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1. (10%) Determine the values of = for which the series Z 0 (1 + ) converges absolutely, converges condition-
nlnn x
n=2
ally or diverges.
Solution:
Use Ch.9. theoreml1l. p.516
1 1\n+1
ey (3 1 1 1 1

. (n+1) In(n+1) (1+3 . nln(n T+
P= B —— A e T e S ‘ Tz x
p<l1
r+1

]<1, 41| < o]

when z < 5 converges absolutely

oo

1 1
T=-3, the series = 3:2 nT(n)(_l)n is the alternating series (Ch9. theorem 14. p.521)
1
when z = —7) converges conditionally

1
when z > —5 diverges

. (:1: —tan~! x) (637” — 1)
2. (10%) Evaluate ili% 577 — 1% cos%a

Solution:
23
tan la =z — 3 + ... (2 points)

3 =14 3z + ... (2 points)
4z 162*
cos2z =1— % + TQ'C (2 points)
 (I—tan~la)(e—1) . at+.. 3 )
1 =1 =—-(4
50 221 + cos 2z 250 %x‘i 4o 2( points)

(There is no partial credit for using L’hospital law)

>, (In2)*"
3. (10%) Find out the value for the series Z (In2) .

— (2n)!

Solution:
2 2 T —x 2 4
Sinci e""):2 1 —Z x —1—);! + ... ar;dQe_m :1 12— T+ % + ... (2 points), % =1+ % + Z—' + ...
In2 In2 et +e .

1+ 51 + 1 +"':f21 (8 points)

4. (10%) Find the Taylor series representation for f(z) = In(2 + 3z) about = 1. For what values of z is this

representation valid?

Solution:

R

In(2+3z) =In(5+3(x — 1)) =Inb {1—%— g(a:— 1)} =In5+1In [14— g(x— 1)} :1n5+§: =)
n=1

(6 points)

3
—1<5(J:—1)§1:>— < x < = (4 points)

[SCAR )
w| oo

5. (15%) Consider a curve r(t) = (3t —t3) i+ 3t> j+ (3t +t*) k, t € R.
(a) Find the unit tangent T(t).
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(b) Find the arc length function s(t).
(¢) Find the unit normal N(¢).
(d) Find the curvature x(t).

Solution:

7' (t) = (3 — 3t2,6t,3 + 3t?)

17/ ()] = V18 + 18t4 + 3612 = 3v2(t* + 1)

() = V() 11—t 2t

"ol e ErrEsrY
- [ = | 3V + 1)du = 33 1)
pon V2
T'(t) = m(*%, 1-— t2,0)
01 = G VI TP = e e = 0
A OIS TP
N(t) = T = (2l £2,0)
wo ~ TP 1
YOI 3v2(t2+1)  3(t2+1)

6. (20%) Consider the function

x
g ={ @rye M EVF
0 if (z,y) = (0,

(a) Find lim  f(x,y). Is f continuous at (0,0)?

(z,y)—(0,0)
(b) Find the partial derivatives g—f and g‘zjj
(c) Is % continuous at (0,0)?

0% f 0% f

Fi .

(d) Find 920y (0,0) and y0r (0,0)

(e) Find the directional derivative of f at (1,1) in the direction of 5 i+ 12 j.

(f) Find the maximal rate of change of f at (1,1) and the direction in which it occurs.

Solution:
(3 pts)(a)
3 22
li —| < li =0
(2.)>(0.0) = +y? < (@, | Hx? +y? < (2.)(0,0) =
23
~  lim ——— —0= (0,0
(2.)—(0,0) 2 + y? 10,0
So f is continuous at (0, 0).
(4 pts)(b)
For (z,y) # (0,0),
of ot + 322y?
(@) = 5
O (@* +9°)
3f( ) —223y
—(z,y) = —5——.
oy YT @)
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And

g (00) = fim h =5
87(0’ 0) = Jimy h =0
(3 pts)(c) Let = cosf,y = sinf. Then
im ﬁ(w )= lim ﬂ
o0 3y T @00 @2+ y2)?
_9pd ned O ai
= lir% M = —2cos> fsinf
r— T
Hence, e is not continuous at (0, 0).
(4 pts)(d)
3 )
S 0.0) = Iim SL(h,0) — 5L(0,0) L
Oxdy h=0 h '
O (0,0) = tim 2:0:F) — 5:(0.0)
Oyox "’ k—0 k
= %IH%) %1 does not exist.
—
(3 pts) (e)
512 _of of
-1 5 12 -1

=Duf(1L1)=ViL1) u= (15 (5313 = 13-

V5

3 pts) (f) maximal rate of change = |V f(1,1)| = —. The direction vector is parallel to V f(1,1).
2

2

1
7. (156%) Let C be the curve of intersection of the paraboloid z = 2+ §xy + yz and the circular cylinder 22 +y? = 13.

(a) Find a parametric equation for the tangent line to C' at the point (3,2,13).

(b) An object is moving along C. If the z-coordinate is increasing at the rate of 4 cm/sec, how fast is the z-coordinate
changing at the instant when x = 3 cm and y = 2 cm.

Solution:
(a) [8%]
1 2
Let f(x,y,2) = 2° + 5%Y + yZ — 2z, g(z,y,2) = 22 + y? — 13 and the curve C = C(s).
1 1 1 5
Vi(z,yz) =2z + 2¥ 5% + oY -1) = Vf£(3,2,13) = (7, 2 —1). i (2 points)
Vy(x,y,z) = (2x,2x,0) = Vg(3,2,13) = (6,4,0). eevoeerrereraianene (2 points)

Since V f(3,2,13)L the tangent vector C'(s)|(32,13) and Vg(3,2,13)L the tangent vector C'(s)|(3,2,13)
= the tangent vector C'(s) // Vf(3,2,13) x Vg(3,2,13).

5
And V/(3,2,13) x Vg(3,2,13) = (7, 5, =1) X (6,4,0) = (4,6, 13). erccrvrrcrn (2 points)
-3 -2 —13
Therefore, the tangent line equation is z Y y76 ~Z Tg o s (2 points)
(b) [7%]
d
At the point (3,2,13), we have the rate d—j =4 cm/sec.
d d d
Take pril the equation 22 + y? = 13 = 2xd—f + Zyd—i =0 e, (2 points)
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d —z dx -3 .
= £|(3,2,13) = (75)\(33,13) =5 <4 =—6 cm/sec. ....ccooueu.. (1 points)
2
Y

d 1
Take — on the equation z = 2% + 53:y+ T
dz der 1ldzx 1 dy wydy .
— =2r— + -— —r— + = — e 2 t
égt xdt+2gty+2dxdt +12(Ciit : (2 points)
2 x x y  ydy
haied = (2p— 4+ =22 AT atd
= gleain = Qe g 5r ey oy

1 1 2
:6-4+§~4-2+§~3-(—6)+§-(—6):13cm/sec. .............. (2 points)

)|(3,2,13)

= a
8. (10%) Let z, y, u and v be related by the equations { iyfz 4 i Lo=0. Find <8Z>u

Solution:

ZS
F(z,y,u,v) = zyuv — 1 =0,
Glz,y,u,v) =z+y+ut+v=0.

A(F.,G)
(5) =-apey GFHBE 2 550 WA w HUTFA)
v O(v,y)

Tyu  Yyuw
L L a2
TYyu TUv
1 1

_ TYyu — yuv @
 xyu — 2UV

Yyl —w) 2
= o) (HEEH u#£0) O

3>

)

/%" : Holding u,

or dy ov R
%70:>yuv+x%uv+xyu%f0, (3 77) and

oG dy  Ov _ N
%f0:>1+8x+axf0.(3ﬁj)

By Crammer’s Rule,
—yuv  TYU

6y_’ -1 1
i e

(2 97)
TUV YU
1 1

_y(x—v) JaN
= rw—y) (241) O

/NEERRIT 2 43 BHEE o MBEMIRM O EL1E 4 7 -
5= 1 H

Bou BEE H 2 WO E

dy -1 dy | PN e
ot (zyu)? (yu—l—:vaxu) =0, (SRR 6 47)
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FI3k 2%y*u, 15
22y%u+ 2?yPu> —y— == =0,

H

@:y—nyQU y—zy- 1 ylv—uz)
Or r2y*u—z xy- -z )
v

9. (10%) Find and classify the critical points of the function f(z,y) = z* + y* — 4zy.

Solution:

4

g:4x374y:0¢y:x3
3% 245) =z=y*=2"
—:4y3—4x:0:>x=y3
dy
=z + D@2+ )@+ D) -1)=0
=z=0,1,-1.

5 critical points:
(Oﬂ 0)7 (17 1); (717 71)' (3 ﬁj\)

A IR

| 1227 4 N
i
0 -4 . . N
D(0,0) = 4 0 |7 —16 < 0 = (0,0) is a saddle point. (1 77)
12 —
D(1,1) = ‘ D ‘ =128 >0, and fu.(1,1) = 12> 0
= f(1,1) = =2 is a minimum. (1 43"
12 —4
D(-1,-1) = ‘ U 1 ‘ =128 >0, and fou(—1,-1) =12>0
= f(=1,-1) = =2 is a minimum. (1 7") O
2?2
10. (10%) If the ellipse ol + i 1 (a,b > 0) is to enclose the circle 2% 4+ 3 = 2y, what values of a and b minimize the

area of the ellipse?

Solution:
2 2
x
Since el + Z—Q =
that can enclosed the cirlce is tangent to the circle, and the tangent point (z,y) has one possible solution for y
variable. Hence, replace y variable into one of the two equation we got

1 enclosed x2 4+ y? = 2y, and the central of the circle is located at (0,1). The minimal ellipse

Rearrange into quadratic form we have (a? —b%)y? +2b%y — a®b* = 0.We require the determiant D = /b2 — 4ac =
0, i.e, b?> — a®(b® — a®) = 0. This is our constrain equation.(3 points).Under this constrain, we need to derive the
minimal area mab. This come to consider Lagrangian multiplier method.
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Then our Lagrangian equation is
L(z,y, \) = mab 4+ A\[b? — a®(b* — a?)]
(1 point)We take derivative along a and b variable, and the minimal point (a,b) will satisfy following system
7b + A(—2ab® + 4a®) = 0
ma + \(2b — 2ba*) = 0
b2 _ a2(b2 _ a2)
. : . _3V3
(3 points)Solve this system we got a = 1/3/2,b = 3/v/2, A\ = —7/V/3.The minimal area is —5

Remark Constrain equation cost 8 points, and Lagrangian equation for 1 points. Answer and system equations
cost 3 points resp.
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