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1 pl—z el
1. (12%) Evaluate / / / sin(rz) dzdydz. [Hint: switch dzdydx into dxdydz.]
0o Jo y 2(2 - 2)

Solution:

We need to compute

/ / o /y sin m))dzdydx

The region of integration is bounded by [0,1] x [0,1] x [0, 1] N {(x,y,2) € R3|z+y < 1,2 > y}. (4% If you derived
the correct region or drawed a correct graph indicating the correct region)

1 pl-z pl 1 1y
Therefore, / / / flx,y, z)dzdydx = / / / fx,y, z)dedydz. (4%; you won’t get full points if you
0o Jo y o Jo Jo

did not provide your reasons)

//M/ Sm”ddyda:_///lysmmddydz
:/Olzsz;(ji))/o(l—y)dydz
:/0 Zség(irz))(z—Z)dz

' 1
= / —sin(nz)dz = —— cos(mz)

Hence

- % (4%)

0

2. (12%) Evaluate // e—4e" +120y—10y° dxdy where R is the region satisfying z > 2y and y > 0.
R
[Hint: rewrite 42% — 122y + 10y? as u? + v? by suitable changing of coordinates.]

Solution:
Let 4x? — 122y + 10y = u® 4+ v? (2 points)
Then let u = 2x — 3y and v = y then
_u+3v
T (2 points)
y=0
The Jacobian is Dy 1
z,Y
— (2 t
Buv) 2 (2 points)
// e—4w2+12a:y—10y2dmdy
= / / W+ Gudy
i
= / / frdrdﬁ
116 (6 points)

(22 +y* + zz)% dzdydzx.

1
3. (12%) Evaluate/
o Jo Va2 ty?
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Solution:

The domain is defined by
24yt 4+22<2, 22>+, 0<y<V1—22 2>0,z>0. (4%)
Change the variable by

x = rsin¢cosf

y = rsin¢sinf

Z =1Ccos¢
Andthedomainisdeﬁnedby0<r<2,0<q§<%,0<9<g. (4%)
I o5 V2
/// rsingdrddde  (2%)

0 0 0

T 1 Vot r 1

=5 (l-—)—F=5-0-—2) (2%)
2 V2! 4 2 V2

4. (12%) Find the work done by the force field
F=0Q2xyz+2> -2y +1)i+ (222 —doy +2) j+ (2Py+ 222 +22) k

in moving a particle along the curve C' parameterized by r(t) = —2t i + sin 't j4+atk 0<t<l1.

Solution:
Let ¢(x, y, 2) = 2%yz + x2% — 229° + = + 22, then

Vo = (2ryz + 22 — 202 + 1) i+ (222 — 4ay) j + (2%y + 22 + 22) k

F=Vé+azj (4%)

r(1)
[Fdr= [(vorai)de=otwy. s+ [ady @)
c c r0) Jc
r(l) (=2,%,m)
oz, y, 2) = o¢(z, y, 2) =22 =22 4 — 2472 =272 — 2
r(0) (0,0,0)
1oy JiTE 1
mdy:/ =2y1 -t =-2
/c 0o V1—1t2 0

/F-dr:27r2—4 (4%)
C

5. (12%) Evaluate the line integral ]{ F - dr counterclockwise around the region bounded by
c
2
0<z<1and2?<y<1, where F(z,y) = sin(x?’) i+ 136_72 j
Y

Solution:

By Green Theorem and Fubini Theorem
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%Fdr
C
o a? 0 . 4
—/’/12 %W — @bln(x )dA
Lol og
/ / da:dy(3%)
\/5

:/0 1+y?

) —
Yy
/0 14 y?

1

1
=S In(1+y?)

- - %1112.(3%)

0

6. (12%) Evaluate the integral // F - NdS, where
s

F=(z+y) i—|—(y+622)j+(2xsiny+2z) k,

S is the surface of the region D inside the sphere 22 4+ 9% + 2% = 4 and the cylinder 22 + 3% = 1,
N is the unit outward normal of S.

Solution:

By Divergence Theorem

//SF~NdS
:///DdideV
:/// 4dV = 4V (4%)

2m Va—r?
_4 / / / rd=drd6(6%)
Vi=rZ

:16%(8 —3v/3).(2%)

7. (12%) Find the flux of F = yz i — 22 j + (2 + y?) k upward through the surface

r(u,v) =e“cosvi+e“sinv j+uk,

where 0 <u<1,0<v <.

Solution:
0
a—T = (e"cosv, e"sinv, 1)
u
0
a—r = (—e"sinv, e"cosv, 0)
v
or 0
8T 87‘ (—e“cosv, —e“sinv, e**) (2 points)
u v
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0 1
. 2u .
flux = / / (uesinv, —ue“cosv,e ) - (—e“cosv, —e“sinv, e**)dudv
o Jo

T 1
= / / e dudv
o Jo

= %(64 -1 (10 points)

8. (12%) Evaluate % F - dr around the curve
c

r(t) = cost i+sint j+ (sint + cost) k, 0<t¢ < 2,
where F = (e —y?) i+ (e +23) j+ (e + 2z +y) k.

Solution:

Method 1: By Stokes’ theorem,

ng-dr://RVxF-Nds. (1 pt)

x2+y2=1,

We also have C : {
z=x+y.

Cr -0
Let R : { ;:r ZIQ-ZZI " Hence C is the boundary of R. Its parametric equation is R(x,y) = zi+yj+(z+y)k,
x* +y? <1

z? + y? < 1. N is the upper normal of R.

OR OR .
Nds = e a—ydxdy =(-i—j+k)dzdy (3 pts)
i j k
B 0 0 0 .. 2 2
V X F = det p oy P =i—j+ (32*+3y“)k (3 pts)

e =y eV ad ftaty

%F-dr = //VxF-Nds
c R
= // (i—j+ (32> +3y*)k) - (-i—j+k)dzdy
z2+4y2<1
= / / (322 + 3y?)dx dy
z24y2<1

27 1
= / / 3r2rdrdo
0 r=0
7,.4

1

= 27.3. —
4o
= %T (5 pts)

Method 2:
dr(t) = (—sinti+costj+ (cost —sint)k)dt (1 pts)

F(r(t)) -de(t) = ( (—e®st +sin®t)sint + (57 4 cos®t) cost
+(eSntteost 4 cost + sint)(cost — sin t)) dt (2 pts)

= e“dcost +sin tdt + ¢S tdsint + cos* t dt
eSOt (sin ¢ 4 cost) + (cos?  — sin® ¢)dt (2 pts)
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27 27
/ F(r(t)) - dr(t) (et et + eSi“HCOSt)ZO + / sin® t + cos*t + cos®t — sin®t dt
t=0 t=0

27 2w 2
= 0+ 2/ sin'tdt +0, since / sin” tdt = / cos™ t dt
t=0 t=0 t=0

_ 2/2”(1—cos2t>2dt
0 2

271'1 1 2
= / f—cos2t—|—§cos 2t dt
t

=0
1 2m 1 s At 2mn
= 7r+f/ +C$d4t, since/ cossds =0
8 Ji=o 2 0
n T
= e —
2
3
= 777 (7 pts)

9. (12%) Find the general solution of the differential equation

Yy’ 4+ 3y +2y =2e"" +4e “coszx.

Solution:

First, we consider the homogeneus equation 3/ + 3y’ +2y = 0, try y = €"® , we obtain the auxiliary equation
2 4+3r+2=0,50 (r+1)(r +2) =0, thus we get r = —1, —2.

So the general solution to the homogeneous equation is y;, = C1e™* + C’ge*QI, C4, Cy are constants

Since the differential equation is nonhomogeneus , the solution to this equation is given by y = y5, + y,, where
yp is the particular solution to this equation .

To compute yp,.

Method 1

we need to solve the following two equations

Yy +3y +2y=2e"" (1)

y" +3y + 2y =4e " cosz (2)

For (1), since y = e~ * is already a solution to this differertial equation, we try y = Aze™", and we get A = 2, so
the particular solution to (1) is given by y,1 = 2ze™"

For (2), we try y = Be ® cosz + Ce™ “sinx, and we get B = —2,C = 2, so the particular solution to (2) is given
by yp2 = —2e” *cosx + 2¢” " sinx.

Since this is a linear differential equation, we have the particular solution to 3 + 3y’ 4+ 2y = 2¢™* + 4e “cosx ,
say Yp, is the sum of the particular solution of (1) and (2), i.e., yp = yYp1 + Yp2 = 2z~ —2e “cosz + 2 “sinz
So, the solution to this equation is given by y =y, +y, = Cre™ " + Cye™?* + 2ve™* — 2e~ " cosz + 2¢~ *sinx
You can also try y, = Aze™* + Be™ * cosx + Ce™ * sinx directly to solve A, B,C

Method 11

The second method use variation of paramrters. For the homogeneus equation 3" 4 3y’ 4 2y = 0, from the above
calculation, we have there are two linearly independent solutions , say y1 = e~ %, yo = e~ 2%, and we search the
particular solution of the form y, = u1(z)y1(z) + v (z)y2(x).

For simplicity, we choose y, to satisfy the differential equation ujy; + ubys = 0 , and by this assumption

, for this y, need to satisfy this differential equation y” + 3y’ + 2y = 2e™" + 4e “cosz , we must have
uyyy + usys = 2e” " + 4e” ¥ cosx, so we have following two equations,

uhyr + ubys = uie”" +upe” > =0 (3)
uhyy + uhyh = —uje”" — 2uhe T = 27" 4 de” 7 cosa (4)

(3)*2+ (4) wule ™ =2e " +4e “cosx — uj =2+ 4cosx
,50 , u1 = 2x + 4sinx + C3 for som constant CS.
(3) + (4) = —ube ™ = 27" + de “cosx — ubh = —2e% — 4e® cos T .
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Using integration by parts, we get /e“ cosxzdr = e*sinx — /ez sinxdr = e*sinx 4 e” cosx — /ez cos xdx, SO

/e"L cos xdx = §(e"L sinz + e” cosx). Thus, ug = —2e” — 2(e”sinx + e” cosx) + Cy , where Cj is a constant.

So, yp = ur(x)y1(x) + uz(x)y2(z) = ui(x)e™ + us(z)e™®

= (2z +4sinz + Cs)e™ + (—2e° — 2(e"sinx + e” cosx) + Cy)e 2"

= 2ze™® — 27 4 2¢ Tsinz — 2e” % cosx + Cze” % + Cye”2* Thus the general solution is
Yy=yn +yp ==Cre " + Coe 2" 4 227" — 27" 4+ 2¢ Tsinz — 2 “cosx + Cze™® + Cye 2
=Cse % 4+ Cge 2 4+ 2z % + 2e % sinx — 2e % cosz. for some constant Cs, C.

10. (12%) Solve the differential equation

3,1

2y +axy —y=0

in the interval = > 0.

Solution:

Let y = 2" (2%) ,then we substitute it.

We have z"[(r — \)r(r —2) +r—1] = 0.
=[r-1’=0

= r=1,1,1(7%)

Then by ”checking detail” (2%) the solution is

y=ciz+ carInz + czz(Inz)?(1%).
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