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Abstract

We study the problem of estimating the size of an inclusion embed-
ded inside a two dimensional body with discontinuous conductivity by
one voltage-current measurement. This problem is practically impor-
tant because the conductivity of a human body is discontinuous. The
proofs rely on quantitative uniqueness estimates for the conductivity
equation with discontinuous coefficients.

1 Introduction

An important clinical problem is to estimate the size of a cancerous tumor
inside an organ by noninvasive methods. In this paper, we study this problem
by the method of electrical impedance tomography (EIT) with one measure-
ment. Previous works on this problem assumed that the conductivity of the
studied body is Lipschitz continuous (see, for example, [5, 6]). However, this
is not guaranteed in reality, for example, the conductivities of heart, liver,
intestines are 0.70 (S/m), 0.10 (S/m), 0.03 (S/m), respectively. In this paper,
we show that in the two dimensional case, the assumption on the regularity
of the conductivity can be weaken.

We briefly outline the framework, following [6]. Let 2 C R? be an open
bounded domain with Lipschitz boundary. Assume that the background

*This work is dedicated to Professor Neil Trudinger for his 70th birthday.

"Department of Mathematics, National Taiwan University, Taipei 106, Taiwan. Email:
anhtu@uw.edu

Hnstitute of Applied Mathematical Sciences, National Taiwan University, NCTS
(Taipei), Taipei 106, Taiwan. Email: jnwang@ntu.edu.tw



conductivity o(z) is elliptic, i.e. for some A > 0,
Al < (o(@)y,y) S AW, Yy eR® ae zeQ. (1.1)

Let D be a subdomain of (2 and ¢ be a matrix-valued function on D with
bounded measurable coefficients, representing the conductivity of the inclu-
sion. Let v be the electric potential with boundary value ¢, i.e.

{div((U(x)XQ\D +o(z)xp)Vo) =0 in €, (1.2)
v=¢ on O

The energy required to maintain voltage potential ¢ on 0f2 is
W= ¢ (cVu,v)ds.
o0

Let u be the electric potential with the same boundary value when there is
no inclusion, i.e.

{div(a(m)VU)ZO i €, (1.3)
u=¢ on 0.

Similarly, we define the energy
Wy = ¢ (oVu,v)ds.
oN

In [6], it is shown that if o is Lipschitz continuous and for some ¢, > 0
either

(I14+n)o<d<(o ae in(, (1.4)
or
(0 <5< (1—n)o ae in, (1.5)
then the size of D can be estimated using the normalized power gap WI;,ZVO :
More precisely, the following estimate holds
1
W — W, W —Wy|»
K, TO <|D| < Ky |——2| | (1.6)
0

where p > 1, K; and K> are constants depending on a priori data. If moreover
D satisfies the fatness condition (4.3), then a better estimate holds

W —W W —W

K
1 W

< ’D| < K, . (1.7)




We will show that in two dimension, the method of [6] works even when
o is only piecewise Holder continuous. Essentially, this is because in two
dimension, the three-ball and doubling inequalities for solutions of (1.3) hold
for bounded o; and a gradient estimate needed in proving the propagation of
smallness for Vu was proved in [15] for piecewise Holder o (in any dimension).

We would like to mention that size estimates have also been derived for
other systems, for example, [2] for the isotropic elasticity, [16, 17, 18] for the
isotropic/anisotropic thin plate, [11, 10] for the shallow shell.

The paper is organized as follows. In next section, we define several
notations and list several assumptions used in the paper. In Section 3, we
prove some quantitative estimates for solutions of (1.3). In Section 4, we

prove (1.6) and (1.7).
2 Notations and assumptions

Definition 2.1. Let Q be an open bounded domain of R%. Given 0 < o < 1,
we say that O is of class C* with parameters ro, My, if for any P € 09,
there exists a rigid coordinates transform under which P =0 and

QN B, (0) ={z = (21,22) € Bry(0) : 20 > (1)},
where ¥(z1) € CH*(—rgy, 7o) satisfying ¥(0) = 0 and Vi)(0) =0 and
”wHCLO‘(*To,TO) < MO'

Recall that

Vip(z) = Vi (y)|
[Pllere=romo) = 1Pl oo (ro o) NVl oo (ro.ro + sUD :

z,y€(—ro,r0) |x - yla

We now state the assumptions used in the paper.
Assumptions

e ) C R? is an open bounded CY* domain with parameters o and M,.

e There exist disjoint C** domains ; C Q2,1 < j < m such that Q
U, Q; and for some p > 0, we have 0;(x) := o(z)xq, € C¥*(Q;), 1
j < m. For o =min{yu, 3025} let My = sup; [0l co.w q,)-

<



e For any = € Q, there exist > 0 and an appropriate rotation of co-
ordinates such that the set (U7L,0€;) N B,(z) consists of the graphs
of ¢(z,r) functions of class C'*, whose C** norms are bounded by
L(z,r). We assume that

L := sup inf {L(a:,r) +l(z,7) + %} < 0.

e d=dist(D,00) > 0.
e For some I' C 09 of positive measure, ¢|r = 0.

Remark 2.2. The boundaries of subdomains may touch each other. The
inclusion D is only required to stay away from the boundary OS2, it may
intersect 0€);’s (see Figure 2.1).

Figure 2.1: ;s may touch each other and D is allowed to intersect the
interfaces.

We also define for h > 0,

Qp = {z € Q| dist(z,0Q) > h}.

3 Quantitative uniqueness estimates

In this section, we prove quantitative uniqueness estimates for solutions of
(1.3) that will be used in the next section. We first recall the three ball
inequality of [4].

Lemma 3.1. [/, Theorem 3.11] For all 0 < ry < ry < 13, there exist con-
stants C' > 0 and 0 < 7 < 1 depending only on A, :—;, and :—i such that for
any solution of (1.3) in B,,), we have

a2y o < CllulFac, o el 27 - (3.1)

Using this three-ball inequality, we can prove



Lemma 3.2. (propagation of smallness) Assume that the assumptions in
Section 2 holds. Let uw € H'(Q2) be the solution of (1.3). For any p > 0 and

every x € $4,, we have
/ Vul? > o/ Vul?, (3.2)
By (z) Q

where C depends on Q7 F7 )‘7 Q, [, To, M07 M17 E: P; and ||¢|’H2(8Q)/||¢||H1/2(8Q)

Proof. We follow the arguments presented in [6, Lemma 2.2]. We first ob-
serve that it suffices to consider the case p is small, so we can assume that
(1, is connected. Using Caccioppoli and Poincaré inequalities, we can deduce
from Lemma 3.1 that

IVull2(s,, ) < ClIIVUlL2(5, @) I VUll 23, (2))- (3-3)

Given x,y € (4, let v be a curve in €y, joining x and y. We define a sequence
xy’s as follows: Let 1 = z. For k > 1, let o, = ~y(tx) where t; = max{t :
|v(t) — xk_1| = 2p} if |z — y| > 2p; otherwise let z, = y, N = k and stop
the process. Note that since the balls B,(z) are disjoint, N < N Iﬂ\
Using (3.3), noting that B,(z44+1) C Bsy(xy) because |z — xp] < 2p, we
can deduce that

IVull 28, @10y o (||VU||L2<Bp<xk>>)T
IVull 20— 1Vl 120

By induction, we obtain

N

IVulez@w) o c10-n (”V“”L%Bp(x)))T | (3.4)
IVull 2@ IVull2(@)
Since we can cover {15, by no more than | balls of radius p, we obtain
No
IVl L2(s,) <c (||VU!\L2(Bp(x))> | (3.5)
V|22 V|29

where C' depends on A, ||, and p.
By Corollary 1.3 in [15], [|[Vul|7w ) < C|0]2,, 1/2(y> hence by the em-

bedding H2(09) — CL1/2(99), we get

/Q\Q [Vul* < ClO\ Qspl161lE1.00 900) < CPlIANEr200)- (3.6)
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Here we have used |Q\$5,| < p since 0X2 is Lipschitz.
Using the Poincaré inequality of [9, Theorem 6.1-8 (b)], recalling that
ol = 0, we have

19151200y < Cllulling) < ClIVulli2q)- (3.7)

Combining this and (3.6), we see that if p is small enough depending on €2,
F; )\7 To, M07 Mla o, W, £7 and H(b”HQ(aﬂ)/H¢HH1/2(8Q)7

||VU||%2(95P) S 1
||qu%Q(Q) ~ 2

The lemma follows from this and (3.5). O
Next, we derive a local doubling inequality for solutions of (1.3).

Lemma 3.3. For any p > 0, there ezist 6 = 6(p, \) € (0,p) and a constant
C = C(p,A) such that for all x € Q, and r € (0,0) and any non-trivial
solution u of (1.3), we have

||u||L2(B4T($)) ||U’||L°°(Bp(x))

<C

< ] (3.8)
||u||L2(BT(a:)) ||“||L°°(Ba(x))

Proof. The proof, using the theory of quasiconformal maps, follows the ideas
of the proof of Proposition 2 in [1]. We first note that it suffices to consider

the case u is real-valued. Let v € H] () be a o-harmonic conjugate of u,

ie.
Vv = JoVu
0 -1 . .
where J = ( 1 0 ) Then f = u + v satisfies
&zf = Vlazf_l_ V2$f7
where
be—ad+1+i(b—c) d—a+i(b+c)

Vy =

T AT Dd+ 1) —be @+ D)(d+1)—be
It is easy to check that |v1]| + |2| < k < 1. Here k is a constant depending
only on \.

By Bers-Nirenberg representation theorem (see [8], p. 259), there exists
a quasiconformal map x : Q — x(€2) and an analytic function h : x(Q2) — C
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such that f = hoy. Furthermore, there exist K,a > 1 depending on k such
that )
KMz —y" < |x(2) = x(y)| < K|z —y|~, Va,yeQ.

Let § = (10K2)~*p*" and R = (10K)~'p®, then we have

X(Bs(z)) € Br(x(z)) and Bjor(x(x)) C Q.

By Theorem 3.6.2 in [7], there exists an increasing function v depending only
on k with v(0) = 0 such that if zy, 9,23 € B(x,d) then

x(r) = x(@)] _ <D)

Ix(z1) = x(x3)] = " \ |71 — 23]

Let ¢ = v(8) > 1 then for any z € 2, and r € (0, ), there exists s € (0, R/c)
such that if y = x(x) then

Bi(y) C x(Br2(x)) and x(Ba (7)) C Bes(y). (3.9)

Since @ = $h is harmonic on x(Q2), by Hadamard’s three-circle theorem,
there exists an absolute constant C' such that

||a||L°°(Bcs(y)) CHﬂHLOO(leR(y))

@l oo gy~ N1l b By

By Theorem 3.1.2 in [7], |E| = 0 iff |x(E)| = 0, hence (3.9) implies

[l e By Nl oo (8, @)

<C

Hu”LOO(BT/Q(z)) B Hu“LOO(Bpl(z))'

Here

= (2/5)p < p.

Using well-known estimates for elliptic equations with measurable coeffi-
cients, we have

Q=

pr = (BR/K)" =3°6 > 0, p, = (4KR)

||u||L2(B4T(:c)) c ||u||L°°(B4T(:L‘)) CHUHLOO(BP(m))

lull 2oy — ||u||L°°(BT/2(x))_ [ull oo (B (ay)



4 Size estimates

To begin, we recall the following energy inequalities proved in [6].

Lemma 4.1. [6, Lemma 2.1] Assume that o satisfies the ellipticity condition
(1.1). If either (1.4) or (1.5) holds, then

cl/ Vul2dz < [Wo — W] gcg/ Vul2de, (4.1)
D D

where C, Cy are constants depending only on X\, n, and (.
We now state and prove the main theorem.

Theorem 4.2. i/ Suppose that the assumptions in Section 2 hold. Then
there exist constants K1, Ky > 0 and p > 1 depending only on ), ', A\, a, wu,

To, M07 Ml; 'C7 d; 7, C; p; and ||¢||H2(89)/||¢HH1/2(8§2) such that

K, W\ <D< K, |- (12)
it/ If moreover, there exists h > 0 such that
|Dy| > %\D| (fatness condition). (4.3)
then
K, W\ < || < K, [P0 W] (4.4)

where Ky and Ko depend on the various constants as in i/ and also on h.

Proof. The proof closely follows the arguments of [6].

We first establish the lower bound. Let ¢ = ﬁ fﬂd/4 u. By the gradient
d/4

estimate of [15, Theorem 1.1], the interior estimate of [14, Theorem 8.17] and
the Poincaré inequality for the domain €24/4, we have

IVull Loy, < Cllu = ||y < Cllu = cllrz@y,.,) < CllVullz2@).-

Qq/3 Qa4

From this, the trivial estimate ||Vu||%2(D) < C’|D||]Vu||%oc(ﬂd/2) and Lemma
4.1, the lower bound follows.
Next, we establish the upper bounds.
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i/ We will first establish that [Vu|® is an A,-weight, following the proof
of Theorem 1.1 in [13]. Let p = d/5 and ¢ be the constant appears in Lemma
3.3. By Cacciopolli inequality and (3.2), for any = € 5, we have

Ju CHLOO(B(; > Clu— C|’L2(B5(w)) >C ||VU||L2(36/2(I)) =>C ||VU||L2(Q)
(Note that C' depends also on 0). By interior estimate, we have
Ju— C||L°°(Bp(a:)) <2 ||uHL°°(Bp(z)) <C ||90||H1/2(afz) :

For r € (0,0), applying the doubling inequality of 3.3 to u — ¢ where ¢ =

1
| Br| fBr(-r) U, we get

lu— CHLQ(BQT(:(:)) lu — CHLoo(Bp(x)) C ||90||H1/2(a§z)

<C.

lu=clliapy = Mw—cllpmmyey = VUl —

At the last inequality we have used (3.8). We note that the constant C'
depends on various constants, including ||¢| z2(aq) / 9]l g1/2(a0) but is inde-
pendent of r.

This and the Caccioppoli inequality give

P IVl ) < Cllu = €l sy, @) < Clle = ell 2, @) -

Combining this with the Poincaré inequality

1 2 % 1 1 3 3
lu — | ) <Cr < |Vu|2) ;
<|B( ) J By | B (2)] /B, ()

<'Bl< W )Wu'g)%gc(wl( 0 s, mF)g

This reverse Holder inequality shows that |Vu|* is an A,-weight for some
p > 1 (see [12, Chapter 7]).

We cover D with internally nonoverlapping closed squares Qx, 1 < k < I,
with side length 2p. Since |Vu|® is and A,-weight, by [12, (7.2)], we have

1/p
DOl (.fmk lwf)
— 2

Qx| ka |Vul

9

Wl

we get



Summing over k and using (3.2), we get

1/p 2 1/p
Vul” v
|D|SC< Jp|Vu 2) go(—fDl “’2> .
miny Jo, [V JoIVu
The upper bound of |D| now follows from (4.1).

ii/. Let p = {min{d,h} and cover D, with internally nonoverlapping
closed squares {Q}{_, of side length 2p. It is clear that Q; C D, hence

D
/]Vu|2d:c2/ |Vu|2dx2@min/ |Vul*dz.
D Ul Qk p= kS,

D
> O|2 |/|Vu|2dx.
P Q

Here we have used Lemma 3.2 and the fatness condition at the last inequality.
The upper bound of |D] follows from this and Lemma 4.1. O
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