1. A=

(a)

Solutions of Homework #2

{A C X|A or A° is finite}.

(A is an algebra)

(i) ~.- 0 = X¢ is finite, . 0, X € A.

(ii) Let A € A.

If A is finite = (A°)° = A is finite = A° € A.

If A°is finite = A° € A.

(iii) Let {A,}F_, C A.

If A s are finite. = |J*_, A, is finite. . [J'_, 4, € A.

If there is A,, € A such that A7 is finite.

= (Un_1 An)® =My A5 C A o (Un_y Ap)© is finite.

U A e A

(A is not a o-algebra)

Let X = {x,}02, and Ay = {wor} for k=1,2,....

Then J,-, Ax is infinite and (U, Ak)® = {z2%-1}32, is also in-
finite. Therefore J -, Ax doesn’t belong to A and A is not a
o-algebra.

Let {A,}F_, C A be such that A, N A, = 0,Vm # n. Then

(i) If A’ s are finite, then |J*_, A, is finite.
= m(Unoy An) = 0 =30 m(An).
(ii) If there is A,, such that (A,,)¢ is finite, then m(4,,) = 1.
= (Un_1 An)® = Mi_1(A,)° C Ay, is finite.
(U An) = 1.
On the other hand, - A, N A,, =0,Ym #n
S Uy An C (Ang)°.
" Unan, An 1s finite. = m(Un¢n0 A,)=0= Zméno m(Ay).
Hencem(|Jf_, A,) =1 =m(A,,)+0 = m(Ang) HU,zn, M(An) =

> m(An).

If X is uncountable, then m can be extended to a countably ad-
ditive measure on a o-algebra.

Claim: m is countably additive on A.

pf: Let {4,}22, C A be such that

A, N A, =0,Yn#m and UAnE.A.

n=1

(i) If A, is finite, Vn and |J,—, A, € A, then we will claim
U~ A, is finite.
if not, (U,—, A,)¢ is finite.
Because X is uncountable, we know that (J -, A, is also un-
countable.
Then we get a contradiction by the fact that the Al s are
finite.



(ii) If there is A,, such that (A,,)¢ is finite, then (|J), A,)¢ C
(Ap,)¢ is finite.
(U An) =
On the other hand, " A, N A,,, = 0,Vn # ny.
5 Uty An € Aqy = Uz, An 1s finite.
S, An) = 0= Unzng m(An)(;o
So m(Un:l A”) =1= m<An0) = Zn:l m<An)

Since m is countably additive on the algebra A, m can be extended
to a countably additive measure on a o-algebra.
If fact, if we set

S ={A C X|A or A®is countable } and

7(A) = 1, if A¢is countable
A= 0, if A is countable

Then we can check that S is a o-algebra and m is a measure on
S such that m = m on A.

2.
H*(U Aj) < M*(U A; U UBJ)
= ((J4;UBy) = w((J((4; & B)) U(A; N By)))

J J

= w (A, 2 B))yu (LA 0 By)))

J J

< ((J; 2 By) + pwr(\J4; 0 By))

J J

<> w4 A B+ ((JA)n (U B)) = w (A n(UB))

J J J J J

Therefore p*(|J;
Similarly, p*(lJ;
A;

Hence, p* (U,

3. Let F be a closed subset of X. We want to show that VA € 2%
p(A) = (ANF) + p*(A\ F).

Consider A, = {z € A\ Fld(z,F) > +}.
Since p(A,, ANF) =inf{d(z,y)|z € A,,y € AN F} > 0, by assump-
tion we have

(A U(ANFE)) = p"(An) + (AN F)
Since A, U (AN F) C A, therefore
P (An) + (AN F) < p*(A) (1)



Claim(1): |J;2, A, = A\ F.
Obviously,J;~, A, C A\ F.
If not, 3z € (A\ F)\Uje; An. = d(z, F) < L, Vn.
Therefore d(z, F') = 0. Since F is closed, we have x € F, and
therefore we get a contradiction.

If we can show p*(U,—; An) = lim,, o p1*(A,,), then let n — oo in (1),

we have

pANE) + (AN F) < p(A)

Since the opposite inequality is always true, F is p*-measurable.

Claim(2): p

(Un 1A n) = limy, oo ¥ (An)

There are two proof of this claim:

pf(a):

pf(b):

We will show the general case, that is,

If B, U then p* UB = lim p*(B,)
n=1 n=1

stepl : If { B, } are p*-measurable, then the equality holds.(We
have showed this in the class.)

step2 : For each n, we can choose a measurable cover C), of

B,.

Let Cn, = i, C,, then C, / and measurable. Moreover
Cy D B, D B,,,Vk > n. Therefore B,, C C,,.

From the following inequality,

W (Ba) < 1*(Ca) < 1*(Ca) = p*(Ba)

we have p*(C,) = p*(B,). ie. C, is also a measurable cover
of B,,.

By problem 4 o f Homework+#3, | J;—, C, is a measurable cover
of Uy Bn-

Then by stepl, p*(U,—, Cn) = lim, .o p*(Cy,).

Hence p*(U,~, By) = lim,,_oo p*(By,).

By Taking A,, = B,,, we proves this claim.

(ZHFZRIEN)
If *(A) = oo, then p*(ANF) 4+ p*(A\ F) > p*(A) = oc.
Therefore p*(A) = p*(ANF) + u*(A\ F).

If p*(A) < 0.
Let B1 = A17 Bn = An \ An—l- Then

p(Bak, Bagi+1))), P(Bak—1, Bagy1) > 0,Vk € N

By assumption,

U sz = ZM* sz)u*(U B2k71) = ZM*(B%A)
k=1 k=1 k=1 k=1



Since Uy~ Bk, Upe; Boak—1 C A, we have
ZM*(B% ;ZM* (Bak-1)
k=1 k=1
Therefore Ve > 0, 3 large integer kg such that
- * . * 8
> W (Bu), Y (Bapet) < 3"
k=ko k=ko

Hence V2n > ky,

w (A <t (Aon) + D i (Ba) + Y (Bak)
n=1 k=n+1 k=n+1

; + g = (Ag,) +e.

Therefore sup,p*(A,) > p* (U~ Ay).

S (An) /1 and pr(A,) < p(A) < oo,

cdimy, oo i (Ag) = suppp®(Ay).

(U2 An) < lim,, oo p*(Ay). On the other hand, . A4, C
U,~, A, the opposite inequality is also true.

1 (Agp) +

4. Let &' C X.
If v*(E) =00 = v*(E) > u*(E).
If v*(E) < o0, given € > 0, 3A; € A such that

E C UAi and ZV(A,-) <v'(E)+e.

Since p = v on A, we have ) . v(4;) = >, w(Ai) > p*(E). = p*(E) <
v (E) +¢, Ve.
= '(E) < v*(E), VE.

" v is o-finite, countably additive, o(.A) is the o-algebra generated by
A and p is the extension of v. . u is the measure defined on o(.A) and
p=v*ono(A).

Let £ C X.
If W"(E) = 00 = p*(E) > v*(E).
If p*(E) < oo, given € > 0, 3B; € o(A) such that

Ec|JBiand Y u(B) < p*(E)+e.

Since = v* on o(A), we have Y . u(B;) =Y. v*(B;) < v*(E).
= v(E) < pu*(E) +¢, Ve.

/(E) < u*(E), VE.
Hence p* =



