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1. (16 points) Prove that the series Z — converges absolutely, and find its sum.
n
n=2

(n—1)2»
Solution:
Part I (6pts) Prove the series converges absolutely
o~ (D" 1
let a,, = _
era 7;2 n(n —1)2n
then the series convergent absolutely if Z |a,| converges
n=2
use ratio test: 1 1 1
. An41
1 = ==-<1
A = = e ) ~ 2
use comparison test:
1 1
compared a, to b, = — or b, = —
n 2m
show that a,, < b, everywhere and prove that Z |b| converges
n=2
Part IT (10pts)find its sum
1 o0
f(x) = vz l—z+a2*—2®+ 2. —7;)( 1)"z"
@ = [ {ipde =l +2) =2 52 + 3b bl S e e
= = In = _— —_ e — — —
g(x T+ x T) =TT+ c 2 Tt
Fore=0—¢cl=¢c2=0
h(z) = /ln(l +z)dr = ! z? — ! z® + ! gt 4. 43 = i(—l)”;x” +cd
1x2 2x3 3x4 ~ n(n —1)
= 1
(L) 01+ 2) = (1+2) = 3 ()" gy +of
Fore=0—-c4=-1
1
let ==
etz =5
= 1 3 1
—1)" n_ St -2
;::2( A T

2. (a) (8 points) The Binomial Theorem implies that

SIS

(1-a) :1+§: GO

kn(n!)

for some constant k. Find k, and find the interval of convergence of the power series.

1
b) (8 points) Estimate the error if one uses x = ——, and the first five non-zero terms in (a) to approximate
4

R
7

Solution:
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(a) (1 - ar:)_T1 = Z @x" So k = 4.(2 points)

2n)!
Let a, = (771)2 R=1lim " =1. (2 points)
nnl Qpt1
At x = —1, since a,, is decreasing and converge to 0, Z an(—1)" converges. (2 points)
—1
Atz =1, 2> " =(1-2)7 forallz € (—1,1) and lim (1—2)7 = oo.
x since Za Za )2 forall z € ( ) an mg{lﬁ( x) 00

Z ay, diverges. (2 points)
Hence, the interval of convergence is [71, 1).

1 1 -1
b — (1= (== T:— —= 1 point
() 75 = 30— (- }@W ") (1 poin)
Since it is an alternatlng series (2 pomts)

11, (2n)! 10! 126 .
\%—i(gm( ))|_m—4ﬁ(5pomt5)

3. (16 points) Consider the curve
r(t) =t i+ (sint — tcost) j+ (cost +tsint) k, ¢t >0

Find T(t), N(t), B(t), the curvature x(t) and the torsion 7(t).

Solution:

r(t) = (%, sint — tcost, cost + tsint)

( ) v(t) = (2t, cost + tsint — cost, —sint + tcost + sint) = (2t, tsint,tcost) (1% )
(t) (2, sint + tcost, cost — tsint)
”’( ) = d/(t) = (0, 2cost — tsint, —2sint — tcost)

7 (£)] = /42 + t2sint + 2cos?t = V5t (1% )
T(t) = |;’Eltf§ = %(2,sint,cost) = ?(Q,Sint,cost) (2%)

To get full points (3%) please answer both question correctly.

"(t) = i cost, —sin ! = i\/ cos?t + sin?t = L
!/ t )
N(t) = 0] = B(t)- N(t) = (0, cost, —sint) (3% )

To get full points (3%) please answer both question correctly.

_IT®l_p@®xa@®] _ 1 11 6
O T wwp e w )

To get full points (3%) please answer both question correctly.

v(t) x a(t) = (—t2,2t%sint, 2t>cost) (1% )
lw(t) x a(t)] = /(—12)2 + (2£2sint)2 + (2t2cost)? = \/t4 + 4t4 = /5t
If your calculation is wrong, you will receive some partial credit.

_M—i— sint, 2cos —ﬁ— sint, 2cos
B(t)_|v(t)><a(t)|_\/5( 1, 2sint, 2cost) = 5( 1,2sint,2cost) (2% )

To get full points (3%) please answer both question correctly.

[v(t) x a(t)]-a'(t)  2t2sint(2cost — tsint) 4 2t>cost(—2sint — tcost)

S ot 5t
(4t2sint - cost — 2t3sin?t) + (—4t2sint - cost — 2t%cost?t)
L, 5t
—2t -2
= o ()

I will also grant partial credit for partial solutions and solutions with minor flaws. I will give no credit for
wildly incorrect answers which are obviously only there in the hopes of getting partial credit.
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4. (16 points) Let F(z,y,2) = 2 + 22 +/ v/ (2 + T)y2dt. Find the tangent plane of the surface F'(z,y,z) = 2 at the
y
point (2, -1, —1).

Solution:
oF

oF 2 -1 [*
F2 = v gyTl / Y2 +7dt —y3 /42 + 7 (5 points)
Y y

OF
F3="-=2+ y5 /2% + 7 (4 points)
F1(2,-1,—1) =4 (1 points)

F2(2,-1,—1) = —2 (2 points)
F3(2,—1,—1) =4 (1 points)
4(x—2)—2(y+1)+4(2+1) =0 (2 points)

5. Suppose that z = f(z,y) has continuous second order partial derivatives, and 2 = s? — ¢, y = 2st. Define
F(s,t) = f(s* — 2, 2st)

(a) (6 points) Express Fy, Fy in terms of fg, fy, s and ¢.
(b) (10 points) Show that Fys 4+ Fyy = h(s,t)(fes + fyy) for some function h(s,t). Find h(s,t) explicitly.

Solution:
5.(a)
Fi(s,t) = 2sf,(s* — 17, 25t) + 2t f, (8% — 1%, 251) cvcveviviiiiiiiceccee, (3pts)
Fi(s,t) = =2t f, (8> — t,25t) + 25f, (8% — 12, 25)ceiviviiriiiiiiinnn, (3pts)
(b)
Fys(s,t) = 2y + 2528 fuz + 2t fuy] + 2t[25 foy + 2t £,
= 2fy + 457 frw + 85t fay 4+ A2 e (3pts)
Fu(s,t) = =2f, + 4% frp — 8st fzy + 432fyy ........................................ (3pts)
Foo(s,t) + Fu(s,t) = 4(8* + %) fao + 4(5" + 1) fyyeriomiomiiminieieene. (2pts)
= 4(8* + 1) (fow + fuy) = h(s,t) = 4(s*> +17)........ (2pts)

6. Let f(x,vy,2) = ya® + x2% —y.
(a) (10 points) Find all critical points of f(z,y,z) and classify them.
(b) (10 points) Find the maximum and minimum of f on the region 2 + y? + 22 < 1.

Solution:

(a)
fi =2xy+ 2% (1 point)

foma?—1 (1 point) = critical points at f1 = fo = f3 =0

= (£1,0,0) (2 points)

fa =2z (1 point)
2y 2x 2z 0 £2 0
Hessian | 2z 0 O (Ipoint)=1 £2 0 O (2 points)
2z 0 2z 0 0 =2

def H # 0 = neither positive definite nor negative definite
= both saddle points (2 points)
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Py’ +22 —1=yg(z,y,2) <0

Solve the system{ Zi; AVg (1 point)

22z + 22 =2\z (1 point)
2? —1=2xy (1 point)
20z = 2Az (1 point)
2y =1

case 1: z =0, then 22y =2 z. If x =0, y = £1 = (0, £1,0) = f(0,£1,0) = F1
fr#0,y=A=2"=2y"+1=1—-y*= (£1,0,0) = f(£1,0,0) = 0 (1 point)

case 2: 2 # 0, =\ = 2% =2zy +1 = (22° — 2%) +1 = (0,0,£1) = £(0,0,+1) = 0 (1 point)
max = 1 at (0,—1,0) (2 points), min = —1 at (0,1,0) (2 points)
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