
Real Analysis Homework #10

Due 12/15

1. Let f ∈ Lp(Rn, dx) with p > 1. Show that

lim
r→0

1

λ(B(r, x))

∫
B(r,x)

|f(y)− f(x)|pdy = 0 for a.e. x,

where λ is the Lebesgue measure. (You can use the denseness of continuous
functions with compact supports in Lp.)

2. This is an exercise on complex measures. A set function ν is called a com-
plex measure if ν : B → C satisfies ν(∅) = 0 and for each countably disjoint
union ∪Ej, we have ν(∪Ej) =

∑
ν(Ej) with absolute convergence on the

right. Note that the infinite value is not allowed for complex measures.
(i) Show that each complex measure ν may be expressed as ν = µ1 − µ2 +
i(µ3 − µ4), where µ1, · · · , µ4 are finite measures.
(ii) Show that for each complex measure ν there is a measure µ and a
complex-valued measurable function ψ with |ψ| = 1 such that for each set
E ∈ B,

ν(E) =

∫
E

ψdµ.

(iii) Show that the measure µ in (ii) is unique and that ψ is uniquely deter-
mined to within sets of µ measure zero.
(iv) The measure µ in (ii) is called the total variation of absolute value of ν
and is denoted by |ν|. Show that if |ν|(X) = 1 and ν(X) = 1, then ν is a
positive real measure.

3. Let E be a Borel set in Rn, the density DE(x) of E at x is defined as

DE(x) = lim
r→0

λ(E ∩B(r, x))

λ(B(r, x))

provided the limit exists.
(i) Show that DE(x) = 1 for a.e. x ∈ E and DE(x) = 0 for a.e. x ∈ Ec.
(ii) Find an example of E and x such that 0 < DE(x) < 1.

4. Let f ∈ L1
loc and be continuous at x, then x is in the Lebesgue set of f .

5. If λ and µ are positive, mutually singular Borel measures on Rn and λ+µ
is regular, then so are λ and µ.
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