1. (13%) Let f(z) =
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Take the natural logarithm, we consider
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So the answer is 3.
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. (9%) Let f(x) = 2z +1 Find a, b that make f(z) differentiable at = 0.
axr + b, x> 0.
Sol:
If f is differentiable at x = 0, it has to be continuous at x = 0.
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. (9%) Suppose f is a continuous function on [a,b] and a < f(x) < b for all = € [a,b]. Show that

there exists ¢ € [a, b] such that f(c) = c.



Sol:

f is continuous on [a,b],a < f(x) < b

Let g(x) = f(x) — z, g is continuous on [a, b]

g(a) = f(@)—a >0

g(b) = f(b) =b <0

g(a) - g(b) <0

By Inter-Mediate Theorem(IVT),there exist ¢ € (a, b),
st,glc) =0= f(c)—c

That is f(c) = c.

5. (13%) (a) Show that the function f(z) = 2 is strictly increasing on (e™*, o0).

Inl
(b) If g is the inverse function to f of part (a), find lim M

y—0o0 Iny

Sol:

f'(z) =2"(Inz +1).

When z > 0, 2% > 0; also, if > e, Inz +1 > 0.
Therefore, f'(z) > 0if z > e .

Since f'(x) is positive on (e™!, 00), f is strictly increasing.

(b) Let y = 2%, then Iny = xlnz = Inlny =Inz + Inln .

rlnlny xlnx  xlnlnz Inlnx
0] = + = .
Iny rlnzx rinz Inx

Since f is strictly increasing on (e™!, 00), y — 00 < x — oo.

Inl Inl
Thus lim 2@y oy ooz
y—oo ny z—oo Inx

6. (9%) Suppose that the function y = f(z) is defined by the equation z* = 2% — (y — 2)?, > 0.
Find the critical point of y = f(z).
Sol:

Differentiate each side with respect to x.
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First, we know that ¢/ = 0 if y = 22°, x # .

And Substitute y as 22° in the equation 2! = 2% — (y — )% We get

428 — 324 =0
V3

r=0, £—

2
V3
2

But z > 0 so we know that ¢/ = 0 if x =

And second, we know that 3’ might not exist when z = .

Substituting y as x in the equation z* = 2? — (y — )% We get

Provided that z > 0. We can observe that ¢’ dose not exist when

r=y=1

3V/3

3
So the critical points are <§’ T)’ (1, 1)

. (9%) The point P moves so that at time ¢, ¢ > 0, it is at the intersection of the curves
ry+22 = 2t and y = 2*t. How fast is the distance of P from the origin changing at time ¢ = 27
Sol:
xy+ 22 = 2t and y = 2°t for t = 2 imply 22° +2r —4 = 2(z — 1)(2* + 2 +2) = O,that is v = 1
and y = 2. Then differentiate zy + 27 = 2t,y = 2*t(View (z,y) as a function of time ¢) imply

/ / /

rTy+aoy +2r =2
y = 2xa't + 2%

By substitute (z,y) = (1,2) imply

4+ =2,y — 42’ =4,



ie, 2/(2) = 1/8,y'(2) = 3/2 for t = 2. Define the distance between P to the origin as D =

v x? + y2. The change rate is

zr' +yy'

D' =
Substitute above information then we get
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D
V12 4 22 8

8. (9%) How far back from a picture on the wall should one stand to view it best if the picture is

5m height and the bottom of it is 4m above eye level? .
5
-
! T
Sol:
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if0<x<6thend—9>0
dx

if6<xthend—9<0
dx

= @ has a maximum at z = 6

Wi

9. (20%) Let f(z) = (z —1)% — (z + 1)3.

(a) Find all asymptotes.
(b) Find the intervals of increasing and decreasing.
(c¢) Find the intervals of concavity.

(d) Find all local extreme values and all inflection points.

(e) Sketch the graph.



(f) Determine the range of real number c for the equation (z — 1) — (z + 1)5 = ¢ has zero,

one, or two solutions, respectively.
Sol:

(a) consider

liIin f(z) = hrf (x— 1) — (2 +1)%3
L —2x 0
= 1m =
r— o0 (x _ 1)4/3 + (x _ 1)2/3(3; 4 1)1/3 i (:1: i 1)4/3

(since the rate of /3 > 1)

i.e. f(x) has the horizontal asymptotes y = 0.

(b) since f'(r) = = [(z 1)~ (2 +1)7

we have f'(z) > 0 for |z| > 1.
for f'(z) <0 for |z| < 1.
Then the facts: increase on (—oo, —1) U (1, 00).

decrease on (—1,1).

(c) since f(x) = ;[(:z: F1)7 (= 1)
for f"(z) =0=2=0.
f(x) >0 = (=00,0) — {~1} .
f"(x) <0 = (0,00) — {1} .
(because the singular points of f(x) are at = +1)

Then we have that f(x) is concave up on (—oo, —1) U (—1,0)

concave down on (0,1) U (1, 00).

(d) By part (b) we know that f(x) has local maximum at x = —1 and local minimum at
r=1.
= Max = f(—1) = (4)"3 min= f(1) = —(4)"/3.

On the other hands ,by (c) we have the inflection point is (0, 0).



(e) By the above we can sketch the graph as follow

(f) Consider the graph as above with the intersection of horizontal lines,we have the facts:
No roots as | ¢ |> (4)3.
One root as ¢ = 0 or (4)'2 or — (4)/3.

Two roots as | ¢ |< (4)/3 ¢ # 0.



