdx + [ (sec’z — 1)dx
A=
1 1
Etanl(%) = §(secxtanx+lnlse0x + tanz|) + /(seczx —Ddx ...
1 1
Etan_l(%) = §(Secwtanx+1n|secx +tanzx|) +tanz —x+C ...l
y(0) =Vv2 = itan_l(é) —1-0+1~0+tan0—0+0: C=—"_
7 5 2 5 T T

The solution is

Ly 1L 1( tana + In | +tanz|) + t +
— tan — ) = —(secxrtanx Nn|secxr anuxr anxr —xT e
V2 V2© o2

44/2
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5. (15%) Consider the curve given by the polar equation r = a + cosf where 0 < a < 1.

(a) Find the tangent lines of this curve at the origin.

V3

Find the constant a = a( such that the tangent lines at the origin are y = Tx and y = —733.

(b) Draw the curve r = ag + cos 6.
(c) Compute the area of the region bounded by the inner loop of r = ay + cos 6.

(d) Find the area of the surface given by revolving the inner loop about the z-axis.

Solution:

(a) 4 points tangent line of this curve at the origin
dy/df  acosf+ cos20 | _ a?—1
dr/d)  —acosf — 2cosfsind (O=cos™H(=a) = = A 22
V3 a’—1

+X° =4

2 av'1l—a?

a—é
VT

(b) 3 points follow the page 488 (Figure 10.3.9) the fourth picture of the textbook.

(c) 4 points the area of the region bounded by the inner loop

T 1
—2/ —r?df
cos~1(—a) 2

3 1 4
=av1— a2(§) — (a® + 5)(7r —cos ' —a),a = -
(d) 4 points

the area of the surface given by revolving the inner loop about the x-axis.

T dx dy
5= 2”\/( a0+ Gg)

cos—1(—a)

S = / 27 (a + cos ) sin 0v/1 + a2 + 2a cos 0df

os~1(—a)
/ V1+a?+2t(—dt) + / —V 1+ a?+2t(—dt))(t = acosb)

a2 CL2

—a

1
:—27r§(1+a2+2t)%:22—27r/a [(;)(1+a +2t)7) —/ (14 a® + 2t)2dt]

(1-a)a=1/3)

O] =

— 9n/3a(1 — a)® — 27/3(1 — a)® — 27r/a2(%(1 —a)b -
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6. (15%) Compute the following limits

(a) xli%h (z7' + 31:’2)ﬁ
Y]

b) lim

b) i 1) —sin (3)

n

@

1 n
(¢) lim <1 + 1—) , where a > 0

n—00 nn

Solution:

(2) 1
Let y = (27! + 27 %)ms.

1 1 -1 -2
Then we have Iny = m(ln(x*1 +27%) = WT—?) (2 %)

Since that as 2 — 07, Inz — —oo , and In(z™*

By L’Hopital’s rule , we get

1 -1 —2
lim hly = lim _Eig;__j;f__l
z—0t z—0t Inz
—z—2_92273
T
-y o
—x b — 2772 —x—2
p— 1‘ —_—m 1 pr— —2 4
e + 72 o0t T +1 (4%)
S0,
lim (o7 +273)m7 = lim y=e? (5%
Sp e =y =" (5%)
(b)
Let x = —.Then as n — oo, we have z — 0"
n
So,

o -2P . [In(1-a2)P
lun ———j———ﬁ——f — 11m —
n—oo tan ~ —sin — z—0t+ tanx — sinx

3

Since as z — 0%, we have tanz — sinx — 0, and [In (1 — z)]°> — 0

By L’Hopital’s rule , we get

[In(1 —2)]? 3[n(l —z)]* -1

lim ~— = lim (2%)
z—0+ tanx —sinx  z—o0+ sec?x —cosx 1 —x
Since . . 5
lim — = —1 and SeC2$—COS[L':ﬂ
0+ 1 —x cos? x
We have
fim 3n(1 —2)]* -1 — lim —3[In(1 — z))? — lim —3cos? z[In(1 — z)]?
z—0+ sec?x —cosx 1l —x  z—0t sec?x —cosT  a—0+ 1 —cos®z
—3cos? In(1 — z)]? In(1 — x)]?
o Beofs 0o [l a)
z—0+ 14+ cosx +cos?z 1 —cosz z—0+ 1—cosz
Since 3 c0s?
lim —3cos*x —

z—0+ 1 4+ cosx + cos? x
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Similarly,as  — 0", we have 1 — cosx — 0, and [In (1 — z)]* — 0
By L’Hopital’s rule , we get
[In(1 — z)]? . 2[In(1 —x)] 1 . 2[In(1 — )]

lim —————— = lim - = lim -
z—0+ 1 —cosz z—0+ sinx 1—2 z—0+t sinx

Since

1
lim =1
z—0+t 1 —x

Similarly,as * — 07, we have sinz — 0, and [In (1 — z)] = 0
By L’Hopital’s rule , we get

2[In(1 — z)] , 2 -1
=0+t sinw a—0+t cosz 1l —w

— 2 (5%)

(c)

Note that ] 1
lim (14 —)"" = lim (1+ —)*"
nl_}r{.lo( +lnn) J?1_%10( +lnx) where a >0
1 e 1 In (14
Let y = (1+—)%. Then lny = 2%In (1 + ) = 1+ ns) For @ > 0, we have as z — o0
Inz Inz xe

1
Jn (14 1—) — 0,and 7% — 0
nx
By L’Hopital’s rule , we get
1+ (Inz)?z ) T

. (I go)
Ay = B = e B Sty )

Also, we have as * — oo ,alnz(1 +Inz) — oo,and 2% — oo
By L’Hopital’s rule , we get

x® axr® ! x®

i =1 = lim —
:vglgoalna:(l—i—lnx) acggooz(l—l—%lnx) oo 2Inz + 1

x

(3%)

Also, we have as * — 00 ,(1 + 2Inz) — oo,and 2% — oo
By L’Hopital’s rule , we get

« a—1 «
. . ax . .
= g1 T T = Ty = (e > 0)(4%)
So,
lim Iny = o0
Tr—00
Thus,

1 e
lim (1 + l_)x = lim y = lim ™Y = 0o (5%)

T—00 nax T—00 T—00
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7. (15%) The gamma function I'(z) is defined by the improper integral

['(x) :/ t" et dt.
0

(a) Show that the integral converges for = > 1.
(b) Show that the integral also converges for 0 < x < 1.
(c) Show that I'(x + 1) = zI'(x) for = > 0.

Solution:

The gamma function I'(z) is defined by the improper integral
[(x) = / t" e L.
0

(a) Show that the integral converges for = > 1.

ot/

Since x > 1, the integrand f(t) = t* e~ is defined and continuous on R. Also, since lim

t—oo o1
there exists C' > 0 such that €//? > *~! for all ¢+ > C. Thus

0o C [e%)
/ t*lemtdt = / "= temtdt + / t*temtdt
0 0 C
C 0
< / et + / e 24t
0 C

c
:/ t" e tdt + (—2)6_t/2‘20
0
< 0Q.

Therefore the integral converges.
(b) Show that the integral also converges for 0 < x < 1.

Since 0 < x < 1, the integrand f(t) = t*"'e™" — oo as t — co. Write

fo'e) 1 %)
/ e tdt = / t*le~tdt + / t*le~tat
0 0 1

= A+ B
t

By a similar argument as in (a), we can show that B converges. Now, since e~
0,1], t* et <#*~!. Thus,

1 1 1 1
A= lim t*~le7tdt < lim VAR { A
X

a—0t+ [, a—0t+ [,

0

Therefore the integral converges.
(¢) Show that I'(z + 1) = «I'(x) for > 0.

This is done by an integration by parts:

= 00,

is decreasing in

Page 10 of 11




[(x+1) :/ t"etdt
0
= —t"e| —|—ac/ t* e " dt
0

= z['(x).
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