Solutions of Homework #3

1. Claim : Sg is a o-algebra on E.
Suppose that B € Sp = 3A € S such that B=ANE.
B¢=A°NE.
Since S is a g-algebra = A° € § = B¢ € Sg.
Suppose B; € S = JA; € S such that B, = A; N E.
S Bi= N2 (AN E) = (NZ, A)NE.
Since S is a o-algebra = (2, 4, € S = (2, Bi € Sk.

Therefore Sg is a o-algebra on F.

Claim : v is a measure on F.

(1) : v is well-defined.
By the assumption, p*(X) = p*(F), we have

p(X) = p (ANX)+p" (ANX) = p* (ANE)+p" (ANE)

= u(E)

Since A= ANX D ANE = p*(A) = w*(ANnX) > p* (ANE),
and A = A°N XsupseteqA° N E = p*(A°) = p*(A°NX) >
pr(A°NE). - p*(X) is finite and p*(X) = p*(E), we have

p(A) = p (AN E) and p*(A%) = p"(A°N E).

Similarly, p*(B) = p*(B N E). Therefore

u(A) = p(A) = (ANE) = p"(BNE) = p"(B) =

(2) (@) =0
v(@) =v(@NE)=vd)=0.

(3) AﬂEDBﬂE:M/(AﬂE) >v(BNE).
Since v is well-defined, .. (ANE) D (BNE) = u(A)
Terefore v(ANE) = p(A) > uw(B) =v(BNE).

(4) :Countable additivity.

> u(B).

LetBleZﬂEESE,AZESandBZﬂB]:(ZJ,VZ#]

oG e S, U2 A =2, G, C; disjoint, and

Therefore
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(i)

Suppose B € A, -. B = ((a1,01]U...U (an, b)) N X, where
—o0o<a; <b<ax<b<...<a, <b, <o0.

B on X = (=00, 1] U (ULS (b as41]) U (aa o0]) N X

SBee A

Suppose C € A, . C = ((c1,d1] U ... U (¢, dmn]) N X, where
—00<c <d<cp<dy<... < ¢y < dpy <00

If (a,b] N (c,d] # O, then (a,b] U (¢,d] = (e, f], for some e, f.

Therefore,

BUC = (O(ai, bi] N X) U (O(cj,dj] N X)

= (a0

=1 J

!
(¢, di]) N X = (|J(ex, fil) N X, for some ex, fi

1 k=1

-

. BUC € A and A is an algebra.

(i) :

Since 2% is a g-algebra and A C 2% = o(A) C 2%,

Consider z € Q, since {z} =, ((z — 2, 2]N X) = {2} € o(A).
Suppose S € 2%X = S = {x;,2,,...} by the fact that X is count-
able.

S =U2 {xi}, v € Q, Vi

Since {z;} € 0(A) = S € o(A) = 2% C o(A).

Hence 2% = o(A).

(iii)

Let
0, ifS=0

() = { oo, otherwise

and 15(S) = the cardinality of S.

Suppose A € A.

It A=0, 11(0) = p2(0) = u(®) =0.
HfA#D=A={z,29,...} = 1(A4) = p2(A) = p(A) = 0.
Therefore p; and s are the extension of u to o(A).

But 1 ({z}) = 00 # 1 = p({z}).

Hence the extension of u to o(.A) is not unique.

3. Note :S is a o-algebra ,and (X, S, ) is a measure space, but may not

be complete.

(i) By definition, N'(u) = {F C X||pu*(E) = 0}.



1Y Let A={F C X||E C N for some N € S with u(N) = 0}.
VE € A,IN € S with E C N such that u(N) = 0.
= 0 < p(E) < p'(N) = p(N) =0.
S (E)=0=FE e N(u).
On the other hand, given E € N (u), 3 measurable cover
B € S of E such that £ C B and u(B) = pu*(E) = 0.
S EeA
Hence A = N ().

20 By definition, S V N (u) = the o-algebra generated by S U
N ().
Let B={EUF|EcSand FeN(u)}
Obviously, B C § VN ().
Claim:B is a o-algebra containing S U N (p).
pf:Since 0 € SNN(n), VE € S, F € N(u)
=F=FUleBand F=0UF €B.
. SUN(n) C B. Now, we're going to prove that B is a o-
algebra.
First, it’s easy to see () € B.
Second, given {B,}>>, C B
= B, = E, UF,, for some E, € S and F,, € N (). Thus,

o)

Us.=E.ur)=(JE)u(lJF). (1)
n=1 = n=1 n=1
Since S is a o-algebra, | J 2, E, € S.

Now we can choose a measurable cover N, of F,,, form the
problem4, we know that |J 7, N, is also a measurable cover
of U,—, F,. Therefore

[e.9]

UF < u( UN gi:

= Uty Fr) = 0= U2, Fi € N(p) (by 1°). Hence by
(1. U2, B, € B.

Third, given B € B = B = FU F, for some ' € § and
F e N(p).

= JN € S such that F* C N and u(N) = 0.

= B'=(EUF)*=E°NF°=(E°NN°)U(N\F).

Since (N'\ F') C N and u(N) =0, (N \ F) € N(u).
Therefore B¢ € B, since E,N € &, and we complete the
proofof the claim.

(ii) : g is the completion of u.
= Dom(p) = SV N (u).

(=) : YE C Dom(p).
= E e SVN(u) =8, ={E C X||[E A BeN(u), for some B €
S}.
=3B eSst. EABeN(u.



4.

~ Let C=EUB, A= ENB.
Then A C E C C'and A,C € Dom(f), and therefore we have

0<(C\A) =p(C\E)+ u(E\ A
<2u(B A E)=2u(B A E)=0.

Therefore u(C'\ A) = p(C'\ A) =0

(<) : For any E with the following property,
JA,C € Dom(p) with A C E C C s.t. u(C\ A) =0.
Since (E\ A) (C\ A) and u(C\ A) =0, we have E\ A € N (p).
Consider £ = AU (E'\ A).
Since A € S and (E'\ A) € N (1), we have F € SV N (u) =
Dom(f).

(i) : Let C; be a measurable cover of A;.
Then Cj is a p*-measurable set and

p(C5) = p(A;) with Cj 5 A;.

Now, let B be a measurable cover of | J ; A;, then
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Set éj =BNC;. Thus A; C C’j. Moreover, we have

W (Ay) < p(C) < ().
éj is a measurable cover of A;.
Consider p*(C; A C;) = p*(C; \ C5).
(a) : If w*(C;) = oo for some j .
Then p*(4;) = p*(Cj) = p*(Cj) = o0
= 1t (U; C) = (U, Ay) = o0 and (U C5) > (U A,)
Therefore | J; C; is a measurable cover of J; A;.
(b) : If u*(C)) < 00, Vj. .
Then p*(C; & C;) = p*(Cy) — p* (Cy) = p*(4;) — w*(4;) = 0.
By homework#2,

M*(U Cj) = p(Cy) < p(B) = H*(U Aj)

Since (U, 4;) < (U, Cy), we have (U, C5) = (U, 4y)

Therefore (J; Cj is also a measurable cover of | J; 4;

(ii) There are many examples! For example:

(1) X =R,S ={A C X|A is countable}U{A C X|A is countable}.
Write A; = {A C X|A is countable} and Ay = {A C X|A€ is countable}.
Define

. 0, if Ae A
m<A){ 1, if Ae A



Let A; = (—00,0), Ay = (0,00) = p* (A1) = p*(A42) = L.
Let Cy = Cy = R thenu*( D) =p(C) =1,i=1,2.
Thus, p*(Ar N A2) =0#1=pR) = p(CrNC).

(2) X =R and m is the counting measure.
Set A; = (0,1) and A; = (1,2) and C} = [0,1] , Cy = [1,2].
Then p*(A;) = u*(C;) = 00, i = 1,2 and
,U,*<A1 N AQ) =0 7é 1= /L*(Cl N 02)



