Solutions of Homework #1

1. By the assumption, S = 0(.A) = the g-algebra generated by .A.
Let F' = {€ C A|€ has countable elements}. We want to show that

S= UEEF a(&).

1° claim:(Jeep 0(€) is also a o-algebra containing A.
Pi:Ugero(€) O A is obviously.

(i)

V{E. 521 C Ugera(€),

there exists &, € F such that E,, € &,, Vn. Since &, has
countable elements, | J 7, £, has countable elements.

Let |2, &, =& € F, we have E,, € &, Vn.

Since o(&) is a o-algebra, then (J,” | B, € Ugep o (E).
Given Ey, Ey € Ueepo(€). Similarly to (i), there exists &
such that Ey, Fy € o(&;). Therefore,E, \ Ey € o(&) C
UseF 0(5)'

Moreover, 0, X € Jgepo(E). Therefore by (i) and (ii),
Uger 0(€) is a o-algebra containing A.

Since S is the o-algebra generated by A, by the claim, § C
USeF 0(8)

2° On the other hand, foreach £ € F, E C A= 0(€) Co(A) =S,
VE e F.
= Ugerp (&) CS.

By 1° and 2°, Jgepo(€) =S

2. Since A C 2% is an algebra, -, X € A.

Let M(u

*) = the collection of p*-measurable sets.

(i) Given £ C X, we always can find A, C A such that £ C
U A X € A)
Define

mf{Zu 2| E C UAn,A € A}

Therefore Ve > 0, 3{A4,}>°, C A with E C |7, A, such that

S ul(An) < ' (B) +=

Let A=~ A,. = A€ A,.

mf{z,u W) A C UBn,B € A}

SZM(A)

<p(E)+e



(i) p*(E) < oco.

(=) Suppose that E is p*-measurable.

Given F' C X,
W*(F) = ' (F 1 E) + " (F \ E) M)

By (i),we have Vn € N, 3A4,, € A, such that

(A, < p'(E) + -

Let B=()",A, € Ays = E C B. Since B C A,, Vn, we
have

* * * 1
wH(B) < (An) < " (E) + —,¥n.

= 1(B) < p(B).
By EF C B, p*(B) = p*(F). By (1), we have

p(E) =p"(B) =p (BNE)+p (B\E) = p*(E)+p*(B\ E).

Since p*(E) < oo, we have u*(B\ E) =0

Suppose that there exists B € (A),s with £ C B and p*(B \
E)=0= B\ F is p*-measurable.

Since E = B\ (B \ E) and B, B\ E are py*-measurable, we
have E is also p*-measurable. (" M(p*) is a o-algebra.)

(iii) Since u is o-finite, there exists {X,,}°2; C A such that

(<)
(=)

X = UX” and p(X,) < oo

n=1

This proof is the same as < of (ii).

Suppose that E is p*-measurable. Then E = J >~ ,(ENX,).
Since M(u*) is a o-algebra and X,, € A C M(u*),

Let E, = EN X, € M(u*), ¥n.

Moreover, we have p*(E,) < p*(X,) < oo, Vn.

By (i), Vk € N, HBn,k e A, with Bn,k D FE, and

1
(Bpr) < u'(E, —
P (Bryi) < p( >+k2”

Since p*(E,) < oo and E,, € M(u*), we have

W (Buge \ En) = 17 (Bug) = 1 (En) < 150

Therefore >0, " (B \ En) < 1.

<
Let B® = )2 B,y € A, = E C BW |

[e.9]

H*(B(k) \E) < M*(U(Bn,k \ E,)) < ZN*<Bn,k \ E,) <

n=1 n=1

El



Let B =(;2, B®. Then

W (B\ E) < p*(BW\ E) < -, Vk.

1
k )
Therefore p*(B\ E) =0 and E C B, B € Ags.
Hence B is what we want.

3. (=) Suppose that E is p*-measurable. Then by the definition of mea-
surable sets, we have

W' (X) = W' (X A E) + (X \ E)

Therefore, by u(X) < oo, we obtain

pHE) = p(X) = @ (E°) = p(E)

(<) Suppse that p*(F) = u.(E). We have

w*(E) = pu(B) = u(X) — p* (E°). (2)

We give two proofs.

proof(a):

proof(b):

For any FF C X, Vn € N, dA,, € A, with F' C A,, such that
W (A) < (F) + .

Thus, p*(NA,) < p*(4,) < p*(F) + L, vn.

Therefore, we have p*(NA,) = pu*(F).

Let M(p*) = the collection of p*-measurable sets. Since A C
M(p*) and M(u*) is a o-algebra, we know that A, C M (u*).
So, NA,, € M(u*). So far, we have the following conclusion:
For any F' C X, there exsits a p*-measurable set B such that
B D F and p*(F) = p*(B).

Thus, we pick two measurable sets B;, By such that

Bi1 D E, By D E° and p*(By) =y (E), p*(Bz) = p* (E°).

By (2), we have pu(B;) + pu(Bs) = u(X). Since By and By are
©*-measurable set, we have

w(X) = p(B1) + p(Bz) = p(B1 N By) + pu(By \ Bz) + pu(Bz)

= ,LL(Bl N Bg) + ,U(Bl U Bg)
1(B1 N Ba) + pu(X).

Since p(X) < 0o, we have pu(B1NBy) = 0. Thus, u(B; \ E) <
p(By N By) = 0. And we have By N By is p*-measurable.

By E = B; \ (B1 N By), we have E is p*-measurable.

For any FF C X, Ve > 0, dA. € A, with F' C A, such that
pr(As) < pi(F) +e.

Let M(p*) = the collection of p*-measurable sets. Since A C
M (p*) and M(p*) is a o-algebra, we know that A, C M (u*).
So, pu(X) = p*(A:) + p*(AZ).



4.

By countably subadditivity of u*, we obtain the following in-
equality

p(X ) p(Ae) + p (AS)
w*(Ae mE)+u (A. N E°) + p*(ASNE) + p*(ASN E°)
*( )+ p(E°) (because A, € M(u*).)
= (X) (by (2))
Therefore, we in fact have
pr(Ay) = ' (Ac N E) 4+ p*(A- N E°)
HH(AS) = 1" (A2 1) B) 4 (A2 1) E9)
Since F'N A., we have
W(FNE)+p (FNES) <p (A-NE)+ p (A N E°)
(A < (F) + e

Since ¢ is arbitrary, p*(F N E) + p*(F N E°) < p*(F). The
opposite inequality is obvious, therefore E is p*-measurable.

(i) By the following two theorem (one is proved in the class and the

other is showed in Folland,Real Analysis):

Theorem 1. (Carathéodory extension) Let v be a countably ad-
ditive on a ring R and v : R — [0, 00|. There exists a measure on
a o-algebra, that coincides with v on R. (Indeed, )

Theorem 2. (Folland, Real Analysis, Theorem 1.14)

We know we can extend g from a ring or an algebra to a o-
algebra if p is countably additivite. But notice that £ is not a
ring! For instance, we may define 4; = (—2,—1] U (1,2] and
Ay = (—4,-3]U(3,4]. Thus it’s easy to see A; U Ay doesn’t belog
to &.

Therefore we need to find a way to prove this problem. Here are 2
methods to prove it, but the ideas are essentially the same. Since
if we write down them all, the proof becomes too long, we only
show the sketches.

1) Define R = the ring generated by £. Show that

R = {0} U{E|E = U A, b, for some m € N and
n=1

A, b, € € are mutually disjoint}.

Hence we can define 1 on R by

i\ Aarv) = i(Aa,,) sand fi(0) =0
n=1 n=1

Check i is countable additive on R and i = p on &.
By Theoreml, there exists a measure on a o-algebra, that
coincides with p on R and therefore on £.



2) Show that & = £J0 is a semi-ring.
That is £ satisfies the following properties:
a. he&
b. ABe&'=ANBe&
c. A,Be€& = dn>0,d4;, € £ are disjoint s.t. A\ B =

U?:l A;
Use the following theorem, then we can a extension of u to a
o-algrbra:

Theorem 3. Let S be a semi-ring on X and p: S — [0, 0]
be a measure on S. There exists a measure i : 0(S) — [0, 0]
such that n =y on S.

(i) [1,2] is NOT a p*-measurable!
By definition of p*:

p(E) = an{ZN(A)n‘E - UAnaAn € A},

therefore p*([1,2]) = p*[—2,—1] = 1.
Suppose to the contrary that [1,2] is p*-measurable, then

L= (-2, -1 U[L2) = o (L2) + (-2 -1 = 1+ 1=2

Therefore we get a contradiction! Hence [1, 2] is not u*-measurable.



