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1. (12%) Let U(f, P,) be the upper Riemann sum for f(x) = — on [1,2] for partition P, with
x

division points z; = 2w for 0 < i < n.

(a) Write out U(f, P,) and then evaluate lim U(f, P,).

n—o0o

(b) Let L(f, P,) be the lower Riemann sum. Find lim L(f, P,).

n—oo

Sol:

i . : :
(a) For x; = 2=, since f is decreasing and continoous on [1, 2], we have

n—1

U P) = 32( max  f(@)(wier — )
1=0 -

—_

n—

= Z f@i)(vigr — i) = ;(xiﬂ — ;)
P - i

(2

Il
o

n—1
— ZQ%(QT —2w)
=0

n—1
St
i=0
1
=n(2n — 1)
So,
: : 1 (2 —1)
L U ) = e n@ — )=
27 —1 1
:lim( >:ln2 with = —
x—0 xT n

(b) For z; = 2%, since f is decreasing and continoous on [1,2], similarly ,we have

n—1

L(f.Po) =Y _(, min f(@)(wi =)
n—1 n—1 1
= Z f@ip)(@ip1 — 2;) = (Tiy1 — ;)
= =0 Lit1
1 n—1
—i—1 it1 i -1
=0 1=0
-1
=n(l—-27)



So,

_ 1—2%

lim L(f,P,) = lim n(1 —2%) = lim (—1)
27 ) — 1 w1 —1
:lim%:hm( ):ln2 with y = —
n—oo - y—0 Yy n

. . 1 2 ny\
2. (11%) Find lim 111<—>< ><~-><—> :

n— o0 n n n

Sol:

We have

S=

1 2
lim In(— x — X -+ x
n—oo n n

—~1 k !
)n = lim —ln(—):/ Inz dz
n—ool=n 'n 0

k=1

313

note this is an improper integral

1 L 1
=lim [ Inz dr=lim(zlnzx —/ dx)

a—0 a a—0

= lirr(l)(—alna —(l1—a)=-1- lir%alna

Note that
1

limalna = limg = limfi1 =lim—-a=0

a—0 a—0 E a—s = a—
(By L’Hospital’s rule)
Hence

1
lim Inz de=-1

Sol:




d
4. (11%) Find the integral / ’

R S
Sol:
1 —
(@ +a+1) z 2tatl
=0
1 R
o> +r+1) z 2+z+1
1 1 -1
o> +x+1) z 22+x+1
1 1 —x—1/2 ~1/2
v+ +1) z 22tx+l (z+1/2)2+1/4

take integral

dx 1 9 4, 2
5. (11%) Determine the real mumb that the int 1/2[ ! L1
) etermine the real number a so that the integra —— — — | dx converges.
’ & 0o leva2+4 aw &
Sol:
R —:
% BAED
[
—dx.
V2 +4
A
r =2tanf, dr = 2sec?6db,
a)
1 2
- 2sec” 6df

1
— dr =
/:U /22 + 4 v /2tan«9-2|sec€|
:/%cse@d@, if secd >0

1
:—§ln|cs09+cot(9|+0
1 2
=——In veird 2 +C.
2 x x




BT VA

2
1 1
————— — — | dx (has a singularity at z =0
[ (s~ 2 ) de (s singataity at o =0
2
) 1, [Va2+4+2] 1
= lim | —=1 — —1In|z|
b—0+ xr a
b
1 11 2
= lim ——ln‘\/a:2—|—4—|—2‘—|— ——— ) In|z|
b—0+ 2 2 a b
(
diverges, if a # 2,
= 1 2
lim (——ln‘\/xQ—I—él—i—QD Cifa=2
L b—0+ 2 b
(
diverges, if a # 2,
= ]
1 2+1
—=1In V2t if a =2.
2 2
k=
L L (has a singularity at z = 0)
——— — — (has a singularity at = =
xart+4  ax s Y
a—vVari+4
arvz? +4
_avar+4— (2 +4)
B ax(z? +4)

2-E-4£ 0 B vanishing order 5 1, 47 /& 0 B4 vanishing order &% 2a — 4 = 0 B§; FIARA
a =2 A A TRTASS.

Oa=2, 8]

2 1 1

A = <— ) .
0 \zvaz?i+4 2%

. 1 Viz4+44+2

=lm |—-—=-In|—
b—0t+ 2 xT

1
= lim (—iln’\/:zc2 —|—4—|—QD

2
(3L AL —)

b

1
- —1n|x|)
2

2
b

b—0+

1
=—=In

2

ARk =



B

uw=vVz2+4, v’ =2*+4, 2udu = 2xdz,

w7t

2v2
1
/ du = lim ln|u—2||z\/§:oo,
o uU—2 b—2+
M Insdd RIS, AR a =2, O
6. (11%) Find the volume of solid generated by revolving the curve y = e “sinz, = > 0, about

the z-axis.

Sol:
V:/ m(e " sinx)?dr
0
:7T/ e~ ¥ (sinx)*dx
0
oo 1 o0 o
+z e ‘”stxdx}
o 2/

o0
= E/ e~ gin 2xdx
2 )y

[o¢]
E/ e 2% ¢in 2xdx =
2 )y

2

1 —2x (3
—7T|:—§6 (sinx)

1 —2x o > —2x
[ — —e “*cos Qx‘ — e " cos Qxdx}
2 0 0

| — |
DN | —
|
|
o

0

oo
/ e sin 2xdx
0

1 o0 >
2% gin Qz‘ — / e 2 gin 2xdx]
2 0

=13 ol ol

|
bo | 3



Thus

& 1
/ e 2" gin 2xdx = ~
0 4

SO

V = g/o e~ 2% sin 2xdx = %

7. (11%) Find the areas of the surface obtained by rotating the curve y = cosz, 0 < x < g about
the r—axis.

Sol:

The required volume is

g
27r/ coszV 1+ sin?z dx
0

= 27T/4 sec®0df (sinz = tan@)
0

ISE

1 1
= 27r[§ secztanx — 5 In|secx + tan z|]
= 7[V2 +In(1 + V2)]
8. (20%) Consider the cardioid r = 1 — 2 cos 6.

(a) Find the slope of the tangents to the cardioid at the origin.

(b) Find the area of the region between the inner and outer loops of the cardioid.

Sol:
- 1 s 5%
(a) Attheorlgm,7“:1—20089:O:>0059:§:>9:§ or —
method 1:
dy
r=0= — =tanf = V3 or — /3
dx
methos 2:
dy % 4sinf cos O — sin 6

dr % - cos @ + 2sin®6 — 2cos? 6

5 d
Plugging 0 = g or ?ﬁ into the eqution, we obtain d_y =V3or —V/3
x



b 7“2
Alab)= [ o

1 b
_ §/ (1 dcos+ 4cos?)db

1
5(1 —4cosf) + (14 cos26)df

b
(30 — 4 sin 6 + sin 26)

I
2O | = Q\W

a

Area = A(%, %”) - (—g, g)
~n 2 (B
=7+3V3

9. (11%) Find the length of one arc of the cycloid x = rt — rsint, y = r — r cost.
Sol:
dx = r(1 — cost)dt

dy = rsintdt

s:/\/m:/02wr\/(1—cost)2—|—(sin2t)dt

27 27
t
:/ r\/Z—QCostdt:/ m/4sin2§dt
0 0
27

) t 2T ) t
= 2r|sin | dt = 2rsin — dt
0 2 0 2

t |27
( 7“0052) ; r

tanx

Y +ysec’ x = ze”

y(0) = m.

10. (11%) Solve the initial-value problem

Sol:

p(z) = /sec2 rdr = tanx

y(z) = e 1@ /eﬂ(x)(xetanx) dr — etam/xdx _ etanx(%xQ +o)
r=0=C=m

1
y(m) — e—tanx(ExQ +7T)



